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Compositions with minimal Gibbs free energy for single- and multi-phase
high-entropy alloys (HEAs) containing Ni, Co, Fe, Cr, Cu, Al, Mn, Ti, Zr, V
elements are developed using a developed thermodynamic approach. The
phase compositions for some equiatomic HEAs are predicted and the influ-
ence of various factors on its formation are described. A correlation between
theoretical and experimental data is obtained. Criteria for search of HEAs
compositions favourable for formation of single-phase and multi-phase solid
solutions are formulated.
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intermetallic compounds.

Kommosurtrii 3 mimimaabHOIO BiTbHOIO eHeprieio ['i66ca ana onmHodasHUX i rete-
podasaux Bucokoenrpouinaux cromis (BEC), mio mictars Ni, Co, Fe, Cr, Cu,
Al, Mn, Ti, Zr, V, ofep:xaHi 3a JOIIOMOI'0I0 PO3BHHYTOI'0 TEPMOAUHAMIUHOTO
migxony. CuporuosoBano (asoBuii ckJaan pany ekBiaromuux BEC Ta ommcano
BILINB PisHUX YMHHUKIB Ha oro gopmyBanHsa. Ogep:xaHo KOPeIAIlilo po3pa-
XOBaHUX AaHUX 3 eKcrepuMeHTaIbHUMU. CHOPMYIbOBAHO KPUTEPil MOMIyRY
cxkaaniB BEC, cupuaTainBuX A4 YyTBOPEHHS AK ogHOG(a3HUX, TaK i 6araTodas-
HUX TBepPAUX PO3UUHIB.
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1.INTRODUCTION

The conception of high-entropy alloys (HEASs) is proposed by Yeh et al. in
2004 [1] and based on the idea that the high configurational entropy
would stabilize the solid solution (SS) phase. HEAs are multicomponent
(5 or more) bulk solid solutions, intermetallic or glasses with near
equiatomic composition [1-5]. This can provide a large value of mixing
entropy (AS,,,) for the formation homogeneous SS system. For regular
solution:

AS,,;. = _kz ¢; In(c,), (1)
i-1

where ¢; is the atomic fraction of i-th element, & is Boltzmann constant.

According to (1), the maximum effect of the entropy factor will be in
the equiatomic case.

In recent years, high-entropy solid solutions (HESS) have attracted
increasing attentions, because they exhibit special structure and
unique properties. Many HEAs studies are devoted to the search for
single-phase SS[6, 7].

The thermodynamic properties of alloy are very important for un-
derstanding of relative stability of single-phase SS. In concordance
with thermodynamics, a system will be in a stable equilibrium state if
it has the lowest Gibbs free energy. The difference between the Gibbs
free energy of solid phase and liquid phase is

AG = AH —TAS.

Here AH is the formation enthalpy, T—absolute temperature, AS—
total entropy.

Many methods have been devised to estimate the formation en-
thalpies and other thermodynamic properties of alloys with a single
solid solution phase:

1. First principles calculations, within the framework of density-
functional theory combined with atomistic simulation techniques like
ab-initio calculations, molecular dynamics simulations and Monte Car-
lo methods [8—13].

2. Solution thermodynamics is based on extrapolation of experimental
data, as in the CALPHAD [14-16].

3. Semi-empirical Miedema’s model, and empirical thermophysical pa-
rameters based on Hume—Rothery rules [17].

It should be noted that first principle calculations and atomistic
simulation techniques have a high computational difficulties for mul-
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ticomponent systems. The CALPHAD-method needs extensive data-
base of experimental thermodynamic functions of multicomponent al-
loys. Various thermophysical parameters are proposed to predict for-
mation of single phase solid solutions. Among them: mixing entropy
AS,.. [18], mixing enthalpy AH . [18], differences of atomic sizes or
[18], Q=T,AS,,./|AH ,,.|[19], valence electron concentration [20], elec-
tronegativity difference oy [21], the ¢-parameter [22], elastic-strain
energy [23] and other. An analysis of these parameters gives possibil-
ity to conclude whether the alloy will be in the state of solid solution.
But such approach is semi-quantitative and does not allow optimizing
the alloy composition. For more accurate estimations the Miedema-
method has to be adapted. Takeuchi and Inoue [24] supposed that for
multi-component glasses AG is proportional to free energy AG,,,, of lig-
uid phases mixing.

