Metallophysics and Advanced Technologies © 2019 G. V. Kurdyumov Institute for Metal Physics,

Memanogi3. HOBIMHI MexXHOL. National Academy of Sciences of Ukraine
Metallofiz. Noveishie Tekhnol. Published by license under
2019, vol. 41, No. 11, pp. 1433-1454 the G. V. Kurdyumov Institute for Metal Physics—
https://doi.org/10.15407 /mfint.41.11.1433 N.A.S. of Ukraine Publishers imprint.
Reprints available directly from the publisher Printed in Ukraine.

CRYSTAL-LATTICE DEFECTS
PACS numbers: 02.30.Uu, 66.30.Dn, 68.35.Ct, 68.35.Fx, 81.10.Aj

Coupled Morphological Stability of the Multiple
Phase Boundaries: Oxides in an Oxygen Potential Gradient.
I. Single Oxide Layer

Petro O. Mchedlov-Petrosyan and Manfred Martin®

National Science Center ‘Kharkiv Institute of Physics and Technology’,
N.A.S.of Ukraine, A. I. Akhiezer Institute for Theoretical Physics,

1 Akademichna Str.,

UA-61108 Kharkiv, Ukraine

‘RWTH Aachen University, Institute of Physical Chemistry,

55 Templergraben,

52056 Aachen, Germany

The morphological stability of interphase boundaries is a challenging prob-
lem, both from a mathematical and a physical point of view. In materials that
are exposed to thermodynamic potential gradients, i.e., gradients of chemical
potentials, electrical potential, temperature, or pressure, transport processes
of the mobile components occur. These transport processes may cause mor-
phological instabilities of the material surfaces and interfaces. In this paper,
a comprehensive formal treatment of the coupled morphological stability of
multiple phase boundaries will be given for oxides that are exposed to an oxy-
gen potential gradient. In Part I, we study a single oxide layer, that is the
morphological stability of two-boundaries; two oxide layers, i.e. the case of
three boundaries will be treated in the Part II. To explore the stability of dif-
fusionally interacting boundaries an original, new method is applied. Based
on an integral transformation of a special kind, this method reveals the evo-
lution of the multiple boundaries’ perturbations without solving the diffu-
sional problem inside the layer. The study of the morphological stability of
the stationary moving boundaries is thereby reduced to the exploration of the
singular points (in the complex plane) of the corresponding integrands.
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transport, integral transform.

Mop@ooriuna crifikicTs MiMK(pasHUX I'PAaHUIL ABJISIE CO00I0 CEPHO3HY IIPO-
6JieMy AK 3 MaTeMaTUYHOl, TaK i 3 (pisuuHOl TOuKU 30py. ¥ MaTepiayiax, mifm-
ITaHumXx Aii rpaJieHTiB TepMOAMHAMIUHUX MOTEHI[iaJiB, TOOTO rpagieHTIB XiMmi-
YHUX MMOTEHI[iaJIiB, eJIEKTPUUYHUX IIOTEHIliaJiB, TeMIepaTypu ab0 TUCKY, BU-
HUKAIOTh IPOIleCHU IIepeHoCcy MOOiMTbHUX KoMIoHeHTiB. Ili mpoitecu MOXKYTH
BUKJUKATA MOPQOJIOTIUHI HECTIiAKOCTi MOBEPXOHD i MisK(pasHUX rpaHUNB. Y
Ii¥l cTaTTi OJIa OKCHUIIB, IITO 3HAXOAATLCA HiJ Ai€o rpamieHTa XiMiuHOTO IIOTE-
HIliaJIy KUCHIO, NAaE€ThCA JeTaJTbHE TEOPETUUHE NOCIiAKEeHHA B3aeM03aIeKHOT
mopdooriunoi crifikocTti. ¥ uactuHi I Mu gocaimxyemMo ofuH OKCUIHUN MT1ap,
TOOTO MOPGOJIOTIUHY CTiMKicTh MBOX I'PAHUIIL; BUIIAAOK MBOX OKCHUIHUX IIIa-
piB, TOGTO TPHOX I'PAHUIL, Oyae po3TaaHyTuil y yactusi I1. [aa qocaimkeHHa
B3a€EMO3aJIe’KHOI CTIHKOCTI An(dy3iiiHO B3aeMOAil0UNX I'PaHUILL BUKOPHUCTOBY-
€ThCsA HOBUHM MaTeMaTUYHUHA METOJ, 3aCHOBAaHWI Ha CIIeIiaJIbHOMY iHTerpajib-
HOMY nepeTBopeHHi. Ileit MeTox H03BOJIAE BUABJIATUA €BOJIOIiI0 30ypeHb MHO-
JKUHHUX T'PaHUIL 0e3 BUpilleHHA nudysiiiHoi sagaui ycepenuui mapy. Tum
caMUM BHBUYEHHS MOP(OJIOTiIUHOI CTIHKOCTiI rpaHUIlb, IO CTAIliOHAPHO pyXa-
IOTHCA, 3BOAUTHCS [0 AOCIiMKeHHSI CUHTYJIApHOCTeH (Y KOMIJIEKCHIH TIJIOITH-
Hi) migiHTerpaJbHUX BUPa3iB MIeBHUX iHTErpaiB.

Kuarouori caoBa: mopgosioriuua crifikicTs, 6ararodasui cucremu, nudysiiine
MacoIllepeHeceHH s, iHTerpajabHe IePeTBOPEHH .

