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The model calculations of the magnetization curves for the internally 

twinned NiMnGa ferromagnetic shape memory alloy (FMSMA) are performed 

at the different volume fractions of twin variants. The method is based on the 

direct minimization of FMSMA’s free energy in new micromagnetic model 
taking into account both the magnetic anisotropy energy and the magneto-
static energy contributions associated with the laminated twin microstruc-
ture. The effect of the magnetostatic energy is discussed in comparison with 

some early models, where the magnetostatic energy was completely ignored. 
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Модельні розрахунки кривих намагнічування для внутрішньо здвійнико-
ваного феромагнітного стопу NiMnGa з ефектом пам’яті форми виконані 
за різних значень об’ємних фракцій двійникових варіантів. Метод базу-
ється на прямій мінімізації вільної енергії феромагнітного стопу з ефек-
том пам’яті форми в новій мікромагнітній моделі, яка враховує як енер-
гію магнітної анізотропії, так і внесок магнітостатичної енергії, пов’яза-
ної з плоскопаралельною двійниковою мікроструктурою. Вплив магніто-
статичної енергії обговорюється в порівнянні з деякими ранніми моделя-
ми, де він повністю ігнорується. 

Ключові слова: мартенситні перетворення, ефект пам’яті форми, двійни-
кування, магнітна анізотропія, доменні стінки, доменна структура, крива 
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намагнічування. 

Модельные расчёты кривых намагничивания для внутренне сдвойнико-
ванного ферромагнитного сплава NiMnGa с эффектом памяти формы вы-
полнены при разных значениях объёмных фракций двойниковых вари-
антов. Метод базируется на прямой минимизации свободной энергии фер-
ромагнитного сплава с эффектом памяти формы в новой микромагнитной 

модели, которая учитывает как энергию магнитной анизотропии, так и 

вклад магнитостатической энергии, связанной с плоскопараллельной 

двойниковой микроструктурой. Влияние магнитостатической энергии 

обсуждается в сравнении с некоторыми ранними моделями, где это пол-
ностью игнорируется. 

Ключевые слова: мартенситные превращения, эффект памяти формы, 

двойникование, магнитная анизотропия, доменные стенки, доменная 

структура, кривая намагничивания. 
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1. INTRODUCTION 

Ni–Mn–Ga based ferromagnetic shape memory alloys (FMSMAs) have 

unique ability to show an extremely large magnetic field induced de-
formation effects which is about of 30–50 times larger compared to the 

best known ordinary magnetostrictive materials [1]. First, these ef-
fects were discovered in two different nonstochiometric ferromagnetic 

martensitic phases of NiMnGa alloy (6% in 5M [2] and then 10% in 

7M) [3]. It has been found that the strain mechanism in FMSMAs is 

based on the twin boundary motion and the resulting redistribution 

between two twin related variants A and B of the martensitic phase, 
which easy magnetization axes are perpendicular to each other [8–12, 

17–21]. Both the multiple twin microstructure and the magneto-
optical image of 180° magnetic domains inside of the twin bands of the 

5M martensite of NiMnGa alloy are shown in Fig. 1. 
 It has been proved that the twinning process in NiMnGa is driven by 

a macroscopic magnetostrictive force developed during the magnetiza-
tion of this material. According to [8], this force can be generally de-
fined as follows: 

 
∂

σ = − ε = ε
∂εmag mag 0( , ) ( , ), whεrε .A A Ah x g h x x  (1) 

Here, mag ( , )Ah xσ  is the magnetostrictive force component acting along 

the external magnetic field on the transversal unit cross-section (as 

shown in Fig. 1), mag ( , )Ag h x  is the magnetic free energy per unit vol-
ume depended on the magnetic field h and the volume fraction xA occu-
pied by the martensite variant A. The large strain 0 Axε = ε , which is 
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developed in FMSMAs increases proportionally to the volume fraction 

xA and achieves its maximal value ε0, which is a crystallographic con-
stant depended on the martensitic crystal lattice parameters. In 

NiMnGa alloys it can take 6% in 5M and 10% in 7M martensitic phas-
es, correspondingly [8–12]. 
 Our present results obtained on the basis of micromagnetic theory 

proposed in [13–16] show that along with the magnetic anisotropy and 

Zeeman’s energies, the magnetostatic energy also plays an important 

role and produces a special coupling effect between the twin related 

martensite variants. It is caused by the demagnetizing effects both on 

the surface of the MSM material and also on the internal twin bounda-
ries. As a result, the magnetostatic energy produces the nonlinear de-
pendence of the magnetic free energy and the magnetic driving force 

both on the magnetic field and on the volume fractions of twin vari-
ants. 

