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This article introduces a theoretical model for analyzer-based imaging of 

non-crystalline objects that takes into account the impact of microscopic and 

macroscopic heterogeneities within the object as well as the instrumental fac-
tors. The model includes particular phase variational features required for 

solving the inverse scattering problem. It provides the possibility to recon-
struct the shape of the object from a set of intensity profiles. 
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В роботі розвинуто теоретичну модель, яка у тривісьовій схемі формуван-
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ня топографічних зображень некристалічних об’єктів враховує вплив мі-
кро- та макронеоднорідностей в об’єкті, а також інструментальних фак-
торів. При цьому в моделі встановлено і враховано необхідні для 

розв’язку оберненої задачі фазоваріаційні особливості, чим забезпечено 

можливість відтворення форми об’єкту з набору профілів інтенсивності. 

Ключові слова: рентгенівська оптика, фазоконтрастні зображення, дина-
мічна теорія дифракції. 

В работе развита теоретическая модель, которая для трёхосевой схемы 

формирования топографических изображений некристаллических объ-
ектов учитывает влияние микро- и макронеоднородностей в объекте, а 

также инструментальных факторов. При этом в модели установлены и 

учтены необходимые для решения обратной задачи фазовариационные 

особенности, чем обеспечена возможность восстановления формы объекта 

по набору профилей интенсивности. 

Ключевые слова: рентгеновская оптика, фазоконтрастные изображения, 

динамическая теория дифракции. 

(Received October 22, 2018) 
  

1. INTRODUCTION 

One of the most promising ways to improve the quality of topographic 

images is the development of phase-contrast imaging. Amongst differ-
ent methods the analyzer-based imaging (ABI) is one of the best for 

studying weakly-absorbing objects due to its extreme angular sensitiv-
ity for scattered radiation and low background [1–3]. This method al-
lows to achieve high-resolution images for the objects of microscopic 

size with relatively simple optical scheme and is already widely used 

for the analysis of bio-medical samples, nuclear energy materials and 

lots of other cases. 
 The implementation of the method requires the usage of mono-
chromator and analyzer crystals placed on the high resolution goniom-
eter. The monochromator forms the scanning beam with defined dis-
tribution of intensity that is homogeneous within the plane perpendic-
ular to the propagation direction. As a result of interaction with the 

sample the beam refracts at the small angles and its parameters (such 

as the wave vector, wave amplitude, angular distribution of intensity) 

become locally changed. These changes depend on the local characteris-
tics of object’s heterogeneity; those are being described by introducing 

the concepts of columns and layers for macroscopic heterogeneities, 

and fluctuations of composition for microscopic heterogeneities. 
 During the last years, a lot of works dedicated to the ABI were 

published (see, for example, [4–14]). However the theoretical back-
ground in most of these works was based on a number of approxima-
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tions, those simplify the calculations, but restrict from taking into ac-
count the influence of a large number of parameters on the image. The 

present article introduces the analysis of the approximations used in 

simplified calculation schemes and takes into account the impact of 

additional parameters of the sample object and optical scheme ele-
ments with the purpose of improving the sensitivity and informa-
tiveness of the phase-contrast diagnostics and decreasing the instru-
mental errors. 

2. THE INFLUENCE OF OBJECT’S INHOMOGENEITY AND 

INSTRUMENTAL FACTORS ON THE INTENSITY DISTRIBUTION 

All further calculations are made using the model, suggested in [15–
17]. The model allows taking into account the effects of dynamical 
scattering in both the monochromator and the analyzer, as well as in 

the non-crystalline object. This provides a possibility to establish ana-
lytical connection between the characteristics of the object and the pa-
rameters of its X-ray image. The key feature of the model is the column 

approximation. According to that, the space is virtually divided into 

narrow columns, parallel to the scanning beam. The size of the column 

should not exceed the diffraction limit and it should be small enough to 

allow considering the surface of the object within a single column as 

flat. In that case, the exact shape of the object would be approximately 

described by the orientation of such surfaces in each column. In addi-
tion, the minimal size of the column is limited with the assumption of 

non-overlapping columns. It means that because of sufficiently narrow 

angular distribution of the scanning beam intensity and small refrac-
tion angles the intensity would not redistribute between different col-
umns. It will be shown later that in some cases the possible effect of re-
distribution could be easily taken into account. 
 Another limit for the minimal size of the column is the condition of 

homogeneity the object within each column and each layer. The poten-
tial of interaction of radiation and matter was considered macroscopi-
cally homogeneous, which allowed to use the refractive index. 
 The usage of current model provides the possibility to resolve the 

inverse scattering problem and reconstruct the parameters of the sam-
ple object. 