Mopdoaornueckass yCTOMUMBOCTh MeK(asHBIX T'PAHUIL IIPEICTaBJISET cO00U
CephE3HYI0 IP00IeMy KaK C MAaTeMAaTHYeCKOM, TaK 1 C (PU3WUYEeCKOM TOUKH 3pe-
Husd. B MmaTepuanax, mogBep:KeHHBIX e CTBUIO IPaJUeHTOB TepMOAUHAMMUYE-
CKUX IIOTEHIINAJIOB, T.€. I'PAAUEHTOB XUMUYECKUX MOTEHIINAIOB, dJeKTPUUe-
CKUX MIOTEHIIMAJIOB, TEMIIEPATYpPhl WM AAaBJIEHUA, BOSHUKAIOT IIPOIECCHI IIe-
peHoca MOOMJIBHBIX KOMIIOHEHTOB. OTH IIPOIIECCHI MOT'YT BBI3BIBATH MOPDOJIO-
IMYeCcKUe HeYCTOMYMBOCTHY IIOBEPXHOCTEN 1 MeK(a3HbIX I'paHull. B aToi cra-
The I OKCUI0B, HAXOOAIIUXCA IO AeMCTBUEM I'PaJUeHTa XUMUUECKOTO I10-
TeHIIuaja KUCJIOPoJa, NaeéTcd JeTallbHOe TeopeTHuuecKoe uccjleloBaHUe B3au-
MOCBSA3aHHOII MOP(OJOrnUecKour ycrorumBocTu. B uwactu I MBI mccaemyem
OIVH OKCHUIHBIN CJIOI, T.e. MOP(OJOTNUYECKYIO YCTOMUMBOCTh ABYX T'DAHMUII;
cayJyal IBYX OKCHUIHBIX CJIOEB, T.e. TPEX IpaHull, 0yaeT paccMoTpeH B uactu I1.
s mccaenoBaHUSA B3aMMOCBSI3AHHOM YCTOMUYMBOCTU AUGMPY3SUMOHHO B3aWMO-
IEeHMCTBYIONINX TPAHUI UCIIOJIb3yeTCA HOBBIM MaTeMaTUUYeCKUIl MeTOH, OCHO-
BaAHHBIA HA CIEIIMAJIbHOM MHTETPAJTbHOM IpeobpasoBaHUU. ITOT METOJ II03BO-
JISIET BBISABJIATH 9BOJIOIUIO BOSMYIIEHU MHOYKECTBEHHBIX I'DaHUIL 0e3 pelie-
HUA 1uy3noHHON 3a1aul BHYTPH cJiosd. TeM caMbIM uaydeHre MOPQOJIOTH-
YECKOH YCTOMUYMBOCTU CTAIIMOHAPHO ABUIKYIINXCSA I'PAHUI] CBOAUTCSA K HCCJIE-
JTOBAHUIO CUHTYJAPHOCTEHN (B KOMILJIEKCHOM IIJIOCKOCTU) IOAMHTETrPAIbHBIX
BBIPAYKEHUI OIIPEJIeJIEHHBIX MHTET'PAJIOB.

KaroueBsie caoBa: MOpPGOJIOTHUECKAA YCTOMYNBOCTh, MHOTO(A3HbIE CUCTEMEI,
IudysnoHHBIN MacCcollepeHoc, MHTerpajbHoe IpeodpasoBaHue.

(Received May 5,2019)
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1.INTRODUCTION

In many applications originally homogeneous materials are exposed to
thermodynamic potential gradients, which can be gradients of temper-
ature, chemical potential of one or more elements, electrical potential
or uniaxial pressure. Well known examples are tarnishing layers on
metallic materials [1, 2] which act as corrosion protection, thermal
barrier coatings [3] acting as heat shield, solid electrolytes in fuel cells
[4], or gas separation membranes [5]. The applied gradients act as a
generalized thermodynamic forces, and induce directed fluxes of the
mobile components. These fluxes may lead to a practically very im-
portant degradation phenomenon of the materials: The original mor-
phology of the material surfaces might become unstable and a new sur-
face morphology might be established (morphological instability) [6].
In addition to the practical implications, this moving-boundary prob-
lem is mathematically challenging. To explore the stability of diffu-
sionally interacting boundaries, in this paper an original, new method
is applied. Based on an integral transformation of a special kind, this
method reveals the evolution of the multiple boundaries’ perturbations
without solving the diffusional problem inside the layer. The study of
the morphological stability of the stationary moving boundaries is
thereby reduced to exploration of the singular points (in the complex
plane) of the corresponding integrands.

The class of materials considered here will be limited to oxides. Ex-
amples are Al,O, tarnishing layers on metallic alloys [1], ZrO,-layers in
thermal barrier coatings [3], Y,0;-doped ZrO, (YSZ) being the solid
electrolyte in solid oxide fuel cells (SOFC) and solid oxide electrolyzer
cells (SOEC), (La, Sr)MnO;_, being the cathode material in (SOFCs) [4],
or (La, Sr)CrO,_, in oxygen separation membranes [5]. Recently, very
thin oxide films, e.g. SrTiO; or GaO, have found increased interest due
to their ability for resistive switching [7, 8]. In all of these examples,
oxygen potential gradients appear across the oxide layer, either direct-
ly applied externally or as a result of another applied gradient.

In this paper we consider a semiconducting binary oxide A,_sO where
oxygen is practically immobile, while cations A are mobile via cation
vacancies V (with fraction & << 1). Examples are the binary transition
metal oxides (A = Ni, Co, Fe, Mn). In Part I of this paper, the morpho-
logical stability of A;_;O exposed to an external oxygen potential gra-
dient will be investigated in an exact way and will be compared to our
earlier, approximate solution [9].