2. MAGNETIC FREE ENERGY MODEL 

As follows from our micromagnetic free energy model proposed in [13–
16] for the ferromagnetic shape memory materials, it consists of three 

terms. The magnetic anisotropy energy is the first one: 

 ( )⊥ ⊥= + −2 2
Ani+Zee ( / ) ( / ) .U A A s B B sF K x M x Mm m Mh  (2) 

Here and later, xA
 
and xB are the volume fractions of the twin related 

martensite variants A and B, respectively, KU and Ms are the uniaxial 
magnetic anisotropy constant and saturation magnetization of the 

MSM material, respectively. Typically, 
5 31.7 10 J/mUK ≈ ⋅  and 

4 0.65 TsMπ =  in NiMnGa-based FMSMAs. Everywhere below, mA and 

mB denote the local magnetizations averaged over the fine magnetic 

domain microstructure within both twin variants A and B. The sub-
script sign ‘ ⊥ ’ means a magnetization component perpendicular to the 

local easy magnetization direction of the corresponding twin variant. 
 The second term in Eq. (2) is a so-called Zeeman’s energy describing 

the effect of the external magnetic field. It is dependent on the total 
magnetization A A B Bx x= +M m m  averaged over the twin microstruc-
ture and the external magnetic field h. 
 The third term represents the magnetostatic energy per unit vol-
ume: 

 ( )mag

1
.

2 A A A B B BU x x= − +m h m h  (3) 

It also depends on the local demagnetizing field values Ah  and Bh  

within the twin bands A and B, respectively. Similar to the macroscop-
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ic magnetization value A A B Bx x= +M m m  we can introduce the macro-
scopic demagnetizing field .D

A A B Bx x= +H h h  Then, using identities 

1A Bx x= −  and 1B Ax x= −  we can obtain 

 ( ) and ( ).D D
A B A B B A A Bx x= + − = − −h H h h h H h h  (4) 

According to a well-known from the magnetism theory boundary con-
ditions, both the normal component of the magnetic induction and the 

tangential components of the magnetic field must be continuous at the 

twin boundary interfaces. Thus, ( 4 ) ( 4 )A A B B+ π = + πn nh m h m  and 

( ) ( ) ,A B=t th h  respectively. Finally, these boundary conditions give us 

an important linear relationship between the local demagnetizing field 

and magnetization jumps at the twin boundaries: 

 4 ( ) .A B A B− = − π − nh h n m m  (5) 

Here n is a unit normal vector at the twin boundaries oriented at 45° to 
the field direction: 

−= = =1/22 , 0.x y zn n n  There is also a well-known 

linear relationship between the macroscopic demagnetizing field and 

the average magnetization of any ferromagnetic material: 

 4 .D = − πH DM


 (6) 

Here, D


 is a so-called demagnetizing matrix dependent only on the 

shape of a particular ferromagnetic sample. This matrix is always posi-
tively defined and has the unit its spur value. In a particular case, if 

the sample’s shape is symmetric with respect to all reflections and in-
version of x, y, and z coordinates in Fig. 1, then a corresponding de-
magnetizing matrix will be diagonal one with all positive matrix ele-

 

Fig. 1. The twin microstructure consisting of two martensite variants A and B 

and the magneto-optical image (at the insert) of 1800 magnetic domains with-
in the internally twinned 5M martensite of NiMnGa alloy. 
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ments satisfying the unit spur value: Sp 1.xx yy zzD D D= + + =D


 
 Finally, the magnetostatic energy can be represented as follows:  

 
 = π + − 
 


2

mag

1 1
4 ( ) ,

2 2 A B A BU x x nMDM m m  (7) 

