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Using a mathematical model of competitive crystallization of polymorphic 

metals a numerical analysis of formation kinetics of the metastable polytype 

of lanthanum (µ-La), which is fixed in the products of quenching from the 

liquid state in a mixture with crystallization of the equilibrium f.c.c. β-
modification, is carried out. The interval of rapidly quenched foils thickness-
es is determined, within which the metastable µ-phase is formed in quantities 

sufficient for experimental detection. The calculated data agree with the re-
sults of X-ray phase analysis at the physically correct value of the free pa-
rameter of the model DGµβ = 5 J/mol, which has the meaning of the degree of 

metastability of µ-La. 

Key words: melt quenching of lanthanum, competitive crystallization, meta-
stable polytype, formation kinetics. 

З використанням математичної моделі конкурентної кристалізації полі-
морфних металів виконано чисельний аналіз кінетики формування мета-
стабільного політипу лантану (µ-La), який фіксується у продуктах гарту-
вання з рідкого стану у суміші з рівноважною β-модифікацією. Визначено 

інтервал товщин швидкозагартованих фольг, у межах якого метастабіль-
на µ-фаза утворюється у кількостях, достатніх для експериментального 
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виявлення. Досягнуто узгодження розрахункових даних та результатів 

рентґенофазового аналізу за фізично коректного значення вільного пара-
метра моделі DGµβ = 5 Дж/моль, що має сенс ступеня метастабільності µ-La. 

Ключові слова: гартування розтопу лантану, конкурентна кристалізація, 
метастабільний політип, кінетика формування. 
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1. INTRODUCTION 

According to the data of [1–4], upon quenching from the liquid state 

(QLS) of light rare earth elements of the cerium group (La, Ce, Pr, Nd) 

with cooling rates v above ∼ 105
 K/s in the structure of rapidly 

quenched samples, along with the equilibrium close-packed modifica-
tion, the metastable µ-modification of metals is fixed by crystallizing 

from a melt under nonequilibrium cooling conditions. It has a seven-
layer hexagonal compact 7R lattice with the sequence of stacking 

close-packed atomic layers ABCABAC.... The formation of the 7R lat-
tice is explained by the saturation of the base modification with period-
ically located packing defects (PD) that arise under conditions of rapid 

crystal growth in a supercooled melt. 
 It is shown that the high predisposition of metals of the studied 

group to the formation of 7R-structures is due to the following rea-
sons: 
 – narrow (59–161) K temperature range of stability of high-
temperature modifications with a b.c.c. lattice [5], crystallizing from 

the melt under conditions close to equilibrium; 
 – the possibility of supercooling the melt outside the specified in-
terval, which makes the crystallization process competitive; 
 – a record low energy level of packing defects (for Ce—5⋅103

 J/m2
 

[6]), which increases the probability of their multiple formation under 

the influence of various types of treatment, including quenching from 

a liquid state [7]; 
 – the polytypism of light lanthanides, i.e. the presence of several 
close-packed modifications differing only in the total number and se-
quence of atomic layers [8]. 
 In Figure 1 shows the schemes of the formation of multilayer close-
packed structures of two different types by saturation with packing 

defects in the β-La f.c.c. lattice [1, 2]. As seen from Fig. 1, a, when 

packing defects are introduced through three atomic layers, the f.c.c. 

lattice is transformed into a four-layer (ABAC...) lattice d.h.c. (double 

hexagonal compact) of the equilibrium α-modification. At a lower con-
centration of PDs, which are repeated through 6 atomic layers, the se-
quence of alternating close-packed ABC... planes characteristic of the 

f.c.c. lattice is transformed into the ABCABAC... sequence correspond-
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ing to the 7R-lattice of the metastable µ-La modification (Fig. 1, b). 
 Comparative analysis presented in Fig. 1 of rearrangement schemes 

of the basic f.c.c. lattice of β-La into four- and seven-layer lattices 

shows that the concentration of PDs required for the transformation of 

the entire volume of the maternal phase into the 7R lattice is 1/7, i.e. 
significantly less than the analogous value c = 1/4, which causes the 

transformation of β-La into the low-temperature equilibrium α-La pol-
ytype. This fact is the main reason that facilitates the formation of a 

metastable µ-La structure instead of the equilibrium α-modification 

upon rapid cooling of the melt. If the critical level of the parameter 

ck = 1/7 is not reached under real conditions of the QLS, or the packing 

defects are not strictly periodic, then the f.c.c. → 7R transformation is 

experienced only by a certain fraction of the volume of the base phase. 

As a result, a two-phase state (β-La + µ-La) is recorded in the structure 

of rapidly quenched samples, which is confirmed by the results of X-
ray phase analysis. 
 In [9, 10], a mathematical model of the crystallization kinetics of 

metastable polytypes of cerium and neodymium under nonequilibrium 

conditions of the QLS is proposed. This model is implemented by means 

of an agreed numerical solution of the thermal and kinetic tasks for 

 

Fig. 1. Mechanism of rearrangement of the basic β-modification of the La with 

f.c.c. lattice into lattices of equilibrium (d.h.с., α-La) (a) and metastable (7R, 

µ-La) (b) polytypes. 
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thin layers of the melt solidifying on a massive quenching block [11]. 

