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Mathematical Modelling of Primary Recrystallization Kinetics 
and Precipitation of Carbonitride Particles in Steels. 
I. Precipitation 

V. V. Kaverinsky and Z. P. Sukhenko   

I. M. Frantsevich Institute for Problems in Materials Science, N.A.S. of Ukraine, 
3 Academician Krzhyzhanovsky Str., 
UA-03142 Kyiv, Ukraine 

A mathematical physical-based semi-empirical model and a corresponding 
computer program are developed for describing recrystallization process 
and carbonitrides particles precipitation in deformed austenite. The model 
is suitable for alloyed steels of a wide range of compositions. The model 
allows calculate a thermodynamic equilibrium for excess carbonitride 
phases with solid solution, the kinetics of their nucleation and growth, 
and their effect on recovery and recrystallization. A detailed description 
is given for each aspect of the model and its physical nature. Verification 
of the simulation results with the experimental data from published 
sources confirms the sufficient reliability of the proposed computer model 
for evaluative calculations. The model’s features are demonstrated by an 
example that simulates influence of Nb content on recristallization, recov-
ery and nucleation, growth and Ostwald ripening of Nb and Ti carboni-
tride particles. The simulation shows and allows numerically evaluate the 
effect of slowing down recrystallization and recovery with increasing in 
Nb content. This indicates a significant effect of dispersed carbonitrides 
on recrystallization and recovery. The simulation theoretically predicts an 
intensification of Ti(C, N) particles precipitation and growth with an in-
crease in the Nb concentration. Another result is an increase of dispersion 
and number of Nb(C, N) particles with an increase in the Nb concentra-
tion owing to more rapid transition to the Ostwald ripening stage, which 
is characterized by much more slowly average particle size growth than 
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from a supersaturated solid solution. 

Key words: recrystallization, kinetics, austenite, steel, modelling. 

Розроблено математичну фізично обґрунтовану напівемпіричну модель 
і відповідну комп’ютерну програму, що описують процес рекристаліза-
ції і виділення частинок карбонітридів в деформованому аустеніті. Мо-
дель параметризовано для легованих сталей широкого спектру складів. 
Модель дозволяє розрахувати термодинамічну рівновагу для надлиш-
кових карбонітридних фаз у твердому розчині, кінетику їх зародження 
і зростання, а також їх вплив на повернення і рекристалізацію. Для 
кожного з аспектів моделі наведено докладний опис його фізичної суті. 
Перевірка результатів моделювання експериментальними даними з лі-
тературних джерел підтвердила достатню надійність запропонованої 
комп'ютерної моделі для оціночних розрахунків. Особливості моделі 
продемонстровані на прикладі моделювання вплив вмісту Nb на рекри-
сталізацію, повернення, а також на зародження, зростання і Остваль-
дове дозрівання частинок карбонітридів Nb і Ti. Моделювання показало 
і дозволило чисельно оцінити ефект уповільнення рекристалізації і по-
вернення при збільшенні вмісту Nb. Це свідчить про вплив дисперсних 
карбонітридів на рекристалізацію і повернення. Моделювання теорети-
чно передбачило інтенсифікацію зародження і зростання часток 
Ti(C, N) зі зростанням концентрації Nb. Іншим результатом є збіль-
шення дисперсності та кількості частинок Nb(C, N) зі збільшенням 
концентрації Nb внаслідок більш швидкого переходу до стадії Остваль-
дового дозрівання, яка характеризується набагато більш повільним 
зростанням середнього розміру часток, ніж при їх утворенні з переси-
ченого твердого розчину. 

Ключові слова: рекристалізація, кінетика, аустеніт, сталь, моделюван-
ня. 
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1. INTRODUCTION 

Physically based mathematical models can be a convenient tool for pre-
dicting a structure formation and properties of materials [1–3], while 

minimizing time-consuming, expensive, and lengthy experimental 
studies. In our previous works were presented [4–6] mathematical 
models for thermodynamics of carbonitrides [4, 5] and complex oxides 

[6] formation, and for kinetics of phase transformations [7, 8]. This 

serial of articles proposes a physically based mathematical model that 

describes kinetics of primary recrystallization (after deformation) 

with the background of carbonitride particles evolution process. These 

processes influence each other and should be modelled in aggregate. In 

particular, dispersed particles of carbonitrides slow down the recrys-
tallization, at the same time, the recovery and recrystallization slow 
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down the nucleation and growth of the carbonitride inclusions [9–11]. 

