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The morphological stability of the interphase boundaries is a challenging
problem, both from mathematical and physical point. In materials that are
exposed to thermodynamic potential gradients, i.e., gradients of chemical
potentials, electrical potential, temperature, or pressure, transport processes
of the mobile components occur. In addition, changes in the morphology of
the material surfaces and interfaces may appear. In this paper, a comprehen-
sive formal treatment of the coupled morphological stability of multiple
phase boundaries will be given for oxides that are exposed to an oxygen po-
tential gradient. In the Part I of this paper the stability of the diffusionally
interacting boundaries of a single oxide layer was explored using the original
new method. The exact results obtained by this method where compared to
the results obtained by the quasi-stationary approximation, which appeared
to be quite precise. In the present communication we study the system of two
adjacent oxide layers, i.e. the morphological stability of the three diffusional-
ly interacting boundaries.
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Mopdoaoriuna crifikicTs Midk(pasHUX I'PaHUIL ABJISIE CO00I0 CEPHO3HY IIPO-
b6JieMy, AK 3 MaTeMaTUUYHOI, Tak i 3 PpisuuHOl TOUKH 30py. ¥ MaTepianax, mifm-
IaHux Ail rpaJieHTiB TepMOAUMHAMIUHNX IMOTEHIiaJIiB, TOOTO rpafgieHTiB XiMmi-
YHUX TOTEHIlialiB, eJIeKTPUUHUX IOTEeHIlialiB, TeMIepaTypu abo TUCKY, BU-
HHUKAaIOTh IIPOIECHU IIepeHocy MOOiIbHUX KoMHOOHeHTiB. Ha momaTok mo 1mboro
MOJKYTh BUHUKATH 3MiHM MOPQOJOrii MOBepXOHb i MimK(pasHUX I'PaHUIL. Y
1[ifi poOOTi HAaeThbCsa MOBHUIM (DOPMATBHO CTPOTUI PO3TJIsSA 3B’ A3aH0I MOPPOIO0-
TrigHOI CTIAKOCTI MHOKMHHUX MiK(pasHMX I'paHUILL AJIA OKCUIIB IIig Ai€ro rpa-
OieHTa mMOTeHIiaay KUCHIO. ¥ uacTuHi I 1iei craTTi 3 BUKOpHCTAHHAM OpUTiHA-
JBHOTO HOBOTO MeTOny OyJia mociimixeHa mopdoJoriuHa cTifikicTs nudysifino
B3a€EMOJiI0UNX I'PAHUITH OJHOT'O OKCUIHOTO I1apy. TouHi pesdyabTaT, oTpuMa-
Hi IIUM MeTOIOM, IIOPiBHIOBAJIKCA 3 pe3yjJbTaTaMU, OTPUMaHUMU y KBasicTa-
IiOHAPHOMY HAOJMKEeHHi; Ile HAOJMKeHHS BUSIBUJIIOCS JOCUTHL TOYHUM. Y
IIbOMY MOBiJOMJIEHHI MU BUBYAEMO CHCTEMY, III0 CKJIAJZAETLCA i3 IBOX MEMKYIO-
YMX OKCHUAHUX IIapiB, TOOTO MOP(OJIOTiUuHY CTIliKicTh TPhOX AUQPY3iliHO B3ae-
MOJiIOUNX I'PAHUIb.

Karouosi ciroBa: mopdoJioriuna crilikicrs, 6ararodasHi cucremu, sudysiiine
MacoIlepeHeceHH .

Mopdoaornueckass yCTOMUMBOCTh MeK(asHBIX T'PAHUIL IIPENCTaBJISET co0O0H
CephE3HyIo0 mpobiieMy, KaK ¢ MaTeMaTU4eCKoli, TaK U ¢ (QUBUUYEeCKON TOUKU
3peHudA. B Mmarepuasax, HaXOAAINXCA IO NeHiCTBUEM I'DaAUEHTOB TEPMOIU-
HaMHUUYECKUX IIOTEHIIUAJIOB, T.e. T'PAAUEHTOB XUMUYECKUX IIOTEHIIUAJOB,
9JEKTPUUECKUX IIOTEHIINAJIOB, TEMIEPATYPHI UJIU JABJIEHUA, BOSHUKAIOT IIPO-
Imecchbl ImepeHoca MOOMJIBHBIX KOMIIOHEHTOB. B momosiHeHme K 3TOMY MOTYT
BOBHUKATH M3MeHEeHUA MOP(OJIOTHY MToBepXHOCTeH 1 MeK(pasHbIX IpaHuIl. B
HacroAleH pabore gaérca nmosHoe GopMaJIbHO CTPOTOE PACCMOTPEHYE CBA3AH-
HOHM MOP(OJIOTUUECKOII YCTONUYNMBOCTH MHOMKECTBEHHBIX MeK(asHbIX I'DAHUI]
IS OKCHIOB IIOJ JEeMCTBHMEM rpafueHTa IIOTeHIHaJa KucJjgopoma. B gactu 1
IaHHOI CTAThU C MCIIOJb30BAHUEM OPUTHMHAJILHOT'O HOBOT'O MeToja ObLila HC-
ciaemoBaHa MopdoJioTHYecKada YCTOMUMBOCTH Audp@GY3MOHHO B3amMOIeiicT-
BYIOIIUX TPAHUI] OAHOTO OKCUIHOTO cJoA. TouHbIe pe3yabTaThl, MMOJYUeHHBIEe
9TUM METOJOM, CPaBHUBAJIUCH C Pe3yJbTaTaMH, IOJYUYEHHBIMU B KBas3wuCTa-
IUOHAPHOM IIPUOJIMMKEHNN; 3TO NPUOJINKeHe 0Ka3aJoch BecbhMa TOUHBIM. B
HACTOSAIIEM COOOIIeHUMN MBI U3y4YaeM CHUCTEMY, COCTOAIMIYIO M3 JBYX IPUMBI-
KaIoInX IPYr K APYry OKCUAHBLIX CJIOEB, T.e. MOP(OJJOTUYECKYIO YCTONYU-
BOCTH TPEX MUP(DHYy3MOHHO B3aNMOAENCTBYIOIINX I'PAHUIL.