In a nonstoichiometric binary transition metal oxide A;_;O the con-
centration of cation vacancies increases with increasing oxygen partial
pressure in the surrounding gas. If such an oxide is chemically reduced
by lowering the oxygen partial pressure, cation vacancies V, and elec-
tron holes h® diffuse to the crystal surface, where reduction of the ox-
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ide takes place:
0> +V+2h° —>%O2(g). (1)

This reduction process corresponds to the arrival of a vacancy and two
electron holes at the surface and the release of oxygen from the crystal.
Thus a structural unit composed of a cation vacancy and an anion, is
removed from the crystal while the number of cations is conserved.
The crystal surface acts as vacancy sink until the new equilibrium state
is reached. In contrast to this non-stationary situation, a stationary
non-equilibrium state can be established by exposing an oxide layer
with two parallel surfaces to a gradient of the oxygen partial pressure,
resulting in reduction at the low oxygen potential side and oxidation
(the reversal of the above reaction (1)) at the high oxygen potential side
(Fig. 1).

After a transient time, a stationary flux of vacancies and a corre-
sponding flux of A-ions in the opposite direction occur, which are fed
by the surface reaction (1) and the reverse of it. As a result of this ‘va-
cancy wind’ both crystal surfaces move (relative to the immobile oxy-
gen sublattice) towards the side of higher partial pressure.

The corresponding one-dimensional diffusion problem was solved
under the following assumptions [9]: i) the crystal surfaces are planar.
ii) The chemical diffusion coefficient D is constant. iii) Local equilib-
rium is established at the boundaries, i.e. phase boundary reaction ki-
netics is very fast compared to bulk diffusion. The stationary solution
was obtained by transforming the diffusion equation for the vacancies
(or the cations A) and the mass balances at the oxide/gas boundaries to

X A
(I)Z(Xat)

0,(£)

-
>

0 L ¥/

Fig. 1. Schematic presentation of an oxide A; ;0 exposed to an oxygen potential
gradient. P, and P, (>P,) are the corresponding oxygen partial pressures in the
gas phases. Dashed lines represent planar oxide surfaces, solid lines perturbed
surfaces. L is the width of the oxide layer.
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a moving reference frame, 0 < z < L (L is the sample thickness), in
which both surfaces are at rest.

Now, the question about the morphological stability of the surfaces
of such a moving oxide layer naturally arises. Remarkably, despite the
huge amount of publications on the subject of morphological stability,
to the best of our knowledge the stability of two or more surfaces cou-
pled by the diffusional mass transfer was not studied. In the present
work the problem of linear stability of such surfaces is treated analyti-
cally. For two coupled surfaces (single layer) the results are exact; they
are then compared to the results of a quasi-stationary approximation,
which is shown to be quite precise. The coupled stability of three sur-
faces (two layers of different oxides of the same metal) will be consid-
ered in the Part II of this paper.

2. SETTING OF THE PROBLEM

In Ref. [9] we found that the surfaces (1) and (2) exhibit different mor-
phological stabilities. While surface (1) was morphologically unstable,
surface (2) was morphologically stable. These experimental results
were supported by means of a linear stability analysis of each surface
without any diffusional coupling of the surfaces. In the present work,
this problem is generalized by exploring the morphological stability of
two diffusionally interacting surfaces.

It is worth mentioning that from the formal point the result of [9]
may look paradoxical: if the interaction of the boundaries is taken into
account the perturbations of the boundaries are governed by a coupled
linear equation system; a linear system could be either stable or unsta-
ble as a whole; so formally both boundaries with necessity should be
either stable or unstable. Below we see how this paradox is resolved in a
very clear and physical way. To explore the stability of diffusionally
interacting boundaries the method developed in[10, 11]is applied. The
problem is solved analytically; the detailed descriptions of the (neces-
sary) quite lengthy calculations can be found in the Appendixes.

For convenience we reiterate the problem setting from [9] (the pre-
sent notations are slightly different). In the moving reference frame,
moving with a constant velocity V relative to the immobile oxygen sub-
lattice (identical to the laboratory frame, see Fig. 1) the governing
equation takes the form

2 2
©_yx_pfdo de)_,
ot oZ 0X® oZ

(2)

where C = 5/ is the vacancy concentration, ® the molar volume of the
oxide AO, D is the chemical diffusion coefficient (both of which are
presumed to be constant that is independent on 3), X and Z the spatial
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coordinates (see Fig. 1), and t the time.
Looking for small deviations u(X, Z, t) from the stationary solution
C.(Z) corresponding to constant width L of the oxide layer
C=C(2)+wX,Z,7) 3)
and slightly non planar, non-stationary boundaries (see Fig. 1)

Z/(X,1)=0+D,(X,1), Z,(X,1)=L+D,(X,7), 4)

the (equilibrium) boundary conditions are

8C ~ a2q)
Z=0
5C - 62q)
C,l,, +ul,  + | PXD=G, (1 i f 8X22]’ )
Z=L

where 1:1,2 are the capillary lengths. The mass balance equations at
both boundaries are

2
V+d(X,1) = — D(acs Lou )0 Cz o (X0,  (7)
1-5, \o2l,, o2|,, &z,
2
V4 b, (X, 1) = LD(GCS e . %(Xn)], ()
1-5, |\ oz|,, o2|,, ozZ°|,,

where 9J,,i =1, 2 are the deviations from stoichiometry at the corre-
sponding boundaries. If we look for the stationary (‘zero order’) solu-
tion, which is only Z-dependent, both the equation (2) and the bounda-
ry conditions (5)—(8) simplify essentially. The solution of this system is
given in Appendix 1; the corresponding stationary values [9] of the
layer width L and the velocity V are given by Eqs. (90) and (91).

