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The article is devoted to studying the behaviour of pseudo-elastic-plastic ma-
terials under significant deformations. The study of the behaviour of bodies
from pseudo-elastic-plastic materials requires the development of special al-
gorithms for calculating the stress-strain state. When constructing physical
relations, it is assumed that the deformation at a point is represented as the
sum of the elastic component, the jump of deformation during a phase transi-
tion, plastic deformation and deformation caused by temperature changes. A
numerical method of increased accuracy based on the use of two-dimensional
spline functions for solving multidimensional non-stationary problems of the
theory of thermo-elasticity for bodies made of pseudo-elastic plastic materi-
als at large deformations is proposed. A phenomenological model is con-
structed to describe the properties of thermo-elasticity in a point with con-
sideration of heat generated during phase transition in geometrically nonlin-
ear formulation. Basic equations describing the behaviour of pseudo-elastic
plastic materials at significant deformations and consisting of the equation
of thermal conductivity, motion, physical and geometric relations are writ-
ten. Numerical examples are considered.
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dimensional spline functions, phenomenological model, geometric non-
linearity.

Pobora mpucBsaueHa AOCHiIKEeHHIO MOBENiHKU IICEBAO-TPYKHO-IIJIACTUUYHUX
MaTepiangiB mpu 3HAUHUX Aedopmallifgx. BuBueHHSA MOBENiHKM TiJ 3 IICEBIO-
OPYKHO-ILJIACTUYHUX MaTepianiB morpebye po3poOKU CIeliaJbHUX AJITOPUT-
MiB 00UMCJIEHHSA HaIPYyKeHo-gedopMmoBaHoro crany. IIpu mobymoBi ¢gisuunmx
CHiBBiAHOIIIEHD TependavacTbCcs, M0 Ae)opMallii B TOUIll IIpeAcTaBieHA AK
cyMa Ipy:KHOI CKJIamoBoi, cTpudka medopmaritii mpu (pasoBoMy IIepexoi, mia-
ctTuuHOl medopmarii Ta gedopmarrii, BUKJIUKAHOI 3MiHaMMU TeMIlepaTypu. 3a-
MIPOIIOHOBAHO UNCEJIbLHUII METOH IiABUIIeHOI TOUHOCTi, 3aCHOBAaHUUN HAa BUKO-
PUCTaHHI ABOBUMIpHUX CIJIAMH-(QYHKIIH OJ14 PO3B’A3aHHA 0araToOBUMipHUX
HeCTal[ilOHApHUX 3aJa4Y Teopil TepMO-IPYKHO-IIJIACTUYHOCTI I Tijl, BUTOTO-
BJIEHUX 3 TIC€BIO-TIPYKHO-IIJIACTUYHUX MaTepiaiB, Ipu BeIUKUX JedopMalri-
ax. I[TobymoBaHa ¢eHOMEHOJIOTiUHA MOEJb AJIA OINCY BJIACTUBOCTEI MaTepia-
JIiB 3 TEPMO-IICEBIO-IIPYKHO-IIJIACTUYHICTIO B TOUI[i 3 ypaxXyBaHHAM TeILja, 110
BUIiIAETHCA B mIporeci ¢a3oBoro mepexony, B reOMETPUYHO HeJiHiHHiH Imoc-
TAHOBI[i. 3allCAHO OCHOBHI PiBHAHHS, AKi OMMUCYIOTHh HOBEAIHKY IICEBIO-
IPY:KHO-IJIACTUYHUX MaTepiajiB Ipu 3HAUHUX AedopMallisx Ta CKIagaloThCA
3 PiBHAHDB TeILJIONIPOBIAHOCTi, PyXy, (PiBMUHUX Ta reOMETPUYHUX CHiBBiIHO-
IIeHb. PO3TJIAHYTO YMCJIOBI HPUKJIALHA.

KarouoBi croBa: MmaTeMaTuuHe MOIEJNIOBAHHSA, IICEBIO-IPYKHO-TIJIACTUYHI Ma-
Tepianu, IBOBUMIpHI cIIaiiH-QYyHKIII, (peHOMEHOJIOTiUHA MOE/b, T€OMETPH-
YHA HeJiHIfHIiCTb.

(Received July 6,2020)

1.INTRODUCTION

Modern parts and elements of engineering and other structures and
devices are made of materials that have the property of shape memory
and behave pseudo-elastic-plastic. Complex deformation processes can
also be caused by their uneven heating at the connected to the power
factors. To model the behaviour of such structural elements, it is nec-
essary to determine the non-stationary thermomechanical state not
only of the pseudo-elastic stage of deformation, but also beyond the
elastic limit. Existing numerical methods for solving such non-
stationary problems usually lead to significant computational difficul-
ties and are not always effective. Therefore, the development of meth-
ods for solving non-stationary problems of thermomechanics for spa-
tial bodies with shape memory and pseudo-elastic plasticity is an ur-
gent task.