KaroueBslie cioBa: MOPGOJIOTIUECKAA YCTOMYNBOCTH, MHOTO(Aa3HbIE CUCTEMEI,
IuddysnoOHHBIN MacCcoIepeHocC.

(Received December 10,2019

1.INTRODUCTION

In many applications originally homogeneous materials are exposed to
thermodynamic potential gradients, which can be gradients of tem-
perature, chemical potential of one or more elements, electrical poten-
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tial or uniaxial pressure. Well known examples are tarnishing layers
on metallic materials [1, 2] which act as corrosion protection, thermal
barrier coatings [3] acting as heat shield, solid electrolytes in fuel cells
[4], or gas separation membranes [5]. The applied gradients act as a
generalized thermodynamic force, and induce directed fluxes of the
mobile components. These fluxes may lead to several degradation phe-
nomena of the materials. The original morphology of the material sur-
faces might become unstable and a new surface morphology might be
established (morphological instability) [6]. In addition to the practical
implications, this moving-boundary problem is mathematically chal-
lenging. In the Part I of this paper [7] the morphological stability of
diffusionally interacting boundaries of a single oxide layer was stud-
ied. To explore the stability of these boundaries, an original, new
method was applied. Based on an integral transformation of a special
kind, this method reveals the evolution of the multiple boundaries’
perturbations without solving the diffusional problem inside the layer.
The study of the morphological stability of the stationary moving
boundaries was thereby reduced to exploration of the singular points
(in the complex plane) of the corresponding integrands. While being
exact, the above approach is quite complicated. So it appeared reason-
able to check the simpler but approximate way of solution of the same
problem, compare the results, and then use the simpler approach to
solve the essentially more complicated problem for the multiple-layer
system. The approximate approach is based on the physical fact that
the deviations from the stoichiometry at the boundaries are quite
small. Correspondingly, it follows from the results of the exact
method, that the characteristic time for the development of the insta-
bility is large as compared to the characteristic time of the diffusional
relaxation inside the layer. Then the quasi-stationary approximation
for the diffusion of vacancies can be used, i.e., the time derivative in
the diffusion equation can be dropped.

Asin the Part I, the class of materials considered here will be limited
to oxides. Due to their physical properties oxides are used in many
technical applications, which have been mentioned above. Examples
are Al,O; tarnishing layers on metallic alloys [1], ZrO,-layers in ther-
mal barrier coatings [3], Y,05-doped ZrO, (YSZ) being the solid electro-
lyte in solid oxide fuel cells (SOFC) and solid oxide electrolyser cells
(SOEC), (La, Sr)MnO;_, being the cathode material in (SOFCs) [4], or
(La, Sr)CrO,_, in oxygen separation membranes [5]. Recently, very thin
oxide films, e.g. SrTiO; or GaO, have found increased interest due to
their ability for resistive switching [8, 9]. In all of these examples,
oxygen potential gradients appear across the oxide layer, either di-
rectly applied externally or as a result of another applied gradient.

In Part I of this paper [7] we considered the simplest situation of a
semiconducting binary oxide A, sO where oxygen is practically immo-
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bile while cations A are mobile via cation vacancies V (with cation va-
cancies fraction 6 << 1). In a nonstoichiometric binary transition metal
oxide A;_;O the concentration of cation vacancies increases with in-
creasing oxygen partial pressure (or increasing temperature). If such
an oxide is chemically reduced either by lowering the oxygen partial
pressure (or by decreasing the temperature), then cation vacancies, V,
and electron holes, h®, diffuse to the crystal surface, where reduction
of the oxide takes place:

0% +V +2h" > (1/2)0,(2). 1)

This reduction process corresponds to the arrival of a vacancy and two
electron holes at the surface and the release of oxygen from the crystal.
Thus a structural unit composed of a cation vacancy and an anion, is re-
moved from the crystal while the number of cations is conserved. The
crystal surface acts as vacancy sink until the new equilibrium state is
reached. In contrast to this non-stationary situation a stationary non-
equilibrium state can be established by exposing two parallel crystal
surfaces of a sample to a gradient of the oxygen partial pressure, result-
ing in reduction at the low oxygen potential side and oxidation (the re-
versal of the above reaction) at the high oxygen potential side.

If the oxygen partial pressure on the oxidizing side of the A,_;O layer
is further increased, the formation of the next oxide, e.g. A; 0, be-
comes possible (as an example one may consider CoO and Co;0,, respec-
tively). If it happens, an additional interphase boundary appears be-
tween the oxides (see Fig. 1).