The kinetics of carbonitride particles precipitation also requires ther-
modynamic calculations of the carbonitrides composition and their 

equilibrium amount. For this purpose was used a modified version of 

our earlier model [5]. The software implementation of the correspond-
ing module has been completely redeveloped. To implement the model, 

a special computer program in Python was written. 
 Models for this purpose were being developed earlier by others, for 

example [9–12]. In comparison with the above, our model considers the 

simultaneous of several elements carbonitrides precipitation, their 

composition is calculated, and the temperature and concentration de-
pendences of a number of intermediate parameters are taken into ac-
count. 
 The present part primary considers on modelling of carbonitride 

precipitation kinetics for the case of deformed steels. The following 

one will be devoted to the influence of this process on the recrystalliza-
tion and recovery phenomena. In spite, the description and analysis of 

the processes of carbonitride precipitation and recrystallization are 

given in separate parts of the article they are simulated simultaneously 

in one computer model because they, as been mentioned, are strong in-
terrelation. 

2. MATHEMATICAL MODEL 

A thermodynamic model of carbonitrides formation. The thermody-
namic module of our model is based on the method described in [4, 5]. 

The essence of the method consists in calculating the thermodynamic 

equilibrium for a group of reactions carbides and nitrides formation 

from a solid (in this case) solution. In this case, carbonitrides are as-
sumed as a mutual solid solution of the corresponding carbide and ni-
tride. It was taken into account a deviation from the ideality of such 

solution basing on the method of A. G. Ponomarenko (a method for as-
sessing the thermodynamic functions of systems with collectivized 

electrons) [13]. 
 The method for calculating the equilibrium amount of a compound is 

based on the concept of the equilibrium constant of a compound from a 

solution formation reaction: 

 Me R

р
[Me] [R]

,n m

n m

a
K

a a
=  (1) 

where Kр—equilibrium constant, Me Rn m
a —an activity of this compound 

in the carbonitride phase, a[Me]—carbide or nitride forming element ac-
tivity, a[R]—activity of carbon or nitrogen, n, m—stoichiometric reac-
tion equation coefficients. 
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 For carbides and nitrides of elements Ti, Nb, Zr, the numbers n and 

m can be considered equal to 1. A compound part in carbonitride can be 

expressed as follows: 

 [R] [Me]
MeR р

MeR

[R][Me],
f f

x K=
γ

 (2) 

where xMeR—a proportion of the carbide or nitride; f[Me], f[R]—
respectively, activities coefficients of the carbonitride formers; γMeR—
an activity coefficient of a resulting compound in the carbonitride 

phase, [Me], [R]—respectively, mass concentrations of carbonitride-
forming element and carbon or nitrogen equilibrium with the formed 

compounds, %. 
 In [5, 6], we have obtained the following equations (3)–(7): 

 

[Me] MeR

carb. nitr. Me

[R] [R] [Me] [Me][R] [Me]
р

MeR р carb. nitr. р carb. nitr.

( )

10000 ,

u

n u n u

n n

m M

m m M

m m m mf f
K

m m m m m m

=
+

− −
=

γ − − − −

 (3) 

 
[Me]

[R] R
Me

,ui

u

ni

m
m M

M
= ∑  (4) 

 carb. [Me] (carb.) [Ñ] ,
u ui

m m m= +∑  (5) 

 nitr. [Me] (nitr.) [N] ,
u ui

m m m= +∑  (6) 

 [Me] [Me] (carb.) [Me] (nitr.),u u ui i
m m m= +  (7) 

where [Me] ,
n

m  [R]n
m —the total mass of a carbide-forming element and 

carbon or nitrogen in the volume of the system with mass р ,
n

m  kg; 