Pseudo-elastic plasticity is the ability of a material under active load
to accumulate deformations of a certain value at a higher temperature,
and then after unloading (through a hysteresis loop) to return to its
original state. The main mechanism is reverse martensitic transfor-
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mation between solid phases, which can occur at room temperature.
This transformation can be caused by a change in temperature or by
force factors. The material is also characterized by non-linear mechan-
ical behaviour, and large deformations. Alloys that demonstrate shape
memory and pseudo-elastic plasticity are: NiTiAuCd, CuAlNi, CuSn,
CuZn, NiFeGa, NiTiNb, NiNiGa, NiFeGa, NiPi, NiPeGa, NiPiGi[1, 3].
These characteristics make ASM suitable for use in various devices or
as components in some advanced composite materials. NiTi alloy is the
leader in most of these applications due to its structural properties.

The first alloys shape memory (ASM) were developed in the middle
of the last century; however, there are no strict and reliable constant-
level defining models required for engineering applications of these
materials. The relationship between microscopic and macroscopic be-
haviour is very complex and has not yet been developed to the extent
that such models and practical tasks require. This is partly due to the
fairly strong dependence of mechanical reactions on temperature, load
speed, strain range, geometry of the body under study, thermomechan-
ical history and nature of the environment, as well as the interaction
between these parameters.

Based on the results of the analysis, it is established that there are
currently a number of models for describing the thermomechanical be-
haviour of alloys shape memory, pseudo-elasticity and pseudo-elastic
plasticity. Most of them are based on classical representations, that is,
they aim to directly describe experimental data obtained on different
samples under simple and complex loads. However, as found in exper-
imental studies, the behaviour of the material at the point of the body
generally differs from the behaviour of the sample as a whole, and sig-
nificant deformations may occur.

2. EXPERIMENTAL/THEORETICAL DETAILS

Statement of the problem of thermo-elastic plasticity. The main task of
the non-stationary theory of thermo-plasticity is to determine the
rates of displacement and components of stress and strain tensors that
occur in a three-dimensional body during its loading and heating, when
some elements of the body work beyond the elasticity of the material.
The loading process will be considered as one that changes over time,
which can cause the movement of individual parts of the body.

At first, an isotropic and homogeneous three-dimensional body V,
bounded by the surface S, at the initial moment of time ¢ = 0 is in a nat-
ural non-stressed state at the temperature T,(6,), i = 1, 2, 3. Then the
body is subjected to heat and load by external forces. These can be vol-
umetric forces that affect each element of the body. Surface forces act-
ing on one part of the body’s surface.

On the second part of the body’s surface, which can be fixed in a cer-
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tain way, the speed of movement is set as a function of coordinates and
time. Let’s assume that the heating and loading of the body occur in
such a way that there are deformations that can significantly affect
the temperature change of this element. We will consider such loading
processes and temperature levels at which the rheological properties of
the material are not detected. The configuration of a body is given by
the equation of the surface bounding it. In addition, you need to set the
thermophysical and mechanical characteristics of the body material
and the conditions for its heat exchange with the environment.

The thermophysical properties of the material are characterized by
thermal and thermal conductivity coefficients, which may depend on
the temperature. The heat exchange conditions are set in the form of
corresponding boundary conditions, and the mechanical characteris-
tics of the material in the study of deformation processes along recti-
linear paths and the trajectory of small curvature are set in the form of
instantaneous stretching diagrams of samples obtained at various
fixed temperatures. In addition, the values of Poisson’s coefficients v
and linear thermal expansion are set.

Based on these data, it is necessary to determine the temperature,
three components of the displacement velocity vector, six components
of the stress tensor and six components of the strain tensor. So we need
to determine sixteen unknown functions of time and three coordinates.
To do this, you need to use the equations of motion, geometric and
physical equations, as well as the equation of thermal conductivity.
The temperature field at an arbitrary point of the body in the presence
of heat sources in it and in the case of accounting for the heat that is
released during its deformation is determined by solving the thermal
conductivity equation under certain initial and boundary conditions
[4, 5].

After determining the temperature field for various moments of
time, the components of the velocity vector of displacement and the
components of stress and strain tensors that satisfy three differential
equations of motion, six geometric equations, and six physical equa-
tions are searched for. These equations are solved under certain initial
and boundary conditions. Initial conditions are set for all unknowns at
the initial time. On the part of the surface of the body where the given
forces b(x;, t), the components of the stress tensor must satisfy three
boundary conditions:

6,(0,,t)=0o,n;, i=1,2,3,

where n; is the guiding cosines of the external normal to the surface of
the body at the corresponding point. On the rest of the surface, where
the components of the displacement velocity vector are set, the dis-
placement velocities must take the specified values:
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v, =Vi(x;,1).

A different formulation of boundary conditions is possible, when three
conditions are set on the surface of the body, taken in a certain way
from the above conditions.

We will find the definition of unknowns as follows. Three compo-
nents of the displacement velocity vector and six components of the
stress tensor are taken as the main unknowns, for which boundary
conditions are directly formulated. In this case, all components of the
strain tensor are excluded from the six physical equations using geo-
metrically nonlinear Cauchy relations, which are then determined
based on the already known components of the displacement velocity
vector.