AGmix = AIqmix - TASmix'

Here AH,,;, is an enthalpy of mixing.
In solid solutions, where atoms of different sizes occupy equivalent
lattice positions, the additional energy of elastic interactions (AH,)
has to be taken into account. Since the crystal structure of 3d transi-
tion element depends on the number of valence electrons of the metal,
the solution formation can leads to transformation one type lattice to

other and the corresponding energy change—AH . [25]:
AH,, =AH, +AH, +AH

str?

AGyg =AH, , +AH, +AH_, —TAS, .. (2)
Regular solution model has been adopted in order to simplify the
calculation of (2) and minimization of AG on element concentrations
[26]. Thus, it is possible to obtain the most stable multicomponent so-
lutions.
In the case of formation of intermetallic compounds:

AH. . =AH

inter mix?

AG

inter = A‘PImix'

The AG,, and AG,,,,, values have to be compared to determine what
structural type is formed.

Since Cantor alloy [27], single-phase NiCoFeCr-based HEAs are the
promising materials with high tensile ductility and fracture toughness
[28]. Development of NiCoFeCr-based HEAs is continued by adding
new elements into equiatomic NiCoFeCr basis for strengthening. The
composition of the most stable HEA may be different from the
equiatomic one because some additional contributions to entropy. To
find the compositions of stable solid solutions including Ni, Co, Fe, Cr,
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Cu, Al, Mn, Ti, Zr, V elements, we minimize Gibbs free energies of in-
vestigated systems [29].

2. MODELING

Compositions for HEAs with minimal Gibbs free energy are obtained
based on thermodynamic approach, developed in the article [26], where
substitutional solid solutions are considered with the regular solution
approximation. The parameters for expression 2 are determined as fol-
lows. The mixing enthalpy of multicomponent alloy consisting of n el-
ements is [30]:

n

AH .= z ¢, (3)

ij=1 i#j
where Q;-parameter characterises the interaction between i and j ele-
ments of the regular solution, Q; = 4AH, , ¢, is atomic fraction of i
component. AH, is mixing enthalpy for binary liquid equiatomic al-
loy. The values AH” are taken from [31].
The elastic distortion energy in the solid solution AH , is:

ai, = 3 o p D VN

=AY @

Here V(T) is the average volume of atom of the alloy, V(T) is atomic
volume and B; is bulk modulus of i-th element:

V,(T) =V, [1+3a,(T - T)],
o; is linear expansion coefficient for the i component, T =293 K,

Zn:ciBiVi(T)
() s —

n

z ¢,B,
i=1

Using the rule of mixtures the effective melting temperature of n-
elements solid solution T, is approximately estimated as:

n
~ i
T, ~> cT,,
i=1

where T! is melting temperature of i element.
The AH,,, is structural enthalpy of these solid solutions depends on
average number of valence electrons Z. It is written as:
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n
Z = ZCizi,
i=1

where z, is number of valence electrons for i-th element.

Based on band-structure calculations and empirical curves of varia-
tion in the enthalpy of b.c.c., f.c.c., and h.c.p. crystal structures with
respect to Z[32], we obtained AH ,(Z) for solid solution.

Then Gibbs free energy for SS can be written as:

2 2 V(T )-V(T)T
AG, (c)= D, ¢cQ, +ZciBl.[ (L) = V()Y |
i=l-n i,j=1 i#j i=1 ZVi(Tm) 5
! (5)
+AH,, (Z)- kT, ¢, In(c,).
i=1
And for intermetallic compounds:
AG(c)= Y. ¢cQ,. (6)

i=l-n i,j=1 i#j

A minimization of AG is carried out using the Monte Carlo method.
The values of the constants o, Vi, B;, T, Z, in expressions (5), (6) are
taken from tables [33]. The minimums of AG correspond to the compo-
sitions of stable alloys. To analyse the state of alloys, a number param-
eters are used: AG, AH .., AH 1, AS ivy Thy Q= T, AS i/ |AH il

5= fzn:ci(l—ri/F)z,

n
_ 3 -
where r, =3V, , F =Y ¢c,r,.
i=1

3. RESULTS AND DISCUSSION

The calculation results are summarized in tables for different element
combinations (in Table 1 for equiatomic compositions and Table 2 for
SS with minimal Gibbs free energy). Optimized SS compositions are
significantly different from equiatomic ones. The differences of com-
positions are illustrated by Gibbs free energy-composition diagrams
for ternary and quasi-ternary alloy systems (Fig. 1 and Fig. 2). It
should be noted that in the case of solid solutions, taking into account
AH,, significantly changes the Gibbs energy [36].