[Me] ,
u

m  [R]u
m – respectively, the mass of a carbide or nitride forming 

element and carbon or nitrogen spent on the formation of the com-
pound, kg; рn

m —a mass of the considered section of the system, kg; 

carb.,m  nitr.m —mass of carbides and nitrides formed; MeM  and MeRM —
molecular weights of carbide or nitride forming element and the reac-
tion product, kg/mol; [Me] (carb.),ui

m  [Me] (nitr.)ui
m —the consumed mass of 

each of the carbonitride-forming elements, kg; [Ñ] ,
u

m  [N]u
m —consumed 

masses of carbon and nitrogen. 
 More details about this calculation method are described in [5], some 

numerical values are also given there. 
 Having written Eq. (3) for each of the carbides and nitrides in this 

system, together with Eqs. (4)–(7), we obtain a closed system, which 

solution allows us to calculate the distribution of elements between 

carbides, nitrides, and solid solution and the mass of the compounds 
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formed. 
 In the model described in [4], carbonitride was considered an ideal 
solution of the corresponding carbide and nitride, and the activity co-
efficient was assumed equal to 1. This approximation is not entirely 

accurate and, as applied to this problem, often led to significant devia-
tions of the result in the direction of nitride or carbide prevalence in 

the predicted reactions products. In [13, 14], a method was described 

that allows one to determine the activity of components in systems rep-
resenting a mutual solution of chemical compounds. In carbonitrides 

electrons of the atoms form a single quantum-mechanical system, 

which can be thermodynamically characterized by the chemical poten-
tial of electrons (Fermi level). This allows the partial entropy of the 

mixing to be presented in the form of two components that take into 

account the excitation of nuclei and electrons separately: 
M M M
i i (nuc) i (el).S S S= +  The term 

M
i (nuc)S  takes into account the component 

of thermal motion associated with permutations between different at-
oms, 

M
i (el)S  takes into account the thermal excitation of electrons. The 

enthalpy of mixing within the accepted approximation is considered 

equal to zero. The expression for the chemical potential of an element 

has the form: 

 0
( ) ( ) ( )ln ,i i i iRT xµ = µ + ψ  (8) 

where x(i)—an element i concentration, ψ—an element activity coeffi-
cient. 
 The chemical potential of a compound is by definition equal to: 

 (Me R ) Me R,
n m

n mµ = µ + µ  (9) 

hence 

 0
(Me) (Me) (Me) (Me)ln ,RT xµ = µ + ψ  (10) 

 0
(R) (R) (R) (R)ln ,RT xµ = µ + ψ  (11) 

 0 0
(Me R ) (Me) (R) (Me) (R) (Me) (R)ln .

n m

n m n mn m RT x xµ = µ + µ + ψ ψ  (12) 

0
(Me)nµ  and 

0
(R)mµ  in (12) can be wrapped up to 

0
(Me R )n m

µ  

 0
(Me R ) (Me R ) (Me) (R) (Me) (R)ln .

n m n m

n m n mRT x xµ = µ + ψ ψ  (13) 

 The chemical potential of a compound is related to its activity: 

 0
(Me R ) (Me R ) (Me R )ln .

n m n m n m
RT aµ = µ +  (14) 

 From analogy of (13) and (14), the activity of a single compound in 
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the carbonitride phase is: 

 (Me R ) (Me) (R) (Me) (R).n m

n m n ma x x= ψ ψ  (15) 

 Formula (16) was proposed to determine the parameters ψ, [14]: 

 

1

1

,
ij

i

kRT
RT

i j
j

x e
e

−Π
e

−

k
=

 Π  ψ =    
 

∑  (16) 

where 
1 2

1 2
1

,i k

k
x x x x
i k

i=

Π = k = k k k∏ 2  eij—interchange energy of atoms i 
and j: 

 1/2 1/2 21
( ) ,

2ij i je = k − k  (17) 

where ki, kj—energy parameters of elements i and j. 
 Despite the not very accurate nature of the considered method, the 

use of activity coefficients determined with it is more correct than as-
suming them equal to 1. 
 The values of the energy parameters k adopted in our model are: 

kTi = 134, kN = 732, kAl = 125, kC = 29, kV = 184, kNb = 280, kZr = 226. 
 The calculation is carried out in several iterations starting from the 

approximation of an ideal solution with the refinement of the activity 

coefficients at each subsequent step, until the gap between the values 

obtained in the neighbouring iterations becomes less than a certain 

small value. 
 A kinetic model of carbonitride particle precipitation. The precipi-
tation of Ti, Nb and Zr carbonitrides from a solid solution occurs main-
ly at dislocations [15, 16]. In [16], equation (18) is given for an excess 

phase particles stationary nucleation rate: 