When solving the non-stationary problem of thermo-plasticity, we
will use the defining equations that describe non-isothermal load pro-
cesses both along rectilinear trajectories and along the trajectories of
small curvature deformation. After completing the task on the geome-
try of the deformation trajectory, you can conclude that the determin-
ing relationships used are reliable.

Theoretical Method. One of the aspects of numerical solution of
General non-stationary problems for inelastic bodies is the choice of
physical relations between stress and strain. This choice is consistent
with experiments and is closely related to the deformation processes
occurring in the body material. In General, the strain values are func-
tions of the stress process and temperature differences, which are de-
termined by the characteristics of the entire previous process of
changes in physical factors, and not just the current values. Detailed
information on this issue can be found in [7].

When constructing physical relations, it was assumed that the de-
formation at a point is represented as the sum of the elastic compo-
nent, the jump in the deformation during the phase transition, plastic
deformation and deformation caused by temperature differences.

The equations of motion of an infinitesimal volume element of a con-
tinuous medium that is deformed in the orthogonal coordinate system
o, Oy, O3 in are represented as:

ov, 1 oo,
ot p oo’

+B/(5,,), (1)
where i, j,n,m=1, 2, 3, and p—density. Magnitude B,(c,,,), that arein
the right side of equation (1) given in [5], and
o =24 o193
ot

In general, the System of orthogonal coordinate of the strain tensor
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and the components of the displacement vector are connected by such
nonlinear relations [6]:

1 e e ?
811:611"'5[6121"’(%4'@3) +[§_m2j ],
(2)

e e e e
€, =€, €, (f—m3j+e22 (%+m3j+(§—w2j($+wlj.

Other components of the strain tensor are obtained from (1) by cyclic
index permutation. In the case of an orthogonal rectangular coordinate

system:
ou ou ou,
€y = ﬁ’ €y = 8&2 » €33 = (’50(3 ’
1 2 3
em:auz Oul’ 23:%+6u2’ 31:%+%, 3)
oa, Oa, oo, 0o, oo, 0oy
9, = Mo My g, O Ouy o Oy O
oo, Odg oo, Oa, oo, Oo.,

With this in mind, after time differentiation in the geometrically non-
linear case, it is possible to record the following for strain rates:

% =(1+e,) v, - el—2+033 ov, + eﬁ—wz %,
ot oo, 2 oo, 2 oo,
Gea _ eﬁ—% v, +(1+e22)%+ eﬁ+m1 %,
ot 2 oo, ooL,, 2 oo,
Oy _ eﬁ+m2 vy + eﬁ—col %+(1+e33)%,
ot 2 oo, 2 oo, oo,
%z 1_’_&_}_8& %_’_% + eﬁ_o\) ai.}. eﬁ.}.m 802 +
ot 2 2 )| 6a, oa, 2 ?)oa, (2 ?)oa, @
+(622—e11) 802_601 N eﬁ+(o 8&+ eﬁ—m ov,
2 do,  OaL, 2 )oa, 2 ?)ada,’
Con _ 14 %2 %3 oy +% + eﬁ—ml %+ eﬁ+m1 a&+
ot 2 2 )\ 0o, oo, 2 oo, 2 oo,

+(633—€22) v, 0O, N &4_@2 %4_ eA_(D3 ov,
2 da, Oo 2 oaL,, 2
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Ot [y & O[O0 O (e (100 (€, )00,
ot 2 2 )\ 0o, O, 2 oo, 2 oo,

+ (ell _833)(801 _ av3 j + (ei_}_ mgj%—i_(eﬁ_ (DIJ%.
2 oo, 0oy 2 oo, 2 oo,
The system of equations (1), (4) is closed by physical relations that
connect stresses and deformations.

One of the aspects of the General problem of solving non-stationary
problems for NON-elastic bodies is the choice of determining relations
between stresses and deformations. This choice is justified in agree-
ment with the experiment and is closely related to the studied defor-
mation processes. In General, the strain values are functions of the
stress process and temperature differences, which are determined by
the characteristics of the entire previous process of changes in physical
factors, and not just the current values. Details on this issue can be
found in the works of Yu. N. Shevchenko and his colleagues [4, T].

Consider simple or close to simple deformation processes and pro-
cesses of deformation along paths of small curvature. Deformation tra-
jectories close to straight lines are those trajectories that deviate from
straight lines passing through the origin of coordinates and a point on
the trajectory corresponding to the beginning of the yield point, no
more than a trace of delay in the vector properties of the material (5—
15 field points for deformations). In this case, the smallest radius of
curvature of the deformation path is greater than the delay trace. If
the deviation from the straight line is greater than the delay trace, and
the radius of curvature of the deformation path is less than it, then the
deformation occurs along the trajectory of small curvature. In this
case, the stress vector is directed tangentially to the trajectory of irre-
versible deformations.