2.1. The Influence of Monochromator and Analyzer Reflection Curves 
on the Intensity Distribution 

In order to form quasi-monochromatic wave front with the small di-
vergence angle (of the order of angular seconds) the monochromator 

crystal is being used. Commonly it is nearly single crystal with a very 
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narrow reflection curve, which in particular allows achieving the beam 

with required narrow intensity distribution. After scattering on the 

non-crystalline object, the beam propagates to analyzer, which one 

more nearly ideal single crystal with the respectively narrow reflection 

curve and then the detector measures final intensity of the beam. 
 The measured intensity equals to the convolution of the intensity 

angular distribution of the beam before the analyzer and the reflection 

curve of the analyzer, considering the refraction angle and possible 

orientational displacement of the analyzer relatively to monochroma-
tor. In that case, when the object may be considered as homogeneous 

(i.e. neglect micro-heterogeneities) the intensity distribution after the 

transition through the column remains of the same shape but shifted 

by the refraction angle and with the lowered amplitude due to absorp-
tion. 
 It is often convenient to find the dependency of resulting intensity 

from the angle of analyzer’s displacement without the object at all. The 

usage of such curves (which will be further called convolution curves) 
allows in a number of cases to significantly simplify the calculations 

for homogeneous objects. First of all it allows to separately study the 

propagation of radiation within the sample object and the monochrom-
ator and analyzer crystals. Meanwhile in order to describe the propaga-
tion of the beam within the non-crystalline object the common ap-
proach is to use the approximation of geometric optics and the Snell’s 

law. Secondly, the convolution curve contains all the information re-
quired to find the refraction angle. For that reasons the calculation or 

directly measuring of this curve it is possible to accelerate the pro-
cessing of the experimental data. In addition, selecting single crystals 

with various reflection curves it is possible to purposeful achieve the 

convolution curve of the exact shape, required for the analysis of the 

object of the particular shape and composition. 
 However, if the object has significant inhomogeneities those distort 

the intensity distribution of the beam, scattered by the object, the ap-
plication of described approach could cause significant errors. In that 

case, it is necessary to describe sequentially the interaction of the beam 

and the monochromator, the object (all of its layers) and the analyzer 

for each column. In particular, for multilayer objects it is convenient 

to replace the angular intensity distribution with a set of ‘mi-
crobeams’, each for a different angle of the beam propagation. In this 

way, the calculation of the convolution integrals for each layer be-
comes replaced with the calculation of redistribution of intensities be-
tween individual ‘microbeams’ and the single convolution with the re-
flection curve of the analyzer crystal. This greatly simplifies the calcu-
lations by decreasing the complexity from O(NM) to O(MN2), where N 

— the number of integration steps for each layer, M — the number of 

layers. 
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 Figure 1 shows the convolution curves for the radiation MoKa1 

(λ = 0.07 nm) for two perfect single crystals Si; the crystal No. 1 has 

thickness 5.4 mm, reflex (111), the crystal No. 2 has thickness 

21.6 mm, reflex (333). Hereinafter, the intensity is given in relative 

units, proportional to the magnitude of the radiation reflected by the 

analyzer crystal. 
 The calculations show that selection of the proper monochromator 

and analyzer crystals allows forming the convolution curve with in ad-
vance determined parameters. In particular, the usage of the mono-
chromator and the analyzer in the Bragg diffraction geometry allows 

achieving the convolution curve with sharp peak, relatively small an-
gle at half maximum and smooth attenuation.  

 At the same time the usage of the monochromator in the Bragg dif-
fraction geometry and the analyzer in the Laue diffraction geometry 

gives a more smooth peak but larger angle at half maximum and more 

rapid attenuation. Thus properly selecting the thickness of the crystals 

and the diffraction geometry it is possible to control the angle at half 

maximum and the amplitude of the convolution curve. For instance, 

weakly refracting materials require the usage of convolution curves 

with larger angle at half maximum, those provide better contrast, but 

the materials with greater refraction index require using wider convo-
lution curves, those provide better signal to noise ratio further from 

the peak. 