3. STABILITY ANALYSIS FOR THE SINGLE OXIDE LAYER

We consider the single oxide layer, i.e. is the coupled morphological
stability of two gas/solid interfaces (see Fig. 1). The governing equa-
tion and boundary conditions for the first order perturbations are (see

(2)-(8))
1ou Vou &*u u
A T, T A T A
Dot DoZ oX 07

9
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V1-9 . 0%0®
|Z:0 T (Dl(X’ ) + Clrl 8721 =0, (10)
1- - 0%
u|Z:L +% ° ®2(X’T)_Czr28672220’ (11)
2
laq)l — ® a_u — Kj q)l(X,T), (12)
D ot 1-9, 07|, D
2
1% __o S _ Kj D, (X, 1), (13)
D ot 1-9%, 07|, , D

where we have used the expressions (92), (93) for the values of the de-

2 2
. 8826;8 d Z% , zZC;S , see Appendix 1.
Z=0 Z=0 Z=L Z=L
Taking the stationary width L of the layer as the length scale and, cor-
respondingly rescaling all other lengths Z/L =2, X/L=x, ®, /L =¢,,

S

rivatives

fi /L=T,, and time t/ (LZ/D) =t¢, and measuring u in molar frac-

tions wu =@ we are led to the dimensionless system for the concentra-
tion’s perturbation field

ou ou o’u o4
_:2_+_+—, 14
ot <:62 ox?  02° (14)
where
g YL _1,1-8 (15)
2D 2 1-,

The boundary conditions at the positions of the planar boundaries, z =
=0andz=1, are

5 o

il +26(1-8)0,(x,8) + 5, g“’; -0, (16)

- az(Pz

], + 26(1-8,)0,(x,1) = 8,7, — 2 =0, (17)
op, 1 oa ,
—_—— | — 4 x,t N 18
ot 1-6 o2l &¢,(x,1) (18)
op, 1 oa ,
T2 = T 4E%,(x, ). 19
it IR (19)
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Introducing the Fourier transforms

9,(x1) = ﬁ | dkexplikzyg, (h,1), j=1,2, (20)
a(x, 2,t) = ﬁ j:dk exp(ikx)iu(k, 2, t) (21)

we obtain from (14) and (16)—(19)

o o’

ou g

— =2t kL 22

o ot e (22)

ﬁ|2=0 +28(1-8))p, -8, k%, =0, (23)

L_t|z=1 +28(1 - 8,)0, + 621—121?262 =0, (24)
861 1 aL_l' 2—

PV - 4 > 25

ot 1-39, 0z|,,, &0 (25)
862 1 817 2—

Y - 480 26

ot 1-8, oz|,, 5%, (26)

The method [10, 11] to be applied below essentially uses the asymp-
totical (in time) finiteness of u, ¢,, and ¢,. Therefore, to take into ac-
count the possible instability (which we are looking for) the new varia-
bles are introduced:

w = uexp(-nt), (27)
Y, = ¢, exp(-nt), i=1,2, (28)

where the constant n > 0 at the moment remains undetermined. In
terms of these new variables (22)—(26) become

ow ow w
— =28+ - +nw, 29
ot 5 oz 02 (k" +m)w (29)
wl_, +[26(1-8,)- 8,1 |1,(k,1) =0, (30)
w|2=1 * [2&(1 —8,) + 52F2k2]y2(k, t) =0, (31)
oy, 1 ow )
Y —| —@g )y, 32
ot 1-0, 0z|,, (48" + )y, (32)
0y, 1 ow )
e — | ~U@& 7, 33
ot ~1-s, 62|, (& T (33)
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The term n-® in (29) may be considered physically as some kind of ficti-
tious ‘dissipation’, which may be adjusted to compensate the possible
instability. Now the method [10, 11] is applied. First we perform the
integral transformations of (29) using as a kernel functions

K, =exp(v,2), n=1,2, (34)
where

V1,2=§i\/§2+k2+ﬂ+p, p>0, (39)

i.e.is we introduce

I(k pt)= jolw(k, z,tyexp(v,2)dz, n =1, 2. (36)
This yields two ordinary differential equations for I,
ol
L=pl +® ,n=1,2, 37
o PLt O (37)
where
O =(28-v )[w| exp(v,)—w J+8_w exp(v)—a—w (38)
" SO ™ A
Solving (37) we obtain
L(p,k,t)exp(—pt) = [ ®, exp(-pg)dg + 1,5, n=1,2, (39)
I,= j:ﬂ(k, 2,0)exp(v,2)dz, n =1, 2, (40)

where u(k, z,0) is the Fourier transform (see (21)) of initial deviations
of the concentration from the stationary solution inside the layer.