Let’s write down the physical relations suitable for investigation of
both processes. For this purpose let’s break down the process of body
loading by time into separate rather small stages on each of them by
means of the postulate of isotropy and the law of elastic change of vol-
ume records the relationship between stresses and deformations of the
species[5]:

—=a, b, (5)

where

11
Ay = 2G°8,5, + 18, — (1 - %) (¢"-gq, )}—gl
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0 oT
b; = b3, b, = —[Koct +(T - T")E(KO‘J}E'
A similar view to (4) is given of the ratios of the theory of low curva-
ture processes. Here
1-—
= ZG—V a = 2GL’ aknkn = 2G’ aknrr = aknrs = akkrs = O’

a > “Ekknn
1-2v 1-2v (6)

kkkk

Slu c(n) < () \1/2
b, = b3, —@G?(e}j ), kEn, T s,
For further presentation of the material, we present these equations of
the system in a slightly different form. We perform the elimination of
strain rates in the defining relations (5) using geometrically nonlinear
relations (4). Then you can write:

00 .
- = Cijll ai + Cij21 a& + CijSl % + Cij12 % + Cij22 % + Cij32 %
ot oo, oo, oo, oo, oo, ooL,,
ov ov ov ov ()
+ Cij13 i + Cij23 i + Cij33 ﬁ = Cijkr ﬁ'
Additional symbols are entered here:
Cin =a;,(1+e,)+ aij12(el2/2 — )+ a’ij13(e31/2 + @),
Cjo = a’ijll(el2/2 + @)+ a,,(1+ ey) + a5(e, /2 -), (8)

Cisi = a11(e3 /2 O KA (A /2 +o;) + a1+ eg).

All other coefficients in (7) are obtained with a cyclic permutation of
indices.

Thus, the resulting computational system of equations (1), (7) is
necessary for solving non-stationary three-dimensional problems of
the theory of thermo-elastic plasticity. Note that after determining the
displacement rates and the components of the stress tensor, in the pro-
posed formulation of the problem are the main unknowns, the dis-
placements themselves are determined (by directly integrating the cor-
responding speeds) and the deformations using the formulas (4).

When numerically solving problems of temperature plasticity of
materials, an instantaneous thermomechanical surface is set to specify
the coefficients of the determining physical relations (5). It is con-
structed using experimental data from the study of tensile samples at
various fixed temperatures. This function for some classes of pre-
isotropic materials with a high degree of accuracy does not depend on
the type of stress state.
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Figure 1 shows a typical graph of dependences ¢ on ¢, which are de-
termined as a result of experiments for a pseudo-elastic-plastic mate-
rial [6].

The diagrams have an initial linear section OA. The deformation
processes on it are reversed. The increase and decrease in stress are in a
straight line, and the deformations are small. At point C the elastic
component of the overall deformation of the sample disappears. The
deformation jump caused by the phase transition also disappears and
remains only plastic deformation.

The Model is Phenomenological. Currently, a number of models are
known to describe the thermomechanical behaviour of alloys shape
memory (ASM). Most of them are based on classical concepts, i.e. they
aim to directly describe experimental data obtained on various macro
samples under spacious and complex loads. However, as established in
experimental studies, the behaviour of the material at the point of the
body in general differs from the behaviour of the sample as a whole. We
formulate the properties of a phenomenological model that is used to de-
scribe the behaviour of bodies with pseudo-elastic-plastic materials. De-
formation in a point is represented as the sum of the elastic component;
deformation jump at phase transition; plastic deformation, which is
subject to the theory of flow with kinematic and translational strength-
ening; deformation caused by temperature changes. It is assumed that
material properties depend on temperature.

To describe the elastic deformation and phase transformation defor-
mation, we will use the elastic material diagram consisting of three cur-
vilinear or straight sections. This interpretation leads to an unstable
stress-strain diagram and to describe the thermomechanical behaviour
of samples of various shapes it is necessary to have a solution to the
boundary problem taking into account the development of the phase
transformation strain front. Not only the ambient temperature, but also
the heat generated during the phase transition will be taken into ac-
count. This interpretation made it possible to propose the model from a

° |

N A /

A

gf g

Fig. 1. Diagram of pseudo-elastic-plastic material.
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single position and to describe a number of experimental data on differ-
ent samples under different loading conditions, including cyclic tem-
perature and force effects. Specific dependencies for mechanical charac-
teristics have been established. It is shown that the phase boundary
moves at a constant speed for the selected temperature. It has been es-
tablished that classical material diagrams represent a curve, bending
the family of material diagrams at a point, which is constructed for cer-
tain laws of change of the deformation gap front velocity [2].

The results of calculations are shown below. Figure 2 shows the typ-
ical dependence of the propagation speed of a phase transition on time.
Its schedule has three sections. On the first section, the speed is zero,
and on the third reaches a constant value. Between them is a section
with variable speed. As a result of calculating the tangent module at
each step of integration in time, there are also three characteristic sec-
tions for the integral diagram of the material.