 C
n Z exp ,

GdN
N F

dt RT

∆ = β − 
 

 (18) 

where N—number of particles per unit volume of material, m
−3; t—

time, s; Nn—bulk density of particle nucleation potential sites, m
−3; 

FZ—Zeldovich factor [17]; β—rate of diffusion attachment of atoms to 

a critical-size nucleus; ∆GC—thermodynamic barrier of nucleation for 

a critical-size nucleus, J/mol; T—temperature, K; R—gas constant, 

J/(mol⋅K). 
 The Zeldovich factor FZ allows one to take into account the possibil-
ity of fluctuation dissolution of nuclei with a size larger than critical. 

It is calculated by the formula (19) from [17]: 

 2
Z C C/(3 ),F G RTn= ∆ π  (19) 
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where nC—a number of some conventional elementary volumes of car-
bonitride in the nucleus. 
 Assuming that the nucleus has a spherical shape, the parameter nc is 

calculated by the formula (20): 

 
3
C

C
a

4
,

3

R
n

V
= π  (20) 

where RC—the critical radius of nucleus, m; Va—conventional ele-
mental volume of carbonitride, m

3. 
 The conditional elementary volume of carbonitride is calculated as 

the ratio of the molar volume of a given carbonitride to the Avogadro 

number. The critical radius of the nucleus RC, according to [9], is equal 
to: 

 p/
C Me(C,N)

p

2
,R

G
γγ

= −
∆

 (21) 

where γp/γ—particle/matrix specific surface energy, J/m2; 
Me(C,N)
pG∆  —

Gibbs volumetric energy change, J/m3. 
 The value of the specific energy of the particle/matrix interface de-
pends on the temperature of the solvus of the compound [9, 18]: 

 S0,0441625
p/ 0,09272 5,84 10 .Te−

γγ = + ⋅  (22) 

 The thermodynamic barrier of nucleation of a nucleus of critical 
size, if the shape is assumed to be spherical, is determined by formula 

(23): 

 2
C C p/

4
,

3
G R γ∆ = π γ  (23) 

where RC—the critical radius of nucleus, m, γp/γ—particle/matrix spe-
cific surface energy, J/m2. 
 The change in the Gibbs volumetric energy during the formation of 

carbonitride depends on the concentration of elements in a solid solu-
tion [19] and is calculated by the formula (24): 

 
*

Me(C,N) Me C
p Me(C,N) eq *eq

m Me C

ln ,
X XRT

G
V X X

∆ = −  (24) 

where 
Me(C,N)

mV —molar volume of carbonitride, m
3/mol; XMe and 

*
CX —

respectively, the molar fraction carbonitride forming element and ef-
fective molar fraction of carbon; 

eq
MeX  and 

*eq
CX —equilibrium molar 

fractions of the carbide-forming element and carbon in the solid solu-
tion. 
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 The effective molar fraction of carbon in equation (24) is assumed to 

mean its value that corresponds to the carbon content in the solid solu-
tion at which the solvus temperature of the corresponding carbide co-
incides with the similar temperature for pure carbonitride [20]. 
 Particles of carbonitrides are formed at the nodes of the dislocation 

net. The volume density of the particles potential nucleation sites Nn at 

the initial moment is equal to the total number of these nodes per unit 

volume, which depends on the dislocation density [15]: 

 1,5
n0 d0,5 ,N = ρ  (25) 

where ρd—dislocation density. 
 The average dislocation density can be estimated using formula (26) 

from [9]: 

 

2

0,2
d ,

M bρ

 σ − σ
ρ =   α µ 

 (26) 

where σ—plastic flow stress, Pa; σ0.2—yield strength at a given tem-
perature, Pa; Ì—Taylor factor, Ì = 3.1 [9]; µ—shear modulus at a 

given temperature, Pa; b—Burgers vector module; αρ—empirical pa-
rameter, αρ = 0.15 [21]. 
 The plastic flow stress of a deformed solid solution σ is the differ-
ence between the strain hardening of the material and the stress relax-
ation due to dynamic recrystallization [22]: 

 e ,σ = σ − ∆σ  (27) 

where σe—strain hardening of metal, Pa; ∆σ—stress relaxation. 
 Strain hardening can be estimated by the formula (28) from [22]: 

 e (1 ) ,C mB e− eσ = −  (28) 

where e—degree of plastic deformation; B—stress corresponding to 

the maximum strain hardening, Pa; C and m—model parameters. 
 The B, C, and m in (28) are presented as functions of parameters Z 

and A. The Zener-Hollomon parameter Z is also called the temperature-
velocity parameter [9] and is given by the equation (29): 

 
d

,
Q

RTZ e= e  (29) 

where e —strain rate, expressed as an additional degree of defor-
mation per unit time, s