After a transient time, a stationary flux of vacancies and a corre-
sponding flux of A-ions in the opposite direction occur, which are fed
by the interface reaction (1), and the reverse of it. As a result of this

X L DX, 1) L DX, 1) r Pu(X, 1)

0,(P,) | a B L Oy(B)

L,+L; A

Fig. 1. Schematic presentation of two oxide layers a/B, e.g. AO/A;0 exposed to
an oxygen potential gradient. P, and P, (>P,) are the corresponding oxygen
partial pressures. Dashed lines represent planar crystal surfaces, solid lines
perturbed surfaces.
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‘vacancy wind’ all crystal surfaces move (relative to the immobile oxy-
gen sublattice) towards the side of higher partial pressure.

The corresponding one-dimensional diffusion problem can be solved
easily, provided the following assumptions are made: i) the crystal sur-
faces are assumed to be planar, ii) in each oxide the chemical diffusion
coefficient D describing the diffusion processes in the binary oxide is
constant, iii) local equilibrium is established at the boundaries, i.e.
phase boundary reaction kinetics are very fast compared to bulk diffu-
sion. Then, quite analogously to[10, 7] we can obtain a stationary solu-
tion by transforming the diffusion equations for the vacancies (or the
cations A) and the mass balances at the oxide/oxide and the oxide/gas
boundaries to a moving reference frame, 0<z<L,and L,<z< L, + Lg
(L, and Lg are the thicknesses of the layers), in which all interfaces are
at rest [10]. Again, the question about the morphological stability of
the surfaces of such moving oxide layers naturally arises. Remarkably,
despite the huge amount of publications on the subject of morphologi-
cal stability, to the best of our knowledge the stability of the surfaces
coupled by the diffusional mass transfer was not studied. In the pre-
sent work the problem of linear stability of such surfaces is treated
analytically. For three surfaces (two layers of different oxides of the
same metal) the problem is solved in a quasistationary approximation,
which is shown in the Part I to be quite precise.

2. SETTING OF THE PROBLEM

In Ref. [10] we found that the interfaces of a single layer exhibit dif-
ferent morphological stabilities. While interface where the reduction
takes place was morphologically unstable, interface where oxidation
takes place was morphologically stable. These experimental results
were supported by theoretical investigations that were obtained by
means of a linear stability analysis of each interface without any diffu-
sional coupling of the interfaces. In the Part I of the present work [7]
the problem of [10] was generalized: in exploring the morphological
stability of two crystal surfaces their interaction was taken into ac-
count. In the present paper we consider two oxide layers, i.e. diffusion-
ally interacting two gas/solid surfaces and one solid/solid interface.
The problem is solved analytically; the detailed descriptions of the
(necessary) quite lengthy calculations can be found in the Appendixes.
In the moving reference frame, moving with a constant velocity V rela-
tive to the immobile oxygen sublattice (identical to the laboratory
frame, see Fiig. 1) the governing equations take the form

a o 2 va 2 va
oct et (e Fet) @
ot oZ 0X oZ
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o’ct  o*C’
— V" -D| = +—%|=0, 3
ot oz ﬁ[axz 6ZZJ ®)

where the index a refers to the AO layer and index 3 refers to the A;0,
layer (see Fig. 1). Here C* =8/0, and C* = d/wg are the vacancy concen-
trations, D, and Dy the chemical diffusion coefficients; w, and oy are
molar volumes of the a-, and B-phases, which are presumed to be con-
stant i.e. independent on 6. X and Z are the spatial coordinates (see Fig.
1), and t the time.

Looking for small deviations u“(X,Z,t) and uB(X ,Z,1) from the
stationary solutions C;(Z) and Cf (Z), which correspond to constant
widths L, and Lg of the oxide layers,

C* =CY(2) +wX, Z,1), (4)
C'=ClZ)+v(X,Z,n), (5)

and slightly non planar, non-stationary boundaries (see Fig. 1)

Z,(X,7) =0 + D, (X, 1), (6)
Z,(X,1) =L, + D,(X,1), (7
Zy(X,1) =L, + Ly + Dy(X, 1), (8)
the (equilibrium) boundary conditions are
« oCy o - 0'D,
5 1z=0 + u|Z:0 + oz o q)l (X’ T) = Cl [1 - 1—‘1 X2 j» 9)
. oc; o[y o &0,

s |y + u|Z:La + o7z . o, (X’T) =G, (1 +T, Wj’ (10)

c’ o, O, (X,1)=Cl | 1-T oo, 11
s|zor +U|Z=La + oz . (X,1) =G —1 ox? | (11)

oc?