The first section corresponds to the elastic behaviour of the materi-
al. The third characterizes the strengthening of the material. Between
them is a section that resembles the behaviour of a perfectly plastic
material. Similar plots have taken place during the unloading, but at a
certain temperature.

Experimental Justification of the Model. This section is devoted to
the experimental substantiation of a variant of the proposed model of
behaviour of a material with a shape memory and thermo-pseudo-
elastic-plasticity. The model makes it possible to quantify the complex
interaction between the stress, temperature, strain, loading speed of
the sample and the heat released during the passage of the phase trans-
formation front passage along the sample.

Thus, the mechanical characteristics of the material in the study of
deformation processes are set in the form of instantaneous diagrams of
stretching samples obtained at different values of temperature, and if
necessary, allow you to build an integral diagram of the material.

Processing of experimental data from [3] allowed us to construct ta-
bles and diagrams for different temperature values (respectively 100,

12 .S"O Diagram c(8)/c,,

10 $(t) 1.2 —
s W | E—
s WV, —— os—

v 0,6
4 Py V4
V4

2 0,2 /

0 " 0 5
a 0

Fig. 2. Diagram of pseudo-elastic-plastic material.
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90, 80, 70, 60, 50, 40, 30, 20, 10, 0°C). The results of comparison with
experimental data are partially shown below in the form of diagrams.
The upper lines (o> ...°C) correspond to the active load of the sample,
and the lower lines (c<...°C) correspond to the discharge at a certain
temperature.

Note that the diagrams shown in Fig. 3 are constructed for fixed
temperature values without taking into account the heat that is re-
leased during the phase transformation at the material point.

The refined phenomenological model of the alloy behaviour at the
material point is based on the results. Graphically, it differs from the
previous model by the presence of a flow tooth on the edge of the elastic
section under active load and a smooth transition of the BC section to
the CD during unloading. The corresponding qualitative results are
shown in Fig. 4.

Note that the diagram for the refined phenomenological model (Fig.
4, b) it is constructed for the same initial temperature, and the dia-
gram shown in Fig. 4, a. The value of the yield tooth is modelled sepa-
rately and compared with experimental data. At the same time, it is
necessary to solve the thermal conductivity equations separately and
determine additional strain and stress values based on temperature
differences [2]. In fact, the flow tooth diagram is a projection of a tra-
jectory that follows an instantaneous thermo-mechanical surface.

To obtain the calculation formulas of the refined model, an auxiliary
problem related to the development of an instantaneous thermo-

c/6, / G/o,

A o> (100 B > (90
0.8 (100) { os A o> (90) B /
[
0.6 L 06 !
/ D o <(100) ¢/ /‘D o< (90) cs
0.4 /“ --------------- 0.4 /( -
f] !
0,2+ 0.2 s
0 ‘/,“"I ——— —— 0 "“T rrrrTrrTrrTrrTrTrTTrrrirrT T i Tirr Ty
OF 1 2 6.4° OF | 2 6.4°
a o
G/og o> (60) J o©/og o> (50)
0.4 0.4 7
0,3 1 o < (60) —_’L— 0,3 7 i
0.2 /'____ S 0,2 / o< (50) —4—
- | em eo» on o= on -
0,1 0.1
TTTTTITTTTI T T T T TT I T I I I I T ITIT [8 0 II]IlIiiIlIIiIlIlillllllllig
12 6,2 O 1 2 5,9
8 2

Fig. 3. Local material diagrams at 100°C (a), 90°C (b), 60°C (¢), 50°C (d).
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Fig. 4. Local material diagram (a, b).

mechanical surface was considered. Let the coordinates ¢, T, ¢ of four
points be given in three-dimensional space P(¢;, T}, 0,),i =1, 2, 3, 4.

The equation of the thermomechanical surface passing through
these points is written down as follows

c=ag+bT +ceT +d. 9)

Unknown coefficients a, b, ¢, d are searched for from a system con-
structed based on this expression for the given four points P; of the in-
stantaneous thermo-mechanical surface. After their calculation, you
can build such a surface from two adjacent diagrams obtained for T =
=T,and T =T,, on the interval T [Tl; TZ] . Under active load, the to-
tal thermo-mechanical surface consists of three separate surfaces. This
is the surface of the elastic part, the surface where deformations
caused by phase transformation and the plastic part of the surface are
jumping. Thermo-mechanical surface is simulated in the same way
during unloading.

Thus, having an analytical expression for such surface and the law
by which the temperature changes at a particular point of the sample,
it is possible to refine the local diagram of the material.

Generalization of Physical Relations. We will make some generali-
zations of known physical relations (flow theory with kinematic and
translational reinforcement, and others) in the case of thermo-pseudo-
elastic-plastic materials.

Based on the results of the previous section, the total strain tensor is
represented as the sum of the elastic component sl , thej Jump of defor-
mation durlng the phase transition 81,’ plastic deformation e, and de-
formation 8 caused by temperature changes.