Even if the stationary solution appears to be unstable, that is the
boundary perturbations ¢, are increasing with time, selecting n (see
(27), (28)), we can always ‘shift’ w, y, to the stability threshold. At the
threshold I, are (see (36)) limited for ¢ — «. Taking this limit on both
sides of (39), we get

0= J‘:CDH eXp(—pq)dq + InO(k’ P, O), n=1,2. (41)

Using the boundary conditions (30)—(33), w and its derivatives could
be eliminated from (38), and ®, could be expressed via v, and 0y, / 0t
only, this yields a system of two integral equations for y, and y,. The
method, described above, was developed in [10, 11] on the basis of an
approach designed by Chekmaryova [13] for the solution of the one-
dimensional moving boundary problems for diffusion equations. While
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for the moving boundary problems the integral equations (the ana-
logue of (41)) are highly nonlinear, (41) is a linear one. Even more, for
the present case it turns out to be a linear equation for the Laplace
transforms of y,, y,. Denoting the Laplace transforms of y; as y,, we ar-
rive at the following algebraic system of equations for v,

exp(v,)| (1 - 8,)(2&v, + p +n) - v,8,[,%° |7, -

- [@=3)@tv, + p+n) +Vv,3,T K |7, = (42)
= —1,,(k, p,0) + (1 - 8,) exp(v,)y,(k,0) — (1 - &,)v, (%, 0),
exp(vz)[(l ~8,)(2Ev, + p+1) — v,5,T, K ] ¥, -

- [@A-38,)2&v, + p+m)+v, 3Tk |7, = (43)
= —I,,(k, p,0) + (1 - 8,) exp(v,)v,(k, 0) — (1 - &,)y, (%, 0),

where y,(k,0) = ¢,(k,0), that is initial values of the k-th Fourier mode
of the boundaries’ perturbations. Introducing notations

Ol 0, I,=1I LI SN (44)

r = 10@’ 20 1—52 20°

f1-5,
and taking into account (see (15) and (35))
1-— (2)
1_—6(1) = exp(—2§), A2 + Vo = 2&

we rewrite (42), (43), as
exp(-v,)[ (2&v, + p+1) - v,[,k" |7, -
- [@v, + p+m)+ v, F |7, = (45)
= ~I,,(k, P, 0) + exp(-v,)Y,(k, 0) - v,(k, 0),
exp(-v,)| (2&v, + p+M) - v,T,E |7, -
- [@ev, +p+m)+ VT k7, = (46)
= —I,,(k, p,0) + exp(—v,)y,(k, 0) — v, (%, 0).

Zero Surface Tension Case. In the present work we are mainly tar-
geting the effect of the diffusional interaction of the moving bounda-
ries on their morphological stability. Both renormalized capillary

— T, .
lengths I', are quite small (see (44): T, = f‘ ~10°°, % ~1072, or

i



COUPLED MORPHOLOGICAL STABILITY OF MULTIPLE PHASE BOUNDARIES. T 1443

less). That is, the influence of surface tension may be essential only for
the perturbations with the wave length less than L-107*[9]. So we may
first set for simplicity I:i = 0, postponing the discussion of the nonzero
I'; to a future work. We also do not consider the effect of initial pertur-
bations of the concentration field inside the layer, taking I,, = I,, = 0.

It was shown in [10] that for rather weak assumptions about the initial
perturbations of the concentration field inside the layer (expandability
in a converging Taylor series) their influence on the boundaries’ insta-
bility is negligible. Then the system (45), (46) takes the form:

(2&v, + p + ) [exp(—v,)7, —7,] =

(47)
= exp(—V,)Y,(k,0) — v, (k,0),
2&v, + p+m) [eXp(_V1)?2 - ?1] = (48)
= exp(—Vv,)y,(k,0) — v,(k&,0).
Solving system (47), (48) for y,, we obtain
T = ﬁ‘1171 (k,0) + ﬁlz'Yz (%, 0), (49)
?2 = Iy (k’ O) + F22Y2 (k’ 0)’ (50)
where the functions f;j are:
- 1 i 1 _exp(v, - vl)_ (51)
11— ’
1-exp(v, —=v,)[28v, + p+n  28v, + p+1 |
- exp(—v I 1 1 |
P, = p(-vy) _ , (52)
1-exp(v, —v,)|[28v, + p+n  2&v, + p+m |
5 exp(vy) [ 1 1 ] (53)
21 T ’
1-exp(v, —vy) | 28v, + p+m  28v, + p+m |
- 1 i 1 _ exp(v, — V1)_ (54)
22 )
1-exp(v, —vy)|[28v, + p+n  2&v, + p+m |

Performing the inverse Laplace transform, one obtains the exact (fully
time-dependent) expressions for the evolution of the boundary pertur-
bations:
Y1(k’ t) = F'H'Yl(k, 0) + F12’Y2(k’ 0)’ (55)
v, (k,t) = F, v,(k,0) + F,,v,(k,0). (56)

Here
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[ F,(p, hyexp(pt)dp. (57)
It is evident from (55), (56) that the F,; and F,, exhibit the ‘self-action’
of the reducing and oxidizing boundaries, respectively, that is the evo-
lution of their own initial perturbations. On the other hand, the F, and
F,, reveal the ‘cross-action’, that is the influence of the initial pertur-
bation of the oxidizing boundary on the evolution of the reducing
boundary and vice versa.