Cﬁ

s

vl
Z=L,+L, Z=L,+L oz 2

- 0D
CD3(X,t)=C§(1+F3 anj' (12)

Z=L,+L,

Here f”i, i=1, 2, 3 are the capillary lengths,
C'=3%8}/o,i=1,2, (13)

Cl =8 /oy, i=2,3. (14)
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are the vacancy concentrations at the interfaces §' and & are the de-
viations from stoichiometry at the corresponding boundaries, and w,,
op the molar volumes of the a- and B-phases. While C},C! are deter-
mined by the partial pressure of oxygen at the right- and left hand
sides of the oxide double layer, the concentrations Cy,C) are deter-
mined by the local equilibrium between the adjacent oxide phases. The
mass balance equations at the interfaces are

. oCe o’ct
Vb (X,)=—2e_p | L] M sl (X, |, (15)
1-8 “\oz|,., oZl,, oz*|,,
V+d,(X,1) =
-1
B _sa B 2B
J|32% 178 |, 6, OCl o,x,0 |- (16)
o, o, oz ei, 0Z\|,, 0Z re1,
o 2 o
_p,| %) s G g (x|,
oz|,, 0Zl,, z|,,
V+d,(X,1) =
® p 208 17
= ﬁﬁDB o€, L aczs D (X,7) |. (L0
35 7\, . Dl 2, .,

If we look for the stationary (‘zero order’) solution, which is only Z-
dependent, both the equation (2) and the boundary conditions (9)—(17)
simplify essentially. The corresponding system of equations and the
boundary conditions are given in Appendix 1; the stationary values of
the layer widths L , L; and the velocity V are now

-1
_ 8 D _ s
La=LoDa1w8° [%(82—6?)%—5(62—65)} lni_gg, (18)
s D Tog_gt
LB:LODBI(D;)O {i: (5;—6f)+m—§(8§—62):l ln%, (19)
0 | Dysu say DPosn o
V_Lo(l—é}g)l:mu(az 81)+mﬁ(83 82)}. (20)

Naturally, setting 85 = 82 in (18) we regain the expression for the
stationary width of a single a-layer [10, 7], and setting J; = 8] in (19)
we obtain the similar expression for the single p-layer.
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3. STABILITY ANALYSIS FOR TWO OXIDE LAYERS

In the Part I this paper [7], we have studied the coupled morphological
stability of two phase boundaries for oxides that are exposed to an oxy-
gen potential gradient. For a single oxide layer this problem was first
considered in [10], both experimentally and theoretically. It was shown
that the oxidizing boundary is morphologically stable, while the reduc-
ing boundary becomes unstable. In the Part I [7] of the present work
the problem of [10] was generalized in an important way: in exploring
the morphological stability of two solid/gas interfaces their diffu-
sional interaction was taken into account. In the present communica-
tion we study the system of two adjacent oxide layers, i.e. the morpho-
logical stability of the three diffusionally interacting boundaries.

For two oxide layers, that is three interphase boundaries (see Fig. 1),
the governing equations for the first order perturbations are, see (2)—
(5):

2 2
Lo Vi du du -
D, ot D,oZ o0X° 0Z
1ov V ov ov %
— = +—,
D, 0t D, 0Z ). G/

(22)

From (9)—(12) and (15)—(17), the boundary conditions and the mass
balance equations for the first order perturbations are

ul,  + DLQ 1 _j’? @, (X,7) + Z_if‘ ‘?;D; =0, (23)
ul, Dla L —55; D,(X,1) - a—ifz % =0, (24)
v, * DLB 3 ;:35 D, (X, 1)+ Z—%fz ‘?D; =0, (25)
v|z:L(,+1$ + Dlﬁ% D (X, 1) - z—if3 a;;); =0, (26)

ot 6_Z

-1
oD, {3—3‘; 1—63} ov
= - D,

,

3-8 (v Y
= (EJ o, (X,7) |- (@8)

(Da

B z=L,
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2
_p | 1%V g x|l
aZ Z=L, (’0(1 D(X
1 o0 al
()
LTS 12 0, (29)
D, ot 3-8,0Z|,, .. |\Dy

Here we have used the formulae (91)—(94) from the Appendix 1. Tak-
ing the stationary width L, of the a-phase layer as the length scale and,
correspondingly rescaling all other lengths Z/L,=z, X/L,=x,
®,/L, =¢, I',/L, =T,, and time 1 /(L /D,) = t, measuring u, v in mo-
lar fractions o u =4, ;v =0, and defining [ = Lg/L,, we are led to the
dimensionless system ofp equations for the perturbations of concentra-
tion fields

oi . oa o4 0%

E—2§§+ax2+g,0<2<1, (30)
~ ~ 2~ 2~
e%:zae‘;—”+2’;+g—’2’,1<z<z, (31)
z Ox 2
where

é:VLazllnl_Sl,GZ&. (32)

2D, 2 1-3j D,

The boundary conditions (23)—(29) become

82(p
al,_, +28(1-87)9,(x,t) + ;T ?21 =0, (33)

%
i)+ 26(1 - 85)p,(x, 1) - 85T, ax; =0, (34)

o)
ﬁ|2:1 +2E0(8 - &%), (x, ) + ST, 6x22 =0, (35)

%o
0|, +2E0(8 — 83, (x, 1) — 85T, W; =0, (36)

0, 1 oa 9
— = — -4 x,1), 37
ot 1-8° oz),, €0, (x,1) 37)
op, p oD 1 ou 5

(p-D—"= 9(3_62)5221 1o o2l +(1-p0)a7e,(x,7),  (38)
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where

3—62 N
NN CRLIC (39)

_033(1—8‘2‘)

is the ratio of the metal atoms equilibrium concentrations (per unit
volume) for two oxides at their common boundary, and

6% = ﬁg—zzm —40%E%,(x, t). (40)
Introducing the Fourier transforms
0;(x,t) = \/;_n J.idk exp(ikx)o,(k,t), j=1, 2, 3, (41)
a(x, 2, 1) = ﬁ j_idk exp(ikx)iu(k, z, 1), (42)
o(x, 2,t) = \/;_n j:cdk exp(ikx)o(k, 2,1). (43)