Asa result you can write

_ e T P 0
€, =¢€;tg; +&; +g,. (10)
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Elastic deformations are determined using Hooke’s law. Defor-
mations caused by temperature changes satisfy the law of linear ther-
mal expansion. The jump of deformations at the phase transition will
be defined as follows:

of (o..
ol = 5,1y 220 (11)
GGU.
where is the function:
f(c;)=0 (12)

sets the limits of a certain surface in the stress space [4, 8]. When pass-
ing through this surface, the deformation caused by the phase transi-
tion increases with a jump. We will set it as follows:

£0,)=[2(8,5,) ~o,(D), (13)

c,(T), S.S, >0,
M ] ) 2 (14)
o, (T), S,S, <O0.

oy

where
S, =0, —-98,0, o (T) = {

From here we finally get

o =2utg, (15)
20.(T)

Plastic deformations must satisfy the relation of one or another theory
of plasticity. We present the defining physical relations of some theo-
ries of plasticity. Figure 1 also shows the elastic discharge of the sam-
ple along a straight BC, which is assumed to be parallel to the OA line.
This representation of the unloading mechanism shows in General
terms only the actual process of material deformation with small de-
formations. For large deformations (10% or more), the deformation
process of the samples will be significantly nonlinear.

Note that in General, the defining relations for thermo-pseudo-
elastic-plastic materials can also be represented as formulas (5).

Method of Splitting by Geometric Properties. The solution of the
main calculation system (1), (7), recorded in the previous paragraph,
will be performed using the method of component-by-component split-
ting, which allows you to build three-dimensional non-stationary elas-
tic plasticity problems to a sequentially solved system of three one-
dimensional problems at each step in time.
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Let’s introduce the time o, grid taking into account the small steps:

tp; tp+1/3 = tp + 75 tp+2/3 = tp+2/2 + T3

W, = t .=t

r p+l pr23 T T35 T=T + T, + 755 ’ (16)

t,=0;p=0,1,2,...

oW oW

EZAkﬁ'i‘ka, t E[tp+(k_1)/3, tp+k/3]’ k=1, 2, 3. (17)
The idea of the component splitting method is that instead of (1), (7) at
the full time integration step t (¢ € [¢,; t,.1]), three equivalent one-
dimensional systems are solved sequentially. Each such system is
solved at its own fractional step in time. At each such fractional step,
the one-dimensional coordinate system of equations will have the form
where W is the vector whose components will be the desired values

W; ="0y; W4 =0135 W7 =015 W10 = €115 W13 = €125
Wy =Dy, W5 = G295 Wg = 0135 Wi = Eg3; Wi4=E13;
W3 ="Usg; Wg = Og3; Wg = Og3; Wi = €335 W15 = &g3.

Equivalence of the split system (17) to the system of equations (1), (5),
(7) occurs when the condition is met y; + y, + y; = 1. The matrices
A, k=1,2,3 and vector B are defined simply by comparing (17) with
(1), (7).

Let’s denote W% the vector W calculated for the moment of time
t=t""*3(k=0,1,2,3). We will introduce similar notation for the vec-
tor B. When passing from equations (17) to the difference scheme of
their solution, the time derivatives are replaced by difference rela-
tions, and the coordinate derivatives are represented by a linear com-
bination of derivatives specified at the previous time step and at the
stage at which the solution is sought. As a result, the calculation
scheme can be written as follows:

l(wp+1/3 _ Wp) — OLA1WP+1/3 + BAlwp + leP’
T
%(W‘p+2/3 . Wp+1/3) — aAzwp+2/3 + BAzwp+1/3 + yzBp+l/3, (18)

l(wp+1 _ Wp+2/3) — (xAgwp+l n BA3wp+2/3 n yngJrz/s,
T

where o + 3 =1 and the differential operators A, W are entered as fol-
lows:

AW = %kk(W),k =1,2,3. (19)

3
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Here X,(---) is the difference operator, h,—integration steps by coor-
dinates (k=1, 2, 3).

In the case where o =0, =1, the scheme (8) will be explicit. When
a=1, =0, term (8) gives an implicit schema. If a = =1/2, then there
is a Crank—Nicholson’s scheme, which, unlike the two previous
schemes of the first order of approximation in time, has a second order
of approximation.

The algorithm for solving system (8) at the full time step consists of
three steps. First, an auxiliary vector W”*/? is found based on the
first equation. In this case, the vector W” is already known either from
the previous step in time or from the initial conditions. Then a vector
WP/ ig defined from the second equation, and then vector W?*' is
found from the third equation.

To implement the described procedure for constructing the solution
of the system (18) at the full time step, it is necessary to approximate
how the differential operators (19) are constructed. To do this, enter
the grid by coordinates w, :

(a)30%; af);
o, =a, +h,i=12,..,N;
=0 +hy, j=1,2, .., Ny | (20)

h = max(h,, h,, h,).