Of cause, this result may be obtained by the complete solution of the
problem (29)—(33) via the Laplace transformation. However we suc-
ceeded in obtaining y,(k, t) only, without solving the problem complete-
ly. With increasing number of the boundaries, and/or of the compo-
nents, this difference becomes increasingly important. Even more, to
explore stability we do not need the full solutions for y,(%, t). It is suffi-
cient to detect the fastest growing modes only, which, in turn are de-
termined by the singularities of the corresponding integrands in (57).
It is convenient to introduce the new variable y:

F.=—
Yo 2mi,

y=8+E +n+p. (58)

Then v, =&+.Jy, v, =&—.Jy, see Eq. (85), p=y—£E>—k* —n and
(561)—(54) may be rewritten as

1 1
Fn = —
1 -exp(-2./y) LJ& —E-k)Jy —E+k)

(99)
_ exp(=2y) }
Wy +E-R)y +E+k)
7o exp(-£ —/y) { 1 -
¥ 1-exp(-24y) | (y +E- Ry + &+ k) (60)

1
(\/Q—i—k)(\/i—&k)}’
7 __expE—\y) { 1 B
T 1-exp(-2Jy) | (Jy - Ry - &+ k)

1
- , (61)
(@+a—k)(@+a+k)}
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_ 1 1
F22 = -
1-exp(-24/y) L\/; +E-R)\y +E+k)

(62)
_ exp(=2y) }
Wy —E-BWy-E+k)
Making use of (57) we get
1 2 2 1 2
F, =%exp{—(§ + B [J0 -JP ], Lr=1,2. (63)

From the eight integrals J\", I, r, m =1, 2 we show here only J as an
example; all J!™, are given in the Appendix 2.

o (Jy + &+ k) exp(yt)

el (1-expt-2y) (v - e+ 27 ) (Vy -5 + &)

The integrand of each J, has a branching point at y = 0 and two
poles; only the pole with the maximal real part is of interest. Thus the 8
integrals J™ are segregated into two sets: those with maximal real
part of the pole (k& + £)? and those with maximal real part of the pole (k —
—£)”. The former set includes J, J2, JY, and J{; the latter J 2,
JY, JZ, and JY). The integration contours for the integrals of the
first and second set are shown in the Fig. 2, a, b, respectively.

Calculation of the residues at the poles and integration along the cut
reveals that the fastest growing terms correspond to the input of resi-
dues at the poles of the first-set integrals. Taking into account (63), we
get finally for the F;;in (55), (56):

dy. (64)

F, ~exp {(2§k - n)t} , (65)

F, ~exp{-(2¢ + k) + (2Ek — )¢}, (66)
F,, ~exp{-k+ 2tk —n)t}, (67)
F,, ~exp {—2(& + k) + (2Ek — n)t} . (68)

The margin of stability for y;, in (55), (56) is 1 = 2&k. In terms of the
Fourier modes of the boundaries’ perturbations ¢,,i =1, 2, see (28),
this means the increment 2&k for the k-th mode at both boundaries, i.e.

¢,(k,t) = F,$,(k,0) + F,,3,(k, 0), (69)
9,(k,t) = F,;¢,(k,0) + F,,5,(k, 0), (70)

where
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(k+8) (k-E)

a b

Fig. 2. Integration contours for J{), JZ, J, J2 in the complex plane y. On-
ly position of the poles with maximal real part is shown (a). Integration con-
tours for J2, JY, J?, JY) in the complex plane y. Only position of the poles
with maximal real part is shown (b).

F,, ~ exp(2Eki), (71)

F, ~ exp{—(2& + k) + 2Ekt}, (72)
F, ~exp{-k + 2¢kt}, (73)
F,, ~ exp{-2(¢ + k) + 2Ekt} . (74)

Equations (71)—(74) seemingly demonstrate the instability of both
boundaries, i.e. the exponential growth in time with the increment 2&k
(see also the remark at the beginning of Section 2). Indeed, the pertur-
bations of the boundaries are governed by a linear system; a linear sys-
tem could be either stable or unstable as a whole; so both boundaries
with necessity should be formally either stable or unstable if their in-
teraction is taken into account. However, comparing (71)—(74) it is eas-
ily seen that the ratio of the perturbation amplitudes at the oxidizing
side to that at the reducing side, F,, / F, and F,, / F,, decreases expo-
nentially with the wave number k. This means that the boundary at the
oxidizing side is stable for perturbations with wavelengths smaller
than the width of the layer, i.e. it is practically morphologically stable,
which is in complete agreement with both theoretical considerations
and experimental observations in [9]. We would like to point out that
this result for the linear stability of the boundaries (for zero surface
tension) is exact. The diffusional interaction of the boundaries is taken
into account; till now we have not used any additional assumptions.
The study of the morphological stability of boundaries for the station-
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ary solution is thereby reduced to exploration of the singular points (in
the complex plane) of the corresponding integrands.

4. QUASI-STATIONARY APPROXIMATION

While being exact, the approach used in the previous Section is quite
complicated. So, it appears reasonable to check the simpler but approx-
imate way of solution of the same problem, compare the results, and
then use the simpler approach to solve the essentially more complicat-
ed problem for the multiple-layer system. The approximate approach is
based on the physical fact that the deviations from the stoichiometry
at the boundaries are quite small, 8, < 8, << 1; then § is a small parame-
ter too

&z%lni_gl << 1. (75)
]

This means that the characteristic time for the development of the in-
stability 1/2&k, see (65) is large as compared to the characteristic time
of the diffusional relaxation inside the layer (which we have taken as a
time scale, see Section 2). Then we can use the quasi-stationary approx-
imation for (29), that is, drop the time derivative:

ow *w
26—+
s 0z 02°

In this approximation the time evolution enters via the boundary con-
ditions (32), (33), see below. We still consider the zero surface tension
case, I'; =Ty, =0; the boundary conditions (30), (31) become