We obtain from (30), (31), (33)—(38), and (40):
ou ou o’u

— =X+ KL 44
ot s 0z 02 “ (44)
oo oo o0

60— =280—+_— - k'D, 45
o (45)
17|2:0 +28(1-8))9, - 8;11—‘1]%261 =0, (46)
ﬁ|2:1 + 2&-‘(1 - 8; )62 + 8;F2k262 = O, (47)
5|z:1 + 280(3 - 8,)9, — 8I,k*p, = 0, (48)
D|,_,., +260(3 - 8})5; + 8I,k°G, =0, (49)

o0, 1 ou ”
— " —| —4€70,(k 1), 50
ot T1-5 0a),, o BD (50)

o p oD 1 ou b

-1 z = - - —| +@1-pbH)4 k,t), 51
D% 0(8-35) 0zl., 1-8; ozl (1 =p0)S, (- 1), (51)

000 _ 1 @

= — 40°E%9, (B, t), 52

z=1+1
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Following the approach in Part I [7], we again introduce a new vari-
able that is we add a fictitious ‘dissipation’, which may be adjusted to
compensate the possible instability:

w" = 7 exp(-nt), (53)
w” = U exp(-Nt), (54)
v, = exp(-nt), i=1,2,3, (55)

where the constant n > 0 is undetermined; the upper index a refers to
the AO layer (a-phase), and the index P refers to the A;0, layer (B-
phase). In terms of these new variables (44), (45) become:

ow* ow* *w"

=2 + — (B + nNw*, 56
ot : oz  02° (k" +m) (56)

ow® ow®  o*wP )
0 = 2E0 — (B + nu’. 57
p” g > o (" +m) (57)

The boundary conditions (46)—(49) do not change their form:
w'| | +[28(1-87) - 8T,k |y, =0, (58)
w* B +[2§(1—6§)+8§1‘2k2]y2 =0, (59)
“’BLZI +[ 260(3 - 8)) - 8T, %’ | v, = 0, (60)
wh| | +[2603 - 8) + STk |y, = 0, (61)
and the boundary conditions (50)—(52) become
0y, 1 ow* 9
el S —  —|4E*+ k,t), 62
el [48% +n]v,(k, 1) (62)
p o
o-nd2___» w'| 1aaw| .

ot 0(3-8y) 0z, 1-8 oz, (63)

+[ (= p)n+ (1 pO)4E’ |y, (k, 1),

6%— 1 ow'
ot 8-8 oz

- [492@2 + en] v, (ks 1). (64)

z=1+1

As in the Partl, in the present work we are mainly targeting the ef-
fect of the diffusional interaction of the moving boundaries on their
morphological stability. All renormalized capillary lengths are quite

small (T'; = fi /L ~107° or less). That is, the influence of surface tension
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may be essential only for the perturbations with the very short wave
lengths. So, to make our further considerations most transparent we
take againI'; =I', =13 =0, and, additionally 6 = 1, i.e. we presume equal
diffusion coefficients for both oxide phases as this simplifies all for-
mulae essentially, in analogy to the ‘Stationary symmetric model’ of
Langer [14]. The influence of the different diffusion coefficients and
non-zero surface tension will be studied elsewhere.

To explore the stability of diffusionally interacting boundaries in
Part I the method developed in [11, 12] was applied. Based on integral
transformation of a special kind which was introduced by Chekmary-
ova [13], this method exactly reveals the evolution of the boundaries’
perturbations without solving the diffusional problem inside the layer.
It followed from the exact approach that the characteristic time for the
development of the instability is ~1/(2&k), where k is the wave vector
and the non-dimensional parameter & was introduced in (32). The de-
viations from the stoichiometry at the boundaries are quite small; then
€ is a small parameter too. This means that the characteristic time for
the development of the instability is large as compared to the charac-
teristic time of the diffusional relaxation inside the layer (which we
have taken as a time scale, see Section 2). Then we can use the quasi-
stationary approximation, that is, drop the time derivative in the dif-
fusion equation. It was shown in Part I [7] that the approximate analy-
sis of morphological stability based on the quasi-stationary solution
yields essentially the same results as the exact approach. Now it is evi-
dent that for a multi-layer system the ratio of characteristic times will
not change qualitatively (if the diffusion coefficients in the layers are
not too different), so application of the much simpler approximate
method is again justified.

In the quasi-stationary approximation instead of (56), (57) we con-
sider

a;": + 28 a;;: — (* +n)w” =0, (65)
%wa%ﬁ—(kz +mw’ =0 (66)

with the boundary conditions, see (58)—(61),
w’| =-28(1-8)1;, (67)
w?| | =-28(1-383),, (68)
wh| = -263-8)y,, (69)
wh| | =—25(83-8)y, (70)
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Here we only outline the most essential steps of the quite tedious so-
lution procedure, moving all the details to the Appendix 2. First, the
solutions (95), (96) of equations (65), (66) satisfying the boundary
conditions (67)—(70) are obtained. Then the values of the derivatives

« B
8;0 and a@i at the corresponding boundaries are calculated, see Egs.

z z
(97)—(100), and substituted into the boundary conditions (62)—(64); in
this way we obtain the system of three ordinary linear equations (Eqs.
(101)—(103) in Appendix 2) governing the time evolution of the renor-

malized boundary perturbations v,(k,t), y,(k,t), and y;(k,t). Solution

of this system is obtained in the same way as for the case of two
boundaries, see [7]: substitution of y, = Aexp(ct), y, = Bexp(ct), and
v, = Cexp(ct) yields a linear homogeneous algebraic system for A, B,
and C. For solutions of this system to exist the determinant (115) of
this system should equal zero. After some algebra this yields the fol-
lowing equation for o

det(G,) = [ (28" +n+0)® - (260)" | x
x| 26Cethgl + 2pECethg + (1 - p)(2E” +n + 0) | = 0.