 

Fig. 1. The convolution curves for different pairs of crystals: the monochrom-
ator crystal No. 1 (1, 2) and No. 2 (3, 4) in the Bragg diffraction geometry, the 

analyzer crystal No. 1 (1, 2) and No. 2 (3, 4) in the Bragg diffraction geometry 

(1, 3) and Laue diffraction geometry (2, 4). 
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2.2. The Influence of Surface Inhomogeneities 
on the Intensity Distribution 

In the case, when the object’s surface has curved or rough shape, in ad-
dition to the approximation by flat surface that gives refraction angle, 

it is necessary to take into account the changes of angular intensity 

distribution, caused by these inhomogeneities. The simple heuristic 

way to do that is to assume that after passing through such surface 

each microbeam would be re-scattered with some new intensity distri-
bution. The profile, used to apply such re-scattering could be calculat-
ed or measured in advance for every required material. 
 The plots on Figure 2 demonstrate the influence of the changes of 

intensity distribution within the scanning beam, caused by the surface 

inhomogeneities, on the final measured intensity. The calculation is 

made for a half-cylinder made of borosilicate glass of 0.31 mm radius 

with the round bulge. The radius of the bulge is 0.1 mm. In order to 

take into account the scattering caused by inhomogeneities, it was as-
sumed that the incident plane wave would be blurred by Gaussian dis-
tribution. 
 The results of calculations shows that if the blur is present (i.e. in-
tensity distribution changes) the peaks become greatly smoothed and 

the intensity after analyzer crystal decreases. Considering this effect 

is essential for correct calculations of non-crystalline object’s parame-
ters. 

 

Fig. 2. The intensity profiles for the different blurring: no blurring (1), 
Gaussian blurring with half-width equal to 0.75′′ (2), 2′′ (3) and 5′′ (4). 
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2.3. The Influence of the Fluctuation of Composition 
on the Intensity Distribution 

When passing through the object the microbeams in addition to refrac-
tion may be absorbed and scattered on the inhomogeneities of each lay-
er of the matter. Both effects depend on the thickness of the layer. The 

absorption is being taken into account as the exponential decrease of 

the intensity of microbeams sequentially in each layer with the use of 

respective absorption factors. At the same time the changes of intensi-
ty distribution caused by inhomogeneities (i.e. diffuse scattering) 

should also be calculated. 
 Let us consider the case, when characteristic dimensions of micro-
scopic inhomogeneities are much smaller than the dimensions of col-
umns and/or layer, whereas the number of these inhomogeneities is 

large enough. In order to find their impact let us virtually split the 

column into small homogeneous unit volumes, such that the distribu-
tion of inhomogeneities would be uniform within each unit volume. 

The diffuse scattering for microdefects of different types in crystals 

were studied by M. O. Krivoglaz [18]. However in the current case, 
when the sizes and the type of microscopic inhomogeneities may vary, 
the resulting change in the wave vector (after exiting the column) will 
be random variable. According to that, considering the central limit 

theorem the resulting profile will be Gaussian curve. 
 In particular, for two Gaussians we have: 

 0 1 2 0 1 2( , ) ( , ) ( , ),g u x w g x u w du g x x w w− − = − +∫   

where w1, w2 are respectively the squares of dispersions. Thus for the 

convolution of two Gaussians the resulting curve is also a Gaussian 

with the square of dispersion equal to the sum of dispersion squares of 

original curves. 
 The result of interaction of the beam and the whole column will be 

described by N convolutions, those represent the sequential scattering 

on the N unit volumes. Since, with all the approximations, it can be as-
sumed that the refraction curve of a single unit volume is a Gaussian, 
we have: 

1 1 1 0 1 2 2 1 2

0

lim ... ... ( , ) ( , )... ( , )

( , ),

N N N N Ndu du g u x w g u u w g u x w

g x x W

→∞ − − − =

= −
∫ ∫  

where gi is refraction curve of a single unit volume, 

 
1

lim
N

N i
i

W w dw→∞
=

= →∑ ∫   

is total blurring for the column. Similar analysis of Gaussian approxi-



382 G. O. VELIKHOVSKYI, V. B. MOLODKIN, V. V. LIZUNOV et al. 

mation for the scattering on the microstructures was used, for exam-
ple, in article [19]. 
 In this way, in the case of scattering on the large number of micro-
scopic inhomogeneities resulting diffraction curve may be calculated 

as the Gaussian with the respective width. The blurring could be calcu-
lated from the material parameters and the thickness of the layer. For 

uniformly distributed inhomogeneities the blurring would be equal to 

W = κl, where κ is the widening per unit length. 
 Finally, the angular intensity distribution of the beam equals to the 