−1; Qd—strain activation energy, J/mol. 
 The effective energy activation of the deformation process Qd can be 

estimated for austenite of known chemical composition according to 
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the empirical formula (30) from [23]: 

 

d

0.5919

0.6549

267000 2535.52[C,%] 1010[Mn,%] 33620.76[Si,%]

35651.28[Mo,%] 93680.52[Ti,%] 31673.46[V,%]

70729[Nb,%] .

Q = − + + +

+ + + +

+

 (30) 

 The parameter A also depends on the strain activation energy [23]: 

 
5

d7.076 10(12.197 65.590[C,%] 49.052[Nb,%]) .QA e
−⋅= + −  (31) 

 Parameters B, C and m from formula (28) are expressed in terms of 

Z and A [22, 23]: 

 2(9.5326 0.6196 ln( / )) ,B Z A= +  (32) 

 0.05923.9202( / ) ,C Z A=  (33) 

 (0.0139 / )0.3449 .Z Am e=  (34) 

 Stress relaxation due to dynamic recrystallization is proportional to 

the amount of dynamically recrystallized volume (35): 

 DRX,B F′∆σ =  (35) 

where FDRX—dynamically recrystallized volume fraction; B′—strain 

factor, Pa. 
 The fraction of the dynamically recrystallized volume FDRX depends 

on the degree of deformation and, according to [24], can be calculated 

by the formula (36): 

 d p
DRX

p

1 exp ,

m

F k

′  e − α e = − −    e  
 (36) 

where e—deformation degree; ep—deformation corresponding to the 

maximum stress on the plastic flow curve; k, αd и m′—model parame-
ters. 
 Parameters k and m′ depend on A and Z. The coefficient B′ from 

formula (35) depends on them. These empirical dependencies [22, 24] 

are represented by formulas (37)–(39): 

 0.135126.031( / ) ,B Z A′ =  (37) 

 0.50.5974exp(1.2333( / ) ),k Z A −=  (38) 

 1.0901exp(0.264 / ).m Z A′ =  (39) 

 The value of the coefficient αd from (36) according to [22] is 0.95. 



36 V. V. KAVERINSKY and Z. P. SUKHENKO 

 Shear modulus µ is temperature dependent. An empirical formula 

(40) is given in [10, 18]: 

 10 300
8.1 10 0.91 ,

1810

T − µ = ⋅ − 
 

 (40) 

where T – temperature, °Ñ. 
 The value of the Burgers vector modulus b in equation (25) depends 

on the type and parameter of the crystal lattice. In the case of austenite 

having a face-centred cubic lattice, it is equal to half the lattice param-
eter. The lattice parameter depends on temperature and chemical com-
position. Based on a synthesis of literature data, we have proposed an 

empirical formula (41): 

 60.356 8.5 10 0.0033[ ,%],a T C−
γ = + ⋅ +  (41) 

where aγ—austenite lattice parameter, nm, T—temperature, K. 
 Parameter β—the diffusion attachment rate of atoms to a critical-
size nucleus [18]: 

 
2
C Me Me

4

4
,

R D X

aγ

π
β =  (42) 

where RC—critical nucleus radius, m; DMe—volume diffusion coeffi-
cient of carbonitride-forming element atoms, m

2⋅s−1; XMe—molar con-
centration of carbonitride-forming element in austenite; aγ—austenite 

lattice parameter, m. 
 Diffusion coefficients depend on temperature: 

 
264000

5
Nb 7.5 10 ,RTD e

−−= ⋅  (43) 

 
251000

5
Ti 1.5 10 ,RTD e

−−= ⋅  (44) 

 
239180

5
V 2.5 10 ,RTD e

−−= ⋅  (45) 

 
190940

8
Al 9.62 10 ,RTD e

−−= ⋅  (46) 

 
198400

4
Zr 5.63 10 .RTD e

−−= ⋅  (47) 

 Particle growth involves two stages: at the first stage, the equilibri-
um between the solid solution and the excess phase has not yet oc-
curred; at the second stage, the process of Ostwald ripening actually 

takes place. 
 As in [9], our model describes a change in the average particle size. 
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At the first stage, the growth rate of the average particle radius is de-
scribed by equation (48) from [21]: 

 

0

0

eff eq
*Me Me Me
C

p eq
p Me Me

1
( ).