The very fact that the determinant (115) (with the elements given by
(108)—(114)) is exactly reduced to the short expression (71), which is
additionally decomposed in two parts, is remarkable! This is a direct
consequence of the special feature both of the stationary solutions for
the plain boundaries, and solutions (95), (96): i.e. the width of the layer
and velocity are expressed via boundary conditions, and vice versa.

This equation has three roots: two roots are given by

(28 +n+0)° - (280)° =0 (72)

(71)

and the third by
26Cethll + 2pElethl + (1 - p)(2E° +n + o) = 0. (73)

Now, p is the ratio of the metal atoms equilibrium concentration (per
unit volume) for the higher oxide to that for the lower oxide at their
common boundary, see (39); that is in most cases, e.g. AO and A;0, (A=
=Co, Ni, Fe....) p < 1. This means that the root of (73) is always nega-
tive, so only roots of (72) are of interest from the point of the possible
instability:

Gy, = —(28" + M) £ 26C. (74)
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The margin of stability corresponds to zero value of the largest root
6,=0. In its turn this means n = 2&k. Again, as in the Part I [7], in
terms of the Fourier modes of the boundaries’ perturbations ¢,,i =1,2
this means the increment n = 2£k for the k-th mode. Correspondingly,
to compare the amplitudes at the onset of instability we need only A,
B,, and C,. Exact (quite complicated) expressions for these amplitudes
are given in Appendix 2. For the sake of simplicity, we discuss here
only the case when [ = Lg/L, is not a small parameter, which means that
the stationary widths of the layers are comparable. Then for & larger
than one, i.e. for the perturbations with the wave length smaller than
the widths of the layers, these expressions simplify drastically, see
(137)—(139), and in terms the Fourier modes of the boundaries’ per-
turbations o, (&, t), ¢,(k,t), and ¢,(k,t) we obtain:

¢,(k,t) = A, exp(2Ekt),
A, = ¢,(k,0) — (1 - p) exp(-28 - k)9, (k, 0) — pexp(—(2 + 1)E - k)¢, (£, 0),
0,(k,t) = B, exp(2Ekt),
B, ~ exp(-k)®, (k,0) — (1 - p) exp (-2(§ + k) ) §,(k, 0) — (76)
— pexp (—(2 + 1) — 2k) 0,(k,0),
3,(k, 1) = C, exp(2ekt),
C, = exp (—k(l + l))@l(k, 0)-1-p) exp(—2§ - k(2 + l))@(k, 0O)- (77
— pexp (—(2 +0)E—R(2+ l))@(k, 0).

It’s worth mentioning that for p =0, i.e. only for a single oxide layer
A, in (75) and B, in (76) are reduced to

A1 Y (O’ k) - exp(—2§ - k)YQ (09 k)s (78)
B, = exp(—k)y,(0, k) —exp (—2(& + k)) 7,(0, &), (79)

(75)

i.e. to corresponding expressions for the single layer [7].

It is evident from (75)—(77) that for the double oxide layer, e.g.
AO/A;0,, the surface on the reducing side is again unstable. The sta-
bility of the intermediate boundary is practically the same (up to coef-
ficient of order unity) as of the oxidizing surface for the single-oxide
case. On the other hand the surface of the higher oxide on oxidizing
side is even much more morphologically stable.

4. SUMMARY AND CONCLUSIONS

In this paper, we have studied the coupled morphological stability of
multiple phase boundaries for oxides that are exposed to an oxygen po-
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tential gradient. For a single oxide layer this problem was considered
in [10], both experimentally and theoretically. It was shown that while
the oxidizing boundary is morphologically stable, the reducing bound-
ary becomes unstable. In the present work the problem of [10] is gener-
alized in two ways: first, in exploring the morphological stability of
the interfaces their diffusional interaction is taken into account; sec-
ond we consider two oxide layers with two solid/gas interfaces and one
solid/solid interface. Considering a single layer in [7] we first applied
original exact method.

Based on an integral transformation of a special kind, this method
reveals the evolution of the multiple boundaries’ perturbations with-
out solving the diffusional problem inside the layer. The study of the
morphological stability of the stationary moving boundaries was
thereby reduced to exploration of the singular points (in the complex
plane) of the corresponding integrands. While being exact, the above
approach is quite complicated. So it appeared reasonable to check the
simpler but approximate way of solution of the same problem, compare
the results, and then use the simpler approximate approach to solve the
essentially more complicated problem for the two-layer system. The
approximate approach is based on the important result of the exact
method: the characteristic time for the development of the instability
is large as compared to the characteristic time of the diffusional re-
laxation inside the layer. Then the quasi-stationary approximation for
the diffusion of vacancies can be used.