If we consider the system consisting of four basic elements (Ni, Co,
Fe, Cr), we can observe the existence of a wide range of concentrations
around the equiatomic point where a single solid solution will be
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formed (Fig. 1, Table 1 and Table 2). CALPHAD calculations with ex-
perimental verifications [28] indicate the same result. What elements
can be added to the basic composition to reduce Gibbs energy and not
destroy the solid solution?

Let’s explore this question. If we examine equiatomic compositions
(see Table 1), the additions of Al, Mn, Ti, Zr, V to the base elements de-
creases the Gibbs energy. While Cu increase it. AH,,;,, 6, Q parameters
play a special role in formation of solid solutions. Solid solution is
crystallized, when 6 < 6% and AH,,;, > —10 kdJ/mol [34]. According to
[35], 2>1.1 and 6 < 6.6% should be considered as a criterion for form-
ing solid-solution phase. Thus, it can be concluded that the (NiCoFeCr,
NiCoFeCrCu, NiCoFeCrAl, NiCoFeCrMn, NiCoFeCrV, CoFeCrCuMn,
NiFeCrMnTi, NiCoFeMnV, NiCoCrMnV, NiCoFeCrCuTi, NiFeC-
rCuAlMn, NiCoFeCrCuAl, NiCoFeCrCuMn, NiCoFeCrCuAlV, NiCo-
FeCrAIMnV) equiatomic compositions may form stable solid solutions.
Addition of Zr, Ti to the base elements (NiCoFeCrZr, NiCoFeCrTi)
leads to a significant decrease in Gibbs energy, but at the same time the
energy of elastic deformation increases to a level incompatible with the
existence of a solid solution.

TABLE 1. Calculated parameters AG,,, AH,,,., AH,,, 6, Q , AS,,;., T.., AH,,, for
equiatomic solid solutions.

A(;ss AIq'mix AI{el AIq'str 6 A‘Smix Tm
No. Alloys Q
kdJ/mol % J/(mol-K)| K

1 NiCoFe -11.802 -1.333 0.5231 5.166 1.068 12.119 9.135 1769
2 NiCoCr -17.200 —-4.889 0.2988 4.666 1.373 3.535 9.135 1892
3 CoFeCr -15.351 -2.667 0.3492 4.500 1.134 6.576 9.135 1920
4 NiFeCr -15.180 —4.444 0.5111 6.167 1.322 3.918 9.135 1906
5 NiCoFeCr -19.221 -3.750 0.4755 5.625 1.306 5.7563 11.527 1872
6 NiCoFeCrCu -13.884 3.200 0.6889 5.900 1.241 7.398 13.382 1769
7 NiCoFeCrAl -20.952-12.320 9.959 3.980 5.281 1.829 13.382 1684
8 NiCoFeCrMn -21.172 -4.160 1.400 5.700 1.454 5.7941 13.382 1801
9 NiCoFeCrTi -24.766-16.32013.984 2.800 6.153 1.5461 13.382 1886

10 NiCoFeCrZr -20.252-22.72025.390 2.800 10.21 1.132 13.382 1923
11 NiCoFeCrV  -28.083 -8.960 3.752 3.000 2.896 2.888 13.382 1934
12 CoFeCrCuMn -13.219 4.160 1.035 4.700 1.092 5.556 13.382 1727
13  NiFeCrMnTi -20.167-13.28013.279 4.400 5.821 1.850 13.382 1836
14 NiCoFeMnV  -28.377 -8.960 4.293 0.400 2.912 2.691 13.382 1801
15 NiCoCrMnV  -26.770 -9.119 4.348 3.100 2.897 2.752 13.382 1875
16 NiCoFeCrCuTi -19.588 -8.444 11.639 4.000 5.685 3.172 14.898 1798
17 NiFeCrCuAlMn -20.625 -5.111 7.830 0.317 4.614 4.629 14.898 1588
18 NiCoFeCrCuAl -21.870 —4.778 8.233 -1.017 4.867 5.081 14.898 1630
19 NiCoFeCrCuMn -18.609 1.444 1.263 4.416 1.346 17.81 14.898 1727
20 NiCoFeCrCuAlV -24.678 -7.755 8.808 1.914 4.716 3.564 16.179 1709
21 NiCoFeCrAlMnV —41.711-13.469 9.005 —9.228 4.661 2.080 16.179 1732
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TABLE 2. Calculated parameters AG,,, AH,,;., AH,, 8, Q , AS,,;., T, AH,,, for
solid solutions with minimal Gibbs formation energy.