R

R

R

R

D X X edR dN
R R

dt R N dt
X X e

−
= + −

α −
 (48) 

where R —current average particle radius, m; 
eff
MeD —diffusion coeffi-

cient taking into account the contribution of volume and dislocation 

diffusion, m
2⋅s; XMe—actual molar concentration of the carbonitride-

forming element in the solid solution at a given time; 
eq
MeX —

equilibrium molar concentration of carbonitride-forming element in 

solid solution; 
p
MeX —molar fraction of carbonitride-forming element 

atoms in carbonitride; αp—ratio of atomic volumes in solid solution 

and in excess phase; R0—a capillary radius (the minimum radius of a 

particle that can grow with a given supersaturation of the solid solu-
tion), m; 

*
CR —an effective critical radius of carbonitride particles, m; 

N—number of particles. 
 The capillary radius R0 is determined by the formula (49) from [9]: 

 
Me(C,N)

p/ a
0

2
,

B

V
R

k T
γγ

=  (49) 

where p/γγ —particle/matrix surface energy, J/m2; Va—conventional 
elemental volume of carbonitride, m

3; kB—Boltzmann constant, J/K; 

T—temperature, K. 
 The effective critical radius of a carbonitride particle 

*
CR  defined by 

the formula (50): 

 *
C C(1 ) ,R R= + α  (50) 

where RC—critical radius of the nucleus, determined by the formula 

(21), m; α—empirical parameter, α = 0.03 [9]. 
 Effective diffusion coefficient 

eff
MeD  consists of the coefficient of 

volume diffusion and the coefficient of dislocation diffusion. Accord-
ing to [17], its value can be calculated on the basis of the volume and 

dislocation diffusion coefficients according to the formula (51): 

 eff 2 dis 2
Me d d Me d d Me(1 ) ,D R D R D= π ρ + − π ρ  (51) 

where Rd—dislocation core radius, m; ρd—dislocation density, m−2; 
dis
MeD —dislocation diffusion coefficient, m

2⋅s−1; DMe—volume diffusion 

coefficient, m
2⋅s−1. 

 The temperature dependences of the dislocation diffusion coeffi-
cients for elements considered in this model are given below: 
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172500

dis 4
Nb 1.0 10 ,RTD e

−
−= ⋅  (52) 

 
170000

dis 3
Ti 4.5 10 ,RTD e

−
−= ⋅  (53) 

 
160000

dis 4
V 2.5 10 ,RTD e

−
−= ⋅  (54) 

 
160000

dis 4
Al 2.17 10 ,RTD e

−
−= ⋅  (55) 

 
132240

dis 4
Zr 2.53 10 .RTD e

−
−= ⋅  (56) 

 The change in the average particle size during Ostwald ripening is 

given by equation (57) from [17]: 

 
eff

Me 0 Me
p eq 2

p Me Me

4
.

27

X R DdR

dt X X R
=

α −
 (57) 

 The decrease in the total number of particles during the Ostwald rip-
ening process is described by equation (58) [17]: 

 
eff

Me 0 Me 0 Me
p eq 3 p eq 3

p Me Me Me Me

4 3
3 .

27 ( ) 4

X R D R XdN
N N

dt X X R R X X R

  = − −  α − − π  
 (58) 

All the parameters from equations (57) and (58) are described above. 