 .A A B Bx x= +M m m  (8) 

Therefore, the magnetostatic energy consists of two terms. The first 

one is caused by an interaction between the magnetic charges induced 

at the external sample interface. In the similar way, the second one 

represents the interaction between the magnetic charges induced at the 

twin boundaries. 
 Finally the total magnetic free energy is 

 mag Ani+Zee mag( , ) ( , ) ( , ).A B A B A BF F U= +m m m m m m  (9) 

It should be minimized with respect to the local magnetization varia-
bles mA and mB, satisfying some additional restrictions: 

 2 2 2 2( ) and ( ) .A s B sM M≤ ≤m m  (10) 

 It is convenient to introduce four dimensionless magnetization vec-
tor components ( , , , )Ax Ay Bx Byv v v v=v  instead of mA and mB as follows: 

 = = = =( , ) ( , ), ( , ) ( , ).A Ax Ay s Ax Ay B Bx By s Bx Bym m M v v m m M v vm m  (11) 

After that the magnetic free energy can also be represented in a dimen-
sionless form: 

 2
mag mag( , ) 4 ( ).A B sF M f= πm m v  (12) 

Here, 

 

( )

( )

2 2
mag

2 2

2

0

( )

1
( ) ( )

2
1

( ) ( ) ( ).
4

u A Ax B By

xx A Ax B Bx yy A Ay B By

A B Ax Bx Ay By A Ay B By

f k x v x v

D x v x v D x v x v

x x v v v v h x v x v

= + +

 + + + + + 

 + − + − − +  

v

 (13) 

Here, h0 is a dimensionless parameter characterizing the external 
magnetic field: 04 sh M h= π  with 4 0.65 T.sMπ =  One more material 
parameter = π 2/(4 )u U sk K M  represents the dimensionless magnetic an-
isotropy energy constant. This dimensionless magnetization free ener-
gy must be minimized within the four-dimension region: 
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 + ≤ + ≤2 2 2 21, 1.Ax Ay Bx Byv v v v  (14) 

3. MINIMIZING PROCEDURE AND RESULTS 

In this section we will consider the minimization free energy problem 

in one particular case when the FMSMA sample has a thin cylindrical 
shape, which is magnetized parallel to its long axis. It’s well known, 

that if the cylinder is much longer than its diameter then the demag-
netizing factor along its y-axis becomes zero, so as two other compo-
nents along x- and z-axes will be equal ½. We will also choose the mate-
rial parameters for the saturation magnetization and the anisotropy 

constant typical for the 5M-martensitic phase of NiMnGa FMSMA’s 

samples, so, we should take 4 0.65 TsMπ =  and =2 / 0.66 TU sK M  and 

define = π =2/(4 ) 0.51.u u sk K M  
 Unfortunately, in presence of the magnetostatic interaction be-
tween the twin variants a minimization procedure should be done in 

the complex four dimension space area, where 
2 2( , )A A sh x M≤m  and 

2 2( , )B A sh x M≤m . Thus, it can be done only by using some numerical 
methods. 
 Practically, one can use the Nelder–Mead method (J. A. Nelder and 

R. Mead, (1965)) which is a commonly applied numerical method used 

to find the minimum or maximum of a function in a multidimensional 
space. It is a direct search method which can be applied to nonlinear 

optimization problems for which derivatives may not be known. 
 Generally, it is expected, that a magnetization process in FMSMAs 

consists from three stages. At the first one, the absolute values of both 

local magnetizations will increase, remaining less of their saturation 

magnetization values: , .A s B sM M≤ ≤m m  The magnetic field h will 
increase from its zero value until the variant A becomes first fully sat-
urated A sM=m  at some critical field value .S

Ah h=  
 At the second stage the magnetization within the variant A will re-
main constant A sM=m  and may change its value by rotation only. At 

the same time, the magnetization within the variant B will continue to 

increase remaining less of its saturation value: ,B sM≤m  as the mag-
netic field h increases from 