convolution of the incident beam intensity and the refraction curve of 

the column. 
 In addition, when the distribution of the impurities is random and 

the contribution of mean-square fluctuations is small, the changes of 

the orientation angles of the diffuse-scattered beams may be signifi-
cantly greater than the refraction angles. In such cases the column ap-
proach is unsuitable because it becomes necessary to take into account 

the scattering of the beams between different columns. Moreover for 

each column and each layer diffuse waves of different wave vectors 

would scatter between each other and the incident wave. All these ef-
fects were named the extinction effects caused by diffuse scattering 

and thoroughly studied in [20]. 
 In present article, the effects of diffuse scattering are limited to a 

consideration of only the scattering on the fluctuations of atomic am-
plitudes and may be taken into account according to [20]. In most of 

the cases, their contributions are small and similar for each layer of 

each column and have almost no effect on the images of non-crystalline 

objects. 
 Experimentally indirect measurement of the final intensity profile 

may be performed by measuring the dependence of full intensity after 

the analyzer from the displacement angle of analyzer relatively to 

monochromator I(x) and solving the equation: 

 ( ) ( ) ( ) ,I x f y R x y dy= −∫   

where f is intensity profile being searched for, R is analyzer refraction 

curve. 
 If R goes to delta-function, the calculation of intensity profile be-
comes trivial. This can be reached by selecting such monochromator 

and analyzer crystals that the analyzer refraction curve was much 

more narrow that the monochromator refraction curve. 

2.4. The Influence of Scale Factors on the Intensity Distribution 

The implementation of ABI, as well as a number of other phase-
contrast methods, requires some distance between the sample and the 
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analyzer crystal. This distance may be large enough so that despite the 

small refraction angles some part of the microbeams intensity will 
transfer to nearby columns. 
 Figure 3 shows the intensity profiles for the borosilicate glass half-
cylinder of 0.31 mm radius calculated with different distance from the 

half-cylinder to the analyzer. 
 One may notice that if the distance is large enough the redistribu-
tion of intensity between columns cannot be neglected. The impact of 

distance changes was experimentally studied in [21]. The results of 

that work were used to develop the ‘hybrid’ imaging method. It was 

shown that the measured profiles are significantly different from the 

conventional ABI profiles where the distance between the object and 

the analyzer is small. Thus by changing the position of analyzer crystal 
(both spatial and angular) it is possible to purposefully change the 

shape of the intensity profile and as a result improve the quality of the 

image. 
 Figure 4 demonstrate the difference between the intensities calcu-
lated with the use of the convolution curve and those calculated by se-
quentially applying the influence of scattering on each layer of materi-
al. The calculations performed for borosilicate glass half-cylinder. 
 For the homogeneous material and zero distance from the object to 

the analyzer, the intensity curves calculated with the use of the convo-
lution curve and those calculated with the sequentially applying of 

scattering for each layer (full method) perfectly match. However, if 

the microscopic inhomogeneities are present and the distance from the 

 

Fig. 3. The intensity profiles for the different distances from the object to the 

analyzer: 0 m (1), 1 m (2) and 5 m (3). 
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object to the analyzer is not zero (which causes redistribution of inten-
sity between columns), the curves, calculated with these two methods, 
are significantly different. The curve, calculated using the full meth-
od, has smoothen peaks and pits, and also has the ‘highlights’ as the 

intensity slightly higher than the background near the edge of the ob-
ject. The curve, calculated using the convolution curve has the peaks 

and pits similar to the homogeneous case but has different amplitude, 
and the ‘highlights’ near the edges of the object are absent. The nature 

of the amplitude changes is also different for two methods. 
 For all that reasons, in the case of heterogeneous non-crystalline ob-
jects it is essential to calculate the scattering step-by-step for each lay-
er in order to avoid significant errors. 

3. THE INVERSE SCATTERING PROBLEM 

The main objective of all diagnostics methods is finding the parame-
ters of the sample from experimentally measured data. This section 

describes general scheme and the example of shape reconstruction of 

simple model object by processing theoretically calculated (model) in-
tensity profiles. 
 For simplicity, the half-cylinder with small round bulge on the top 

was chosen as the object. After virtual splitting each column will have 

two unknown parameters, those are the thickness and the tilt angle of 

entry surface. The presence of the bulge allows showing the influence 

 

Fig. 4. The intensity profiles with zero distance and no blurring (1, 3) and dis-
tance equal to 1 m with 0.75′′ Gaussian blurring (2, 4). Calculated using the 

full method (1, 2) and the convolution curve (3, 4). 
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of the surface inhomogeneities of various scales. For simplicity, the 

material of the object was considered homogeneous. 