AG’ss ‘AHmix AI{el AI{str 8 Q A‘Smix Tm
No. Alloys
kdJ/mol % J/(mol K)| K
1 Nig4Coy Fess, —11.930 —1.452 0.558 5.003 1.100 11.046 9.067 1769
2 Niy; ,CopsCrr s —26.742 —4.566 0.249 6.561 1.299 2.956 6.561 2057
3 CoyFe,Crg —26.235 -2.560 0.215 -7.900 1.027 6.246 7.901 2024
4 Niy, Fe,, Cre;, —27.171 -3.853 0.269 -8.947 1.127 3.800 7.161 2044
5 Ni;CoycFes Cress—29.117 —3.645 0.254 -8.599 1.157 4.698 8.387 2042
6 NiuCoosFens o9 145 35467 0.254 -8.602 1.145 4.865 8.452 2041
Crg6..Cuy 4
7 Ni2zCowrFewns g7 049 19 969 0.953 —11.904 5.238 1.706 12.8227 1726
Cry; 3Al 0,
g NosCossFews g9 g7g 9570 1.000 -9.538 1.155 8.157 10.7350 1953
Crj;,Mn,,
g NizsCowFen  gg 407 99 39991.140-13.166 7.105 1.0801 12.7543 1892
CrygTig,
10 NhseCoaFeist 39 493 15 96918.416 ~10.600 8.940 1.5232 12.1730 1999
Crys5Zr46
;1 NinCopFe,, -41.404-11.978 5.814 ~10.603 3.424 2.0560 12.3163 2000
Cri75Vags
12 CouFensCris 99 749 1967 0.983 —9.144 0.994 16.033 10.5955 1918
Cu, Mny, 5
13 NisosFenCriss g9 396 19.99018.912-13.931 6.752 1.1690 12.6963 1841
Mn,; ¢Tiy
14 NizsCousFeos 40 591 19 553 6.005 —11.524 3.492 1.7950 11.6918 1928
Mn,;,Vy6.7
15 Mz2sCousCric _4q 551 11 746 5.880 —11.346 3.393 2.0717 12.4415 1956
Mn, V355
16 NizsaConsFen g9 545 99 11821.204-13.199 7.105 1.1043 12.9221 1890
Cr5Cuy 5Tizy 5
17 NiasFeosCris g9 039 14.48810.265-13.675 5.170 1.4590 13.1720 1605
Cuy ;Aly, ;Mny, ¢
18 NiznCouFeus g7 o073 19 90010.154-12.029 5.276 1.7260 12.9780 1717
Cry0.5Cug 5Al 50 4
19 NisCoseFeiss o9 344 1479 1.106 -9.734 1.013 14.430 11.1460 1906
Cr,,Cuy;Mny, ,
20 NizssCourFersCrios 4y 105 17.69411.177-12.329 5.141 1.4382 14.3440 1767
Cug3Al 55V
Niy; 5Co,,Feq oCry 5
21 ~46.270-16.019 9.260 —12.376 4.601 1.6930 15.1410 1792

AljyoMny 1 Va3
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Using optimization procedure we obtain alloys that are superior in
energy stability as compared with equiatomic ones (Table 2).

They differ in composition from equiatomic HEAs. Let us consider
these differences. If we consider the relationship between the basic
components (Ni, Co, Fe, Cr) in optimized alloys, the element predomi-
nance (Cr in system 2-8, 10, 12, 18, 19 (Table 2)); (Ni in system 9, 11,
13-15, 20, 21 (Table 2)) are observed. Optimization of compositions
leads to a significant decrease in Gibbs energy mainly due to a change
in the energy of elastic distortions, enthalpy of mixing or melting tem-
perature.