As it was mentioned in [7], from the formal point the result of [10]
may look paradoxical: if the interaction of the boundaries is taken into
account the perturbations of the boundaries are governed by a coupled
linear system; a linear system could be either stable, or unstable as a
whole; so formally both boundaries with necessity should be either sta-
ble or unstable. However, comparing (75)—(77) it is easily seen that the
ratio of the perturbation amplitudes at the oxidizing side and
solid/solid boundary to that at the reducing side decreases exponen-
tially with the wave number k. This means that the boundary at the
oxidizing side and solid/solid boundary are practically morphologi-
cally stable indeed. So to obtain a morphologically stable oxide layer it
may be expedient to grow it on the base of lower oxide.

To unify notations with the Part 1 let us rewrite (75)—(77) as

¢k t) = D F5,(k,0), i,j=1,2,3. (80)
Here :
F,, = exp(2tkt),
F,, = —(1 - p) exp(~2¢ — k) exp(2Ekt), (81)
F, = -pexp(—(2 + 1§ — k) exp(2Ekt),
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F,, = exp(~k) exp(2&kt),
f?'zz =—(1-p)exp (—2(2; + k)) exp(2&kt), (82)
F,, = —pexp(—(2 + )& — 2k) exp(2tkt),
F,, = exp(-k(1 + 1)) exp(2tkt),
F,, = —(1 - p)exp(-2¢& - k(2 + 1)) exp(2Ekt), (83)
33 = —Pexp (—(2 +0& - k(2 + l)) exp(2&kt).

Here the ﬁ;j, i,j =1,2,3 are introduced for three boundaries in the
same way, as they were introduced in Part 1 for two. To visualize the
mutual influence of the boundaries’ perturbations it is practical to plot
the In|F, / FnLagainst the wave number k. However, there is now a de-
pendence on the ratio of the layer widths [ = L, / L, : forl<1, see Fig.
2, and for > 1, see Fig. 3.

Thus, for I < 1 both the self-influence of the solid/solid boundary
and the influence of the oxidizing boundary on it decrease faster with

1

5
ﬁ'l]

In

A

-10

-20
}101

Fig. 2. The k-dependence of ln|I7},. / F, | for the casel< 1.
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the wave number than the influence of the reducing surface on the oxi-
dizing surface. The situation is inversed when [ > 1, i.e. when the width
Lgis larger than the width L,.

APPENDIX 1

If we look for the stationary (‘zero order’) solution which is only Z-
dependent, the equations (2), (3), the equilibrium boundary conditions
(9)—(12), and the mass balance equations (15)—(17) are reduced to

v

dce

VdCS+Da—2=O,0<Z<La, (84)
az az
B 2B
dCS+DBdC;=0, L ,<Z<L, +L, (85)
az az
Cs 7-0 = Cal’ Cs Z=L, = Coc2’ (86)
In fy
JI‘ll
-10
=20,
10/4

Fig. 3. The k-dependence of 1n|F~;,. / ﬁ’n| for the casel> 1.
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B _ B _
slz-1, Cﬁ2’ Cs Z=L,+I, - CB3’ (87)
y-_% _p &I (88)
1-9; oz 70
-1
N _ ]« B a
V= 3-95, 1-35; D, oC; _D, oC:; ’ 89)
o, O, oz er, oz o1,
B
v-—2_p, oc, (90)
3 -9 0Z Z=L,+L,

The solutions of the linear Eqs. (84), (85), satisfying boundary con-
ditions (86), (87) are easily obtained. We will omit presenting here
these lengthy expressions; substituting of these solutions into the
mass balance equations (88)—(90) for the C¢ and C?, and accounting
for the conservation of metal atoms, yields the expressions for the
widths of the layers (18), (19) and the stationary velocity (20). Actu-
ally, for the exploration of stability we will need only these formulae
for the widths of the layers (18), (19), for the stationary velocity (20),

ocy oct ., &cr oCh

and for the values of the derivatives —-, n s - at
0Z 0Z oZ oZ
corresponding boundaries:
oc’|  vi-&r et (VTl—S‘f 1)
- ) ) - | ’
oz|,, D, o, = az*|,, \D,) e,
oc’|  vi-s& et [VTI—S; ©2)
— ’ ) - | /— ’
0Z o1, D, o, oz |,_ L D, ®,
2
oct| v -8 o VJ 3- 50 ©3)
=/ ) ) = | )
0z -1, D|3 o, 0Z 7ol Dﬁ o,
2
ac? v 3-8 o B (VJ 350 ©04)
= , . = | — .
0Z Z=L,+L, D B Op 0Z Z=L,+I; DB g
APPENDIX 2

The solutions of (65), (66) satisfying boundary conditions (67)—(70) are
easily obtained
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o 28

= 1-387 A -1-3, A
w oxp0) — oD {[( 1) exp(h,)y, — ( 2 )Y ] exp(A,z) +
1 2 (95)
+[@-s5)y, - -87)exp(h,)y, |exp(,2)},
B 28 B p
w' = {{- 85 exp@rby, - (3 -85y | x

exp(1 l) — exp(),l)

xexp(, (z - 1) + | (3 - 85)y, — (3 - 85) exp(h, 1)y, |exp(2, (2 - 1))},

(96)

where A, =-£+C, A, =-£-C, and (= ‘48 + E +n‘. Below we need

ow* ow* ow” | and ow’
62 |2:0 ’ 62 |z:1 ’ 82 |z:1 ’ 82

only, that is the values of de-

z=1+1

rivatives at the boundaries.