3. VERIFICATION OF THE DEVELOPED MODEL 

To verify the proposed computer model of carbonitride particle for-
mation, experimental data was used from several published sources [9, 

15, 18, 26–32]. 
 Figure 1 shows an example of comparing the experimental data from 

[15] on the change over time of the average particle size (diameter) of 

Nb(C, N) with the calculation results. The composition of the steel is 

given in Table 1. The degree of deformation is 80% and the rate of de-
formation is 2.6 s

−1. 
 The verification study showed that the average deviation of the val-
ues predicted by the model from the experimental data for modelling 

the growth of carbonitride particles is about 13%. Deviations are 

equally observed both up and down. This allows us to use this model to 

assess and analyse the nature of the influence of various factors (com-
position, temperature, degree of deformation) on the kinetics of pre-
cipitation of carbonitride particles in steels. 
 Thus, although the developed computer model is not a complete al-
ternative to experimental studies, it allows one to obtain quickly and 
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with minimal costs reliable data on precipitation of carbonitride parti-
cles in steels sufficient for practical purposes. 

4. EXAMPLES OF CALCULATIONS 
USING THE DEVELOPED COMPUTER MODEL 

To illustrate the developed program operating, calculations were per-
formed demonstrating an effect of Nb content on changes in the 

amount and size of carbointride particles over time. The steel composi-
tion for which the calculations were carried out is given in Table 2. The 

size of the initial austenite grain was taken to be 100 µm. 
 The following parameters were taken: temperature 900°C; defor-
mation degree 30%; strain rate 0.1 s

−1. 
 Of great interest is the change over time of the number of carboni-

 

Fig. 1. Comparison of experimental data (points) [15] on the change in the av-
erage particle size Nb(C, N) with the results of the computer model (curves). 

TABLE 1. Steel composition for verification of modelling changes of the av-
erage size of carbonitride particles over time according to [15] (% wt.) and the 

size of the initial austenite grain (µm). 

C Si Mn Nb N Fe dA, µm 

0.11 0.00 1.35 0.03 0.01 base 100 

TABLE 2. The steel composition adopted in the simulation, % mass. 

C Si Mn Mo Ti Nb N Fe 

0.08 0.20 1.80 0.15 0.025 0.01–0.06 0.005 base 
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tride particles shown on Fig. 2—Ti(C, N) and Fig. 3—Nb(C, N). 
 It can be seen from the presented simulation results, an increase in 

the Nb content has a stimulating effect on the increase in the number 

of Ti carbonitride particles. At lower Nb content an increase in the 

number of Ti(C,N) particles over time is quite smoothly and remains 

small. With an increase in Nb content to 0.04% (Fig. 2, b) the amount 

of Ti(C, N) particles increases by more than an order of magnitude. A 

shape of the curve changes: an intensive increase in the number of par-
ticles is observed during the first 4 s then the nucleation rate decreases 

markedly. 
 Comparison with the corresponding plot for Nb(C, N) shows that by 

this moment the nucleation of Nb(C, N) particles is completed and the 

process of Ostwald ripening begins for them. For Ti(C, N) particles the 

number of potential nucleation sites is significantly reduced. This 

leads to inhibition of the further nucleation of its new particles. Then, 

due to a decrease in the number of Nb(C, N) particles due to Ostwald 

ripening, potential sites for the nucleation of new Ti(C, N) particles 

begin to be released. 
 With an increase in Nb content to 0.06% the amount of precipitated 

Ti(C, N) particles increases even more. A shape of the curve also 

changes. A significant slowdown in a further increase in the number of 

Ti(C, N) particles is observed after about 1.5 s; a further increase in 

their number is insignificant. After approximately 200 s Ostwald rip-
ening begins for Ti(C, N) particles, which is expressed in the plot by a 

  
a b 

 
c 

Fig. 2. Results of modelling of the effect of Nb content on the change over 

time of Ti(C, N) particles number in low-carbon steel: 0.01% Nb (a), 0.04% 

Nb (b), 0.06% Nb (c). 
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decrease in their number. 
 More Nb(C, N) particles are formed than Ti(C, N) ones. They quickly 

nucleate in large quantities over the volume of the metal, fixing the 

nodes of the dislocation grid. With a lower Nb content (0.01%) the 

number of Nb(C, N) particles increases throughout the entire consid-
ered period of 800 s. This suggests that all this time the solid solution 

remains supersaturated, and enough potential nucleation sites remain 

in the dislocation grid. With Nb content of 0.02% or more the plots 

clearly show the moment when the period of Ostwald ripening begins. 
The time required for the transition to Ostwald ripening depends on Nb 