—(E* +nw = 0. (76)

w|,_, +26(1-38,)v,(k, 1) = 0, (77)
wl,_, + 2601 - 8,)1,(k,1) = 0. (78)

The solution of the quasistationary problem is given in Appendix 4;
here we only outline the procedure and give the result. First, the solu-
tion of (76) satisfying the boundary conditions (77), (78) is obtained.
Then it is substituted into the boundary conditions (32), (33); in this
way we obtain the system of two ordinary linear equations ((105), (106)
in Appendix 4) governing the time evolution of the boundary perturba-
tions y,(k, t) and y,(k, t). Solving this system in a standard way, consid-
ering k larger than one (see (114), (115)), and returning to the Fourier
modes of the boundaries’ perturbations ¢,(%,t) and o,(k,¢), yields the
following expressions for their time evolution

9,(k,t) = A, exp(2Ck?), (79)
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A, = §,(0, k) — exp(-2¢ - k)9, (0, k),
0, (k,t) = B, exp(2&kt),
B, = exp(-k), (k, 0) — exp (-2(% + k)) 3,(k, 0),

which coincides with the exact results of the previous section, Egs.
(69)—(74), i.e. the approximate analysis of morphological stability
based on the quasi-stationary solution yields essentially the same re-
sults as the exact approach (for the perturbations with the wave length
smaller than the width of the layer). It is worth mentioning that for a
single boundary the quasi-stationary approach is exactly equivalent to
the method used in [9].

(80)

5. SUMMARY AND CONCLUSIONS

In this paper, we have studied the coupled morphological stability of
multiple phase boundaries for oxides that are exposed to an oxygen po-
tential gradient. For a single oxide layer this problem was first consid-
ered in [9], both experimentally and theoretically. It was shown that
the oxidizing boundary is morphologically stable, while the reducing
boundary becomes unstable. In the present work the problem of [9] is
generalized in an important way: in exploring the morphological sta-
bility of two solid/gas interfaces their diffusional interaction is taken
into account. To explore the stability of diffusionally interacting
boundaries the method developed in [10, 11] is applied. Based on inte-
gral transformation of a special kind this method reveals the evolution
of the boundaries’ perturbations without solving the diffusional prob-
lem inside the layer. The study of the morphological stability of
boundaries for the stationary solution is thereby reduced to explora-
tion of the singular points (in the complex plane) of the corresponding
integrands.

As it was mentioned above, from the formal point the result of [9]
may look paradoxical: if the interaction of the boundaries is taken into
account the perturbations of the boundaries are governed by a coupled
linear system; a linear system could be either stable, or unstable as a
whole; so formally both boundaries with necessity should be either sta-
ble or unstable. However, comparing (65)—(68) it is easily seen that the
ratio of the perturbation amplitudes at the oxidizing side to that at the
reducing side decreases exponentially with the wave number k. This
means that the boundary at the oxidizing side is practically morpho-
logically stable indeed, which is in complete agreement with both theo-
retical consideration and experimental observations in [9]. To visual-
ize the mutual influence of the boundaries’ perturbations it is practical
to plot the ln‘Ej /Fn‘ (see (65)—(68)) against the wave number & (see
Fig. 3).
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Because £ << 1, the ‘cross-influences’ of the perturbations of reduc-
ing and oxidizing boundaries F,, / F,, and F, /F, exhibit identical
asymptotical behaviour in &, while the ‘self-influence’ of the oxidizing
boundary F,, / F,, decreases as —2k. It is remarkable that these results
for the linear stability of the boundaries of a single layer are not de-
pendent on the width of the stationary layer and (for zero surface ten-
sion) are exact. On the other hand, while being exact, the above ap-
proach is quite complicated. So, our strategy was to check the simpler
but approximate way of solution of the same (single-layer) problem,
compare the results, and then use the simpler approach to solve the es-
sentially more complicated problem for the multi-layer system. The
approximate approach is based on the physical fact that the deviations
from the stoichiometry at the boundaries are quite small and, conse-
quently, & (see Eq. (75)) is a small parameter. This means that the char-
acteristic time for the development of the instability (2k)™" is large as
compared to the characteristic time of the diffusional relaxation inside
the layer (which we have taken as a time scale, see Section 2). Therefore
the quasi-stationary approximation is justified, the approximate anal-
ysis of morphological stability based on the quasi-stationary solution
yields essentially the same results as the exact approach. It is worth
mentioning that for a single boundary the quasi-stationary approach is
exactly equivalent to the method used in [9]. Now it is evident that for
a multi-layer system the ratio of characteristic times will not change

|:’?j'

In
A

’_ﬁj!

10 k

A

Fig. 3. Plot of 1n|f‘l.]. / ﬁ'u| against the wave number % for the case of a single
layer.
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qualitatively (if the diffusion coefficients in the layers are not too dif-
ferent), so, application of the much simpler approximate method is
again justified; this problem will be studied in the Part 2 of this paper.
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APPENDIX 1

If we look for the stationary (‘zero order’) solution, the equations (2)
and (5)—(8), are reduced to [9]

2
az az
) )
Cs Z=0 :Cl _;1’ CSZ:L :CZ :EZ’ (82)
_ oD dC,| _ 83)
1-3, dZ|,
__oD dC| 4)
1-5, dZ |,

The solution of (81) satisfying the boundary conditions (82) is [9]:
C - C, - C,exp(-VL / D) - (C, - C,)exp(-VZ / D) .
’ 1-exp(-VL / D)

(85)

Now we have two more equations, (83) and (84), to determine V and the
stationary width L. Substitution of (85) for C into (83), (84) yields:

1-p, 0 C=CG (86)
1-exp(-VL / D)
1-3, = G -G exp(-VL / D). (87)

®
1-exp(-VL / D)
It follows from (86), (87):

exp (Ej _1-6 (88)
D) 1-3,

The interesting feature of the present solution is that only the product
of V and L is determined by (88), but not each of these quantities sepa-
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rately (this reminds on the well-known ‘velocity selection controversy’
[12]). However, in the present case we have an additional physically mo-
tivated condition: the total amount of A atoms is conserved, that is[9]

[az 1 —(050 = [Jaz [% -c, (Z)), (89)

where L, is the initial oxide layer thickness. Substitution of C,(Z), see
(85), into the latter equation yields finally [9]:

I ¢
) _
L=L,2 In L= Ge (90)
C,-C, 1-Co
and
y-DG-6 _ D5 -3 (91)
L1 . I 1-5
® 0

One can easily check that in the limit (C, - C;) — 0 (and, corresponding-
ly, V — 0) the stationary width L approaches the initial width L,,.
For the subsequent stability analysis we will need to know the values

2
of the derivatives ZCZ'S and 8ZC; at the boundariesZ=0and Z=L:
oC, _ Kl 3, ’ 0 Czs _ _(Kj 1-3, , 92)
8Z Z-0 D (6)] aZ 70 D 0]
aC 1-5, o8°C 1-5
s — K 2 , 25 — _(Kj 2 . (93)
oz|,, D o oz |, , D ®
APPENDIX 2

Here we give eight complex integrals J", introduced in equation
(63):

(Jy + &+ k) exp(yt)
e (1= exp(-2J) ) (y - (k + ) (Jy ~& +

y " Wy + k- &) exp(yt - 2|/y)
JP = dy, (95)
Iw (1-exp(-2yp))(y - (k- &) (Vy + &+ ) ¢

1 _
J11 -

dy, (94)
)
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G R o A
Ti = I (1- ex(pgzvg)](je—x (pl:ita_)i)(_g : een)
Tl = I (1- exizv;)}(g;e—x fk(it;)(_g : aon)
# b o
e I (1- exp(—z(g ))+(Z - ?l)ee—xgy)t()@ +E+E) w00
o _ T (Jy +&+ R exp(yt —2\y) g (101)

T = a_[oo (1-exp(-2y)) (v -k + ") (Jy - £+ &)

APPENDIX 3

The solution of (76) satisfying the boundary conditions (77), (78) is
easily obtained:

2¢
w = {[@-38,)exp(,)y, - A -8,)y,]|exp(r,z) +
exp(X,) — exp(X,) (102)

+[(@-38,)y, - @ -8,)exp(),)y, |exp(r,2)},

where L, =—&+{, Ay =—& -, and { = \/&* + k* + 1. Below we need aw

0z,
and Z—w only, that is the values of derivatives at the boundaries:
4 z=1
1 dw Cexp(-§)
— =2 +  coth - R 103
e a{(& CeothQyy —= 285>, (103)
1 ow Cexp(§)
— =2 - coth + 2 . 104
5, 3l &{(a Ceoth Oy, + 221, (104)
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Substituting these values into (32), (33) we obtain a system of two
equations for vy,(%, t), v.(&, t):

280

on 2
T = [280c0thC—28" —m ]y, — =~ exp(-Lyy,, (105)
o1, _ 2 i 2

ot smne SPEM (26 coth ¢ +26% + 1]y, (106)

The solution of this system is obtained in a standard way: substitution
of v, = A exp(ct), v, = A exp(ct) yields a linear homogeneous algebraic
system for A, B

[2@@ coth( — 282 —n — c] A- - 125}?@ exp(~£)B = 0, (107)
.ziexp(ﬁ)A ~[2¢¢coth¢ +28” +n+c|B =0, (108)
sinh ¢

For solutions of this system to exist the determinant of this system
should equal zero, which yields after some algebra the quadratic equa-
tion for . The roots of the latter equation are

oy, = (287 +m) + 28C. (109)
The solution of the system (105), (106) is

v, = A, exp(o,t) + A, exp(c,t), (110)
v, = B, exp(o,t) + B, exp(o,t), (111)

where A,, B, are calculated in a standard way using initial values v,(0,
k). The margin of stability for y, corresponds to zero value of the max-
imal (positive) root (109), which in its turn means n = 2£k. Again, in
terms of the Fourier modes of the boundaries’ perturbations ¢,,i =1, 2
this means the increment n = 26k for the k-th mode. Correspondingly,
to compare the amplitudes at the onset of instability we need only A,
and B,

exp(=¢)

1
A, —§[1+C°th(<:+k)]71(0ak)—m1(2(0, k), (112)
_exp(§) 10
= —2 Sinh(: + F) 7,0, k) + P [1 coth(§ + k)] 7,(0, B). (113)

Now, k& = 0 means the shift of the layer as a whole, for k£ ~ 1 the (‘trans-
verse’) scale of the perturbation is comparable to the width of the lay-
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er, which makes the use of quasistationary approximation problemati-
cal. On the other hand, for&+k>>1

A; = 7,(0, k) — exp(-2C - k)7,(0, k), (114)
B, = exp(=k)y,(0, k) — exp(=2(C + k)7, (0, &), (115)

which coincides with the exact results of the Section 3 (% is in the ar-
gument of the exponent, so even when it equals 3 or 4 it is quite a rea-
sonable approximation).
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