Interpolation of the decoupling W,,, m=1, 2, ..., 15, between the nodes
of the grid , and approximation of the difference operators A (...) in
the nodes of this grid will be carried out both using cubic B-splines and
on the basis of stressed splines. In the future, in order to obtain com-
pact expressions for the desired functions W, (a', a®, a®, t*"/?) in
brackets, we will only give the variable that is being integrated at this
fractional step in time n, that is W?>"/?(a"), either W_(a"). Other co-
ordinates are considered to be fixed.

3. RESULTS AND DISCUSSION

Numerical Results. Consider the first problem of propagation of a slow
phase transition wave in a rod when it is stretched.

Determine the speed of phase transition boundary propagation along
therod x € [O; L] . Atedge x=0, the speed v = V|, is set at which the edge
of the specimen is stretched. The other edge x = L is fixed here v =0.

The main values are: displacement speed along the axis of the rod
v(x, t), stress o(x, t), deformation &(x, t), and temperature T(x, t).

To determine the unknown quantities write down the system:
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ov 0Oc 0Ot Ov
p L =L E P14y,
ot oOx Ot oOx
Ee-Ka,(T-T,)), ¢<[0,¢],
o =1E,(e—¢e5)+0o5—Ka,(T-T,)), ¢<lege.], (21)
E,(e-¢,)+0,— Ko, (T-T,), €c(g,»),
2
T Ty,
ot ox

Here p is the density of the material, the modules E,, E,, ..., E; of the
local diagram of the material, as well as the coefficients of linear ther-
mal expansion and thermal conductivity o, a. The function that takes
into account W..the heat generated in the body during the phase transi-
tion (in the diagram of the material from the position A to C or from A
to B) is indicated by.

Let’s go to the non-zero normalized values of the desired values, for
which we will save the previous designations. Through denotes
v,, T., x,, t, some set values for the displacement rate, temperature,
space coordinates and time, oy, &g (o4 = E (T)eg,)—the yield
strength of the material in terms of heat and strain, which are im-
portant at temperature T=T".

Then an explicit difference system equivalent to a complete system
of equations can be written as follows:

v** = v + 1k, Mo?), e = &P + TMLP) + Be7),

(22)
TP =T? + th W(T?) + TW.¢,.

Note that the voltage value at any given time can be determined di-
rectly by the corresponding formula with (21).

In the calculation formulas, a designation has been introduced for
pick operators who approximate the first and second coordinate deriv-
atives. For example, the simplest operators for central nodes have the
following form

Yin ~ Ui Yin =2y + 47,
7\‘ P — l L R P — l L L
") o M) 2

and give the second order of accuracy on the grid:

(23)

o, {xi; i=12,..., n—l}.

On the edges of the rod, one-way difference operators are formed.
Accordingly, for the first derivatives (first order of accuracy):
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P _ 4P P _ 4P
x=0, x(y5)=%,x:L, x(ys)=% (24)

and for second derivatives (second order of accuracy):
x =0, w(yd) =(2y —5yf +4y5 —yl)/1*,
x =L, w(y?) = (2y7 — 5yl + 4yl , —yls) /W

A high accuracy of derivative calculations is reached by the addition
of difference formulas obtained into practice [5].

The following expressions were obtained for approximation of the
first derivatives

o ':yil«)i-l - yip—l] ) [y£2 - yﬁz}

(25)

My = 19h ,i=2,8,...,n—2,
M) = e * kzny; By + kays
My?) = Yo — ksyf’GZ kos ~koYs 26)
My ) = Fabe Ry g }feysz Rl
My?) = Fa¥n o : :ayf-z Ryl

Approximation of the second derivatives at the numerical solution of
the heat conductivity equation is carried out as follows:

w(T7) = —m, (T2 - 217 +T7,) [R*, i =1,2, ...,n -1,
w(T9) = (m Ty + m,T + mTy + myT7 ) /1, (27)
w(TP) = (mT + mTP, + myT7, + myT7 ) /b

Formulas (26) and (27) use coefficients that have been determined
using spline functions. If cubic B-splines with the fourth order of ap-
proximation are used, then

ny=8k =1k =11k, =18,k =9, k, =2,
k=3, kg =6, my =-1, m, =2, m, = -5, m, = 4.

When using stressed splines, which have the fifth order of approxi-
mation:
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n, =7,9136, k, = 0,9568, k, = 11,2646, k, = 18,4641,
k, =9,1344, k, =1,9349, k, = 3,0870, k, = 5,9787,
m, =—-0,9817, m, =2,1856,m, = —5,3529, m, = 4,149.

The boundary conditions at the edges of the heat transfer equation
are formulated as free heat exchange conditions:

0T/ox =0, x €[0; L].

Then from the second and fifth formulas (26), respectively, we will
get the calculated formulas along the edges of the rod:

75” = (szlp - kstp + kzﬂép) /kl ’ Tnp = (sznp—l - k37:1112 + k4Tn€3) /kl .
The results of the numerical solution of the problem are shown in

Figures 5, a—c. The distribution of strain and stress along the rod for
different time moments is shown here:

o (5001) = = = (5001)

6 (7001) = = =¢ (7001)

1
i
1
\
!
)

0 L 0 L
a [
6 (11007) - — — (11007)

D =~ b Ww i G

S =~ N W R OO

f
|

T R R R - S

S

Fig. 5. Slow wave propagation (a—c).