content. At 0.02% Nb it takes about 40 s, at 0.04% Nb—about 4 s, and 

about 0.06 s at 0.06% Nb. 
 Let us consider the effect of Nb on the change in the average parti-
cles size of Ti and Nb carbonitrides over time. The corresponding plots 

are shown on Fig. 4—Ti (C, N) and Fig. 5—Nb(C, N). 
 From the presented results is seen that an increase in Nb content not 

only leads to an increase in the number of Ti(C, N) particles, but also 

contributes to an increase in their growth rate. A simultaneous in-
crease in the number and size of Ti(C, N) particles explains the transi-
tion to Ostwald ripening of these particles after about 200 s when 

0.06% Nb (Fig. 2, c). The transition to Ostwald ripening is also visible 

on the plot in Fig. 4 (curve 4)—after about 200 s a convex curve is re-
placed by a concave one. 
 The Nb(C, N) particles are much smaller. An increase in Nb content, 

on the contrary, in the considered interval leads to a decrease in their 

  
a b 

  
c d 

Fig. 3. Results of modelling of the effect of Nb content on the change over 

time of Nb(C, N) particles number in low-carbon steel: 0.01% Nb (a), 0.02% 

Nb (b), 0.04% Nb (c), 0.06% Nb (d). 
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size. This is explained by the fact that most of the considered time for 

these particles is during Ostwald ripening period (except curve 1, Fig. 

5). This period begins earlier with a higher Nb content. The growth 

rate of the average particle size during the period of Ostwald ripening 

is much lower than the growth rate during precipitation from a super-
saturated solid solution. This explains the fact that with a higher Nb 

content over the same period, the average particle size grows to smaller 

values. 
 Significant coarsening of Ti(C, N) particles is an undesirable effect 

leading to a decrease in the ductility of the metal. Therefore, the opti-
mum Nb content in this case seems to be about 0.04%. With this value 

the number of Nb(C, N) particles is already quite large, and the size is 

quite small. At values of 0.02% and lower substantial coarsening of 

Nb(C, N) particles is possible with simultaneous insufficient their 

quantity. 

5. CONCLUSIONS 

1. A mathematical model is developed that allows one to describe the 

 
Fig. 4. Results of modelling of the effect of Nb content on the change over 

time of the average Ti(C,N) particles size: 1—0.01% Nb, 2—0.02% Nb, 3—
0.04% Nb, 4—0.06% Nb. 

 

Fig. 5. Results of modelling the effect of Nb content on the change over time 

of Nb(C, N) average particle size: 1—0.01% Nb, 2—0.02% Nb, 3—0.04% Nb, 

4—0.06% Nb. 



 MATHEMATICAL MODELLING OF PRIMARY RECRYSTALLIZATION KINETICS. I 43 

precipitation and Ostwald ripening of dispersed particles of excess 

phases, in particular carbonitrides, in steels micro alloyed with Nb, Ti, 

V, Zr and Al. The main features of our model are the ability to describe 

the simultaneous precipitation of carbonitrides of several elements 

and the thermodynamic assessment of the N and C content in these 

carbonitrides. 
2. The results of computer simulation are compared with the published 

experimental data on the kinetics of carbonitride particles average 

size. The experimental results confirmed the reliability and practical 
applicability of the developed computer model for evaluative calcula-
tions. 
3. A series of demonstration calculations was carried out for low-
carbon structural steel microalloyed with Nb and Ti in order to demon-
strate the capabilities of the developed model. In particular, the effect 

of changes in the Nb content on the process of carbonitride phases pre-
cipitation and Ostwald ripening is analysed. 
4. An increase in the number and size of Ti(C, N) particles with an in-
crease in the Nb content is theoretically predicted by the simulation. In 

this case, the dispersion of Nb(C, N) particles increases, which is asso-
ciated with a more rapid transition to the stage of Ostwald ripening, 

which occurs much more slowly than growth from a supersaturated 

solid solution. It was shown that in the case of deformation and car-
bonitride precipitation at 900°C the optimum Nb content seems to be 

more than 0.02%, but not more than 0.04%. This contributes to the 

formation of a sufficiently large number of small Nb(C, N) particles, 

but at the same time reduces the size and quantity of large Ti(C, N) 

precipitates. 
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