The Gibbs free energy change for the formation of solid solution (5)
has to be compared with the energy of formation of intermetallic com-
pound (6) in order to determine what phases are preferable. To do this,

NiCoFe NiCoCr
0
2100 AG,kJ/mol 100 AGkJ/mol
- 220
I o %0
70 ~14,0
o -10,0
|50 o
B
5,0 y
6,0 6,0
Nk 20
100 — 100
0 25 50 75 100 0 160
Ni, at.%
a
CoFeCr NiFeCr

0100 AG, kJ/InOl 0100 AG, kJ/mol

1006;
Co,at.% Ni, at.%
c d

Fig. 1. The calculated Gibbs formation energy of solid solutions (AG,,) for ter-
nary Ni—Co—Fe (a), Ni-Co—Cr (b), Co—Fe—Cr (¢), Ni—Fe—Cr (d) alloy systems.
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we calculated intermetallic compounds with minimal formation ener-
gies AG,,, (6) for the systems under consideration. The calculation re-
sults are presented in the Table 3 together with experimental data. For
each equiatomic alloy, the compositions of the solid solution (ssm) and
the intermetallic compound (intm) with the minimum formation ener-
gy are determined.

The Gibbs formation energy is also obtained for the residual solid
solutions that can be formed during crystallization of a solid solution
(ssm_ss) or intermetallic (intm_ss—only for resistant compound). By
analyzing the data, the following correlations can be seen: when AG,,,
and AG,, ; is much less than AG,,,,,, a single solid solution or solutions

Ni, (CoFeCr),, Ni,,Co, ((FeCrCu),,,
0 0
100 AG, kJ/mol 100 AG, kJ/mol

I -29,0 -29,0
| 250 < l -25,0
?17 ,g 75y | -21,0
44, b o 7 & —
3 N -0 % N
& 50 MG -9.0
-1 { . R
1.7 PRS- -1.5
\\\ \QFS\
N =
80/ —
100/ N s .’4/4///;’4/) N o 100/ —— -~ / 0
0 25 50 75 100 50 75 100
Co, at.% Fe, at.%
a b

Ni, ;Co, .(FeCrMn),, ,
0
AI100  AG, kJ/mol

Fig. 2. The calculated Gibbs formation energy of solid solutions (AG,,) for quasi-
ternary Ni,;(CoFeCr)gy (a), Nij;Cog o(FeCrCu)q; (b), Niy, sCo457(FeCrAl)g,, (¢),
Nig ;Cog 5(FeCrMn)gy 3 (d), Niy;;C0454(FeCrTi)syy (€), NiygeCoyzo(FeCrzr)y, (1),
Ni,;Co,5(FeCrV)g; (2) alloy systems.
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N125,5col3‘4gFechi)ﬁl.l Nilﬁ.ﬂcol202(Fecrzr)71,2
x100  AG, kJ/mol 100 AG, kJ/mol

~88,0 -32,0
I -84.0 ~25.0
—gg,g -20,0
A B 55
& Ssoel TI0 9
/ ; W -100 15,0
75 R AL -8,0 2000
A1) )K\25
100 A0 /&\E\\k‘:// R 0 100 AT SN 0
0 25 50 75 100 0 25 50 75 100
Fe, at.% Fe, at.%
e r
Ni,,Co,,(FeCrV),,
0 100 AG, kJ/n;?lo
o l:3710
e | -33.0
N5 % 290
g ~-2510
o _21.0
0" -170
-180
= \\\\. .191335

2 o Ny A
| o\ e ;/Q(%@ ) I\,
Ny f"&/ f/)/)

D

0 25 50 75 100
Fe, at.%

g

Continuation of Fig. 2.

are formed; when AG,,,,, << AG,,,, an intermetallic or intermetallic are
formed; when AG,,,, and AG,,,,, have close values, the combination of
solid solution and intermetallic compound is formed. To obtain a sin-
gle-phase homogeneous solid solution, it is advisable to choose compo-
sitions with a minimum AG,, (Table 3) and the absence of resistant in-
termetallic.

4. CONCLUSIONS

1. Compositions of alloys based on Ni, Co, Fe, Cr, Cu, Al, Mn, Ti, Zr, V
elements with minimal Gibbs free energy are calculated using thermo-
dynamic approach in approximation of regular solid solution model.