3.1. Calculation of Geometric Parameters of the Object 

The important feature of the suggested model is the possibility to ana-
lytically determine the refraction angle. In order to do that first one 

need to measure or calculate the convolution curve. Afterwards the in-
tensity profile is captured for different analyzer displacement angles 

and then from the system of equations the refraction angle can be 

found: 

 I1 = Af1(ϕ),  

 I2 = Af2(ϕ),  

where f1(ϕ) = f(ϕ + ∆ϕ1) and f2(ϕ) = f(ϕ + ∆ϕ2) respectively, and f is the 

convolution curve. 
 By dividing the first equation by the second equation (and thus ex-
cluding the absorption), we have the equation for the refraction angle 

 I2f1(ϕ) = I1f2(ϕ).  

 It should be noted that the solution of the equation for the refraction 

angle depends on the shape of the convolution curve and the angular 

displacements. For that reason, it is necessary to find in advance the 

maximal refraction angles possible for the object and use such mono-
chromator and analyzer crystals that the equation for the refraction 

angle had a unique solution. 
 Then, having the refraction angle and knowing the refractive index 

of the material n, one may find the tilt angles a of entrance surface of 

the object: 

 ϕ = ∆ntan(a),  

where ∆n is the change of refractive index when the beam passes from 

one layer to another. 
 For the multilayer objects, the calculation of the shape of the sur-
face is much more complicated, as the resulting refraction angle is the 

linear combination of contributions of each layer/surface: 

 tan( ).i inϕ = ∆ a∑   

This case is thoroughly studied in work [16]. 
 Another parameter of the object is the thickness of each column. 
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Having the refraction angle, or in the case when refraction angle does 

not contribute to the intensity (for example in scheme without the ana-
lyzer) it is possible to calculate the decrease of the beam intensity as a 

result of absorption after passing through the object and thus find its 

thickness from the equations: 

 A = I1/f1(ϕ) = I2/f2(ϕ) = e
−µL,  

 L = −ln(A)/µ.  

Having the thickness and the surface tilt angle for each column it is 

possible to reconstruct the shape of the object. 

3.2. Reconstructing the Shape of the Object 

For each particular material, depending on its nature of interaction 

with the radiation, it is expedient to use the most suitable geometrical 
parameter for the shape reconstruction. The most practical parameter 

is exactly the thickness, but in the case of weakly absorbing homogene-
ous materials, the error of the thickness calculation may be too large. 

For such cases it is more convenient to use the tilt angle of the surface, 

that may be calculated from the refraction angle. Although this meth-
od becomes highly inaccurate for the angles close to 90 degrees. 
 Figure 5 demonstrates the results of the shape reconstruction for 

the half-cylinder, those are based on the calculations of thickness and 

the tilt angles. The calculations were performed with zero distance 

from object to analyzer and with no inhomogeneities. 
 The calculations show, that the most accurate way to reconstruct the 

 

Fig. 5. The original shape (1) and the shape, reconstructed using only thick-
ness (2), only tilt angle (3) and both the thickness and the tilt angle (4). 
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shape of such half-cylinder is to use both the thickness and the tilt an-
gle at the same time, and thus by considering both absorption and re-
fraction. 

4. CONCLUSIONS 

The work demonstrates the features of the ABI for non-crystalline ob-
jects, related with the impact on the imaging of the inhomogeneities of 

various scale both in the object and the monochromator and analyzer 

crystals. As it was shown, the scattering pattern substantially depends 

on the dynamical scattering effects in all the elements of the triple-
axis imaging scheme. 
 Such instrumental factors as the scales and distances between the 

elements of optical scheme also have great influence, and thus are nec-
essary to take into account. 
 The usage of the suggested theoretical approach, which strictly 

takes into account the radiation scattering in both the monochromator 

and the analyzer crystals, as well as in the object, allows resolving the 

inverse scattering problem, and, as the result, determining the geo-
metrical properties of the non-crystalline sample. The results of the 

computations for the model object confirm such possibility and demon-
strate important features of the shape reconstruction process. 

 This work was financially supported by N.A.S. of Ukraine, Project 

No. 5Φ. 
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