BEHAVIOUR MODELLING OF PSEUDO-ELASTIC-PLASTIC MATERIAL AT LOADING 125

Changes in time of the temperature field due to the heat generated
by the phase transition sequence (jump from point A to point B in the
material diagram) are shown in Fig. 6.

Let us determine the influence of shape memory of the material on
rod behaviour. Let’s consider the second task on loading, the following
unloading of a one-dimensional rod and its further heating in which
influence of memory of the form of a material in a material point on
behaviour of a rod as a whole is simulated.

At the first stage, the solution of the previous problem was obtained
att=0.0025; T=10°C.

For the time interval 0 <¢ <1100t at the edge x = 0, the speed v =V,
(V,=-1), at which the specimen is stretched, is set.

The edge x = L is fixed and here the travel speed is zero. Deformation
and stress distributions ¢ = 2400t are shown in Fig. 7, a. Over the en-
tire length, the deformation is almost constant. We use these results as
initial conditions in the second stage.

In Figure 7, b line I received in geometrical linear statement, and
line 2 corresponds to geometrically nonlinear variant.

In the second stage, the rod is heated uniformly along its length un-
der constant boundary conditions. The distributions of strain and
stress for the corresponding time and temperature moments are shown
in Fig. 8.

Results and Discussion. The above results show the behaviour of

1—1400t 2—1500t 3-16007 1=1700r 2—1800t 3-19007
T/T; T/T, “
1 o~ s N A 1
’ I\Q f s
0.6 e —— 0,6
0,4 0.4
0,2 0,2
0 L] L L L LI LN 0 T 1 T T T L) v T T T T T T T L) T T T '
L 0 L 0
a 0
1—2000t 2—2100t 3—22007
T/T, i
1
0.8 3 —
0.6
0,4
0,2
0 T T T T — z — — — T — !
L 0

8

Fig. 6. Changes in the temperature field along the rod (a—c).
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Ni-Ti alloy, which is characterized by form memory. As the tempera-
ture of deformation increases, the deformation caused by the phase
transition decreases significantly. Almost all along the rod, they're
equal to zero. Residual deformations in some points of the body are
caused by the fact that plastic deformations can also occur in the mate-
rial at a temperature (Fig. 8, b).

4. CONCLUSION

The paper proposes a new phenomenological model for describing
properties with form memory at significant deformations. The model
takes into account the heat that is released during phase transitions in
the material points of the body. This allowed to describe a number of

- — = ¢g(2400) a(2400)
6 5,01
5 -
5,005
4
3 5
2
4,995
I DVAVAYAN A AE
| 4,99
0 0 .
a

Fig. 7. Distribution of deformation (a) and stress before heating (b).

- — = &(t = 25007) - — = &(t = 26001)
o(t =25001) a(t = 26001)
0,5
0,4
T =70C
0,3+
0,2 <\ A
:‘\ 'lr“ V
) LY
0,1 1Y \ SN
1 AN \
0 0 L 0 0 L
a 0

Fig. 8. Distribution by length of rod of deformation (a) and pressure at heat-
ing for various moments of time and temperatures (b).
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experimental data on different samples at different temperatures and
loading conditions, to obtain the necessary constants of the proposed
phenomenological model.

In case of deformation of thermopseudo-elastic material the physi-
cal relations of plasticity theory (flow theory with kinematic and
translational strengthening) are generalized that allowed to apply the
developed phenomenological model at the solution of thermomechanics
problems on continuum level.

A new variant of an effective method for solving non-stationary spa-
tial problems of thermomechanics is developed. It is based on the use of
the idea of splitting a complete system of equations by geometric prop-
erties. It is used for approximation of unknown functions and their de-
rivatives by coordinates of two-dimensional tension splines. This ap-
proach allowed increasing the accuracy of the method's approximation
to the fourth order (by two orders of magnitude). This made it possible
to select a larger grid in terms of coordinates compared to the finite
difference method provided that the same accuracy of calculations is
achieved.

To increase to the third order of method’s approximation by time an
iterative procedure is offered, coincides. The initial approximation for
it will be the results calculated using the explicit splitting method
formulas. It is revealed that the sequence of approximate solutions of
the problem obtained by reducing the crocus integration in time by half
coincides with the exact one. It is shown that three consecutive approx-
imations can be used to estimate an accurate solution.

The effectiveness of the generalized method was studied and the ac-
curacy of the obtained results was assessed. In case of application of
implicit schemes of the method of splitting by geometrical properties
the similarity of the corresponding iteration procedure is established.

A new class of problems on non-stationary deformation of spatial
bodies from alloys with shape memory properties, thermopseudo-
submersible-plasticity, is put and solved on the basis of the proposed
method.
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