2. The solid solution compositions with minimal Gibbs formation ener-



gy considerably differ from equiatomic ones.
3. The compositions of alloys favourable for formation of single phase
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TABLE 3. Calculated parameters AG, for solid solutions (ss) and intermetallic
compounds (int) with minimal Gibbs formation energy and for residual solid
solution (ss_ss), (int_ss).

No.‘ Alloys ‘ Solid solutions, Intermetallic |AG, kd/ mol‘ Phase
$5—Ni;;Coq oFe;, oCree 1Cuy 4 -29.145
1 NiCoFeCrCu ss_s5—Niy; ¢Coyy JFeg51Cligg 6 -10.020 SS[37]
int—NiCry, -7.0
$5—Ni,, ,C0,5 ;Fe;oCrs sAL g -37.0495
2 NiCoFeCrAl ss_ss—Niy, 6Cog; sFegcAly -16.544 SS + 1M [38]
int—NizAly, -22.0
$5—Niy ;Cog ,Fe;( ,Cry; ;Mn,; -32.078
3  NiCoFeCrMn ss_ss—NiysCoy4 ;Feys My, - -16.827 SS[27]
int—Niy Mnjg, -8.0
ss -
4 NiCoFeCrTi int—Ni;,Tis, -35.0 IM[39]
int_ss—CoFeCr -15.351
ss -
5 NiCoFeCrZr int—NiyZr;, -49.0 SS +IM [40]
int_ss—CoFeCr -15.351
55—Ni,; Coi,Feq oCri7 5Vsg s -41.404
6 NiCoFeCrV  ss_ss—Ni;gCoyg ;Feg, oCrys 7 -17.929 SS+1IM[39]
int—Niy Vs, -18.0
$5—Co,Fe g sCry oCuy  Mny 5 -29.748
7  CoFeCrCuMn ss_ss—Co,, ;Fey; ;Cugy sMnyg -6.858 28S[41]
int—CozyMnj;, -5.0
$5—Nig, Fe,,Cry5 sMn, 5 ¢Tiyg -38.396
8 NiFeCrMnTi ss_ss—Fe;,Cr,; (Mng, Tig -9.602 SS+IM[27]
int—Ni,Tis, -35.0
NiCoFeMnV  ss—Ni,, 3Coy; s;Feq ;Mn,,V g - -40.521
9 55_55—Ni;q 3C046 5F€5; s Mnyg -17.729 SS+IM [41]
int—Niz Vs, -18.0
§5—Niy, 4C015 5Cr16Mny g Vg -41.551
10  NiCoCrMnV  ss_ss—Ni;;Coyg 5Crypy 4,Mny, -23.1180 SS + 1M [41]
int—Niy Vs, -18.0
85—Niy; ,Co,, gFe,,CrigCuq sTisy 5 -38.545
11 NiCoFeCrCuTi ss_ss—Ni;; ,CoyqgFey, ;Crys ,Cugs g -8.647 SS+IM[37]
int—Niz Tis, -35.0
85—Niyg ;Feg ;Cri;sCuy ;Alyy ;Mny, o —39.039
12 NiCrCuAlMn ss_ss—Fey,Cr;, oCus; JAly; ;Mnyg 5 -6.472 SS[42]
int—Niy; oCry 57Al o eMny 5 5 -22.313
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Continuation of TABLE 3.

No. Alloys ‘ Solid solutions, Intermetallic |AG, kJ /mol Phase
88—Niy;Co; Fe; sCryg sCug ALy, 4 -37.073

13 NiCoFeCrCuAl ss_ss—Nig ¢Co,, oFeysCuys Al 5 —6.467 SS[43]
int—NigAly, -22.0
85—NizCoy oFe4.5Cry;Cuy ; Mny, , -31.344

14 NiCoFeCrCuMn ss_ss—Ni,, ;C0yy Fe66Cug5 sMny, 5 —12.764 SS[27]
int—Niz Mn;, -8.0
85—Niy; (Coy.Fe; CrysCuysAl 5 5Ves, —44.125

15 NiCoFeCrCuAlV ss_ss—Cog; sFe 5 5Cry5 sCusAl, sV,ee  —37.805 2SS [44]

int—Nigg Alys Vs ~25.1427

solid solutions are determined.
4. The character of phase formation in equiatomic alloys is investigated.
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