- —15;* ag: ) = 2¢ {(é + Cethl)y, - Ce%gé)yz}, 97)

: —1sg ag: -z {(é ~ Cethl)y, + CeSXTpC(é)yl } 98)
3 _1 ] aa_uj B =2¢ [(é + Cethll)y, - Cezﬁ—gél)%} (99)
3 _1 3 % T 2¢ {(& —Cethllyy, + Ce;h_pg(lél)yz} : (100)

Substituting these values into (62)—(64) we obtain the system of three
ordinary differential equations for y,, y,, and y,:

on _ _og? _ 2
o~ 2Cethg 28" —m v, sne TP (101)
9 250 _2pEC
(p-D— he exp(&)y, + Py, el exp(—-El)ys, (102)
Ors _ 280 B "
ot " sngy PN, [ 25ethll+ 28T 4y, (103)

where we have denoted for brevity

P = p[ 2&ethg — 28° —n | +] 2&¢ethgl + 287 +n . (104)
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Solution of this system is obtained in the standard way: substitution of
v, = Aexp(ct), v, = Bexp(ct), and y, = Cexp(ct) yields a linear ho-
mogeneous algebraic system for A, B and C

G,A +G,,B =0, (105)
G, A +G,,B +G,,C =0, (106)
G,,B+G,C = 0. (107)
Here
G,, = 28Ccthl - 28 - —o, (108)
G, = EZ exp(-&), (109)
G,, = Eé exp(§), (110)

G, =P—-(p-1)o =

= p[28Gethg — 28" —n - o | +[ 26Cethdl + 28° +n + o |, (111)
__2p&C B
23 = shil exp(-&l), (112)
280
32 shz; —=exp(&l), (113)
Gy = —[ 26Cethdl + 287 +n+ o . (114)

For solutions of this system to exist the determinant of this system
should equal zero

Gll G12 0
det| G,y G,, G, |=0. (115)
O G32 G33

After some algebra (115) is exactly reduced to the following equa-
tion for o

det(G) = [ (28° +n+0)’ - (280)" | x
x| 28¢ethgl + 2pgGethg + (1 - p)(28° +m+0) | =0

Asitis explained in Section 3, the root given by

(116)

2¢¢cthll + 2pEteth + (1— p)2E2 +n+06) =0 (117)
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is negative, so from the point of possible instability only the roots of
(28" +n+0)° —(280)* =0 (118)
are of interest. Two roots of (118) are
G, = —(26% + 1) £ 26C. (119)

The solution of the system (105)—(107) is

v, = 4, exp(o,t) + A, exp(c,t) + A, exp(c,t), (120)
Y, = B, exp(o,t) + B, exp(c,t) + B, exp(c,t), (121)
75 = C, exp(o,t) + C, exp(c,t) + C, exp(c,t). (122)

The margin of stability corresponds to zero value of the largest root
6, =0. Inits turn this means n = 2&k. The coefficients 4,, B,, and C, are
calculated in a standard way using initial values of y,(0, k). Setting t =0
in (120)—(122) yields

A+ A, +A; =7v,00,k), (123)
B, + B, + B; = v,(0, k), (124)
C, +C, +C, = 1,(0, k). (125)

Additionally, for each root o, Eqs. (105) and (107) give a link be-
tweenA,, B,, and C,:

G,,(n,6,)A, +G,,(n)B, =0, (126)

G,,(M)B, + G;;(n,5,)C, =0. (127)

We are looking for the amplitudes at the onset of instability, so we
need only ‘marginal’ values of G;, that is

M} =G,(n,c,) (128)

n=2¢k

For off-diagonal elements which don’t depend on &, we drop the upper
index. To calculate the diagonal elements we need the ‘marginal’ val-
ues of G,

6, =0, o, =45+ k), (129)
oy = 25+ ) [1 LG Y Cpfh“(‘i * k”}. (130)
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Calculation of M yields

My, = 28 + R)[cth(E + k) -1] -0, (131)
Mg, = —28(& + k)[cth(I(§ + k) +1] - o,, (132)
_ exp(-£)
M,, =25+ k)—sh(g h (133)
_ exp(lf)
M;, = 2€(<i+k)—sh(l(é+k)). (134)
From (126), (127) we obtain

B =- My, A, C, = My, M, A (135)

M12 M12M§3

To compare the amplitudes at the onset of instability we need only A,
B, and C,. Using (123)—(125) and (135) we finally get

-1
M M2
A1 = |:(M131 _M111)(1_%j} X
M11M33 (136)
M??:;j_ M12M333M§3}
30 ’

><|:“/10]\4131 + VoM [1 - W M. M2
11 3213

as well as corresponding expressions for B, and C,. For large %k the ap-
proximate expressions for these amplitudes become:

A; = v,(0,k) — (1 - p)exp(-2€ - k)y,(0, k) -

(137)
— pexp(—(2 + )€ — k)y,(0, k),
B, ~ exp(-k)y,(0, k) — (1 - p)exp(-2(§ + k))y,(0, k) — (138)
— pexp(—(2 + ))& — 2k)y;(0, k),
C, = exp(—k( + 1))y,(0, k) — (1 — p) exp(—2E — k(2 + 1))y,(0, k) — (139)

— pexp(—(2 + )& — k(2 + 1))y;(0, k).
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