S
Ah h=  until the variant B becomes also ful-

ly saturated B sM=m  at some second critical field value: .S
Bh h=  

 At the final third stage, both absolute local magnetization values 

will be remaining constant: , ,A s B sM M= =m m  as the magnetic field 

h increases from .S
Bh h=  During this stage both the magnetizations 

will change their values by rotation until their directions will become 

completely parallel to the external magnetic field direction. 
 In order to obtain some analytic results caused by the magnetostatic 

energy we can use a simplified micromagnetic energy model following 

from the general approach [13, 14], assuming the local magnetizations 

( , ), ( , )A A B Ah x h xm m  to be exactly parallel to the external field and ne-
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glecting their perpendicular components. Therefore, the magnetic free 

energy will consist of two parts—a zero order contribution 
0
mag ( , ),Ag h x  

obtained from Eq. (2), and also of the first order term int ( , )Ag h x  fol-
lowing from the Eq. (7): 

 
2

0 ( , ) ( ) ,B
A A A B u B

s

m
g h x x hm x K hm

M

  
 = − + −    

 (15) 

 = π + + π −2 2
int

1 1
( , ) 4 ( ) 4 ( ) .

2 2A A A B B A B A Bg h x D x m x m x x S m m  (16) 

Here, 
2( ) 0.5S = =hne  and , hn e  are unit vectors parallel to the twin 

boundary normal and the magnetic field direction, respectively. 
 As follows from Eq. (15), a zero order contribution 

0
mag ( , )Ag h x  is lin-

early dependent on the volume fraction of both twin variants. Its min-
imization is well known and widely discussed in different publications 

[8–10]. In this zero order approach the local magnetizations of both 

variants are parallel to the external field and grow linearly =( )Am h
= =( / ), ( ) ( / )A B

s B sM h h m h M h h  till their full saturation at 
Ah h=  and 

.Bh h=  Here, the local saturation fields are denoted as = π4 ,A
sh DM  

= + 2 /B A
u sh h K M , where D is a component of the demagnetizing ma-

trix along the field direction. In particular, for a very long and thin 

sample aligned parallel to the field, the corresponding demagnetizing 

component D become zero. The macroscopic magnetization curves 

( , ) ( ) ( )A A A B Bm h x x m h x m h= +  in this case are shown in Fig. 2. 

 

Fig. 2. Magnetization curves caused by the magnetic anisotropy energy calculat-
ed without magnetostatic energy contribution at zero demagnetization factor. 
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 As it is shown in Fig. 2, the magnetization process occurs by jump at 

an extremely small field and the magnetization within the variant A 

immediately takes its saturation value: ( )A sm h M=  Then, it remains 

constant during the further magnetic field growth. The magnetization 

of the variant B will occur linearly: =( ) ( / )B
B sm h M h h  until its satu-

ration value is achieved at = = 2 / .B
u sh h K M  

 The second (magnetostatic) contribution to the free energy is 

strongly dependent on the volume fractions and can be explained on 

the basis of the general micromagnetic theory according to Eq. (16). 

This term is caused by the magnetostatic energy strongly dependent on 

the volume fractions. In this case both the magnetic anisotropy and the 

magnetostatic energy contributions produce a dramatic change in the 

magnetization curve behaviour, shown in Fig. 3. 
 In this case, the magnetization process will occur linearly in both 

variants in the small field region until the full saturation in the vari-
ant A happens at ( ).S

A Ah h x=  
 The saturation field ( )S

A Ah h x=  of the variant A is a singular point 

where, the magnetization curves have a jump-like change of their 

slope. Its value linearly depends on the volume fraction xA. For the 

larger field values, the magnetization curves show the linear field de-
pendence until their full saturation of the variant B will occur at 

= = 2 / .S
B u sh h K M  

 For our calculations we have used the following material parameters 

typical for 5М martensitic phase of NiMnGa: the magnetic anisotropy 

 

Fig. 3. Magnetization curves calculations taking into account both the mag-
netic anisotropy and the magnetostatic energy contributions at zero demag-
netizing factor along the magnetic field. 
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constant =2 / 0.66 Tu sK M , the saturation magnetization value 

4 0.65 TsMπ = , and the demagnetizing factor D = 0. 
 In our further publications these results will be used for the differ-
ent theoretical calculations of the magnetic driving forces, magnetic 

field induced strain effects and some other interesting properties of 

FMSMAs. 
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