Its important advantage is the possibility of its application to complex 

processes in which several crystalline phases and different transfor-
mation mechanisms compete. This possibility is provided by the ap-
proximation [12], according to which the processes of crystals nuclea-
tion and growth occurs at effective rates proportional to the volume 

fraction of the maternal phase. 
 The key element of the kinetic model [9, 10] is the probability factor 

qµ of transformation of equilibrium close-packed modifications (γ-Ce, 

f.c.c. and α-Nd, d.h.с.) into seven-layer 7R-structures inherent in 

metastable µ-polytypes. In the cited publications, the value qµ is asso-
ciated with the relative thickness l/lk of rapidly quenched products, 

using an exponential dependence of the form exp(−l/lk), where lk is the 

experimentally determined critical thickness (60–80) µm, the excess of 

which makes the f.c.c. → 7R and d.h.c. → 7R transformations unlike-
ly. It is assumed that with an increase in the ratio l/lk, the cooling rate 

of the melt, the concentration of fixed packing defects, and, conse-
quently, the qµ value, decrease. 
 In development of the approach [9, 10], this paper presents an im-
proved version of the probabilistic factor qµ, obtained considering the 

relationships between the rate of the QLS process and the thickness of 

rapidly quenched samples established in [13]. Using the modified mod-
el, a numerical analysis of the competitive crystallization kinetics of 

lanthanum under the QLS conditions is carried out and an estimate of 

the degree of metastability of µ-La is obtained. 

2. KINETIC MODEL OF THE METASTABLE LANTHANUM 
POLYTYPE FORMATION 

The essence of the used model of competitive crystallization of La is 

illustrated in Fig. 2. It can be seen that, at the stage of nucleation in 

the supercooled melt L, crystallization centres of two equilibrium mod-
ifications of the metal with b.c.c. (γ-La) and f.c.c. (β-La) lattices are 

formed. The possibility of alternative nucleation is confirmed by the 

results of the calculated analysis [11] of the dependences of the re-
duced supercoolings DTr = (Tm − T)/Tm (where Tm is the melting point of 

lanthanum, T is the current temperature) corresponding to the onset 

of nucleation processes, on the cooling rate. In particular, it is shown 

that at v = 5⋅105
 K/s, the first crystalline nuclei in pure metal melts ap-

pear at values DTr equal to 0.125 for Al and 0.20 for Ni. The given val-
ues DTr are 2.5–4.0 times higher than the relative temperature range 

of stability of the high-temperature γ-modification of La (DTr = 0.05 

[5]). The degree of realization of this possibility is determined by the 

ratio of the nucleation rates Iγ, Iβ and its result is the formation of cer-
tain amounts Nγ, 

SNβ  of crystallization centres of the competing phases. 
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 During the growth of crystals from γ-La nuclei at the rate uγ charac-
teristic of this phase, a certain fraction of the converted volume xγ is 

formed. Regarding the centres of crystallization of the f.c.c. β-
modification of La, it is assumed that a certain part Nβ of their total 
number 

SNβ  grows at a rate uβ with the retention of the basic f.c.c. lat-
tice, forming a fraction of the crystallized volume xβ. The other part 

Nβ of close-packed nuclei in the process of growth at a rate uµ undergo a 

polytypic transformation f.c.c. → 7R, the result of which is the for-
mation of the volume fraction xµ of the metastable modification. Sepa-
ration of β-La nuclei into crystallization centres of two types is carried 

out in accordance with the probability qµ of rearrangement of a three-
layer (ABC...) lattice of β-La into a seven-layer (ABCABAC...) lattice µ-
La, the cause of which is the saturation of the basic modification with 

regularly located packing defects of the introduction (Fig. 1, b). Under 

these assumptions, the number of potential crystallization centres µ-
La, and, consequently, the xµ value is proportional to the probability 

qµ, while the corresponding indices for the f.c.c. phase (Nβ, xβ) vary in 

proportion to the value (1 − qµ), which is schematically shown in Fig. 2. 

It is obvious that the relative contributions of competing equilibrium 

(γ-La, β-La) and metastable (µ-La) phases to the total fraction of the 

crystallized volume are related to the fraction of the residual liquid 

phase xL by the ratio: 

 L 1.x x x xγ β µ+ + + =  (1) 

 The values of kinetic variables xγ, xβ, xµ are calculated within the 

approximation of effective rates of nucleation and growth of crystals 

[12] using relations similar to those given in [9] for various modifica-
tions of cerium: 
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Fig. 2. Scheme of the model of competitive crystallization of lanthanum with 

the participation of equilibrium (γ, β) and metastable (µ) modifications. 
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where c
iR  is the radius of the crystal nuclei of the critical size for the i-

modification of La, tm is the time when the melt reaches the melting 

point Tm = 1193 K of lanthanum, t′, t′′, t are current moments of time 

(tm ≤ t′ ≤ t′′ ≤ te, te is the moment of the crystallization process comple-
tion), x = xγ + xβ + xµ is total fraction of the crystallized volume. 
 To reconciliation of the thermal and kinetic aspects of the competi-
tive crystallization of lanthanum, equations (2)–(4) are solved togeth-
er with the thermal conductivity equations for melt layers of various 

thicknesses and a copper quenching block, as well as boundary condi-
tions specifying the thickness of the melt film, the initial temperature 

of the melt and heat sink, and heat transfer conditions of film with a 

working environment and a refrigerator. The basis of the mathemati-
cal model and the details of the computational algorithm are presented 

in detail in [11, 14, 15]. 
 The temperature dependences of the parameters Ii, c,

iR  ui, which, in 

accordance with Eqs. (2)–(4), control the crystallization kinetics of 

competing γ-, β- and µ-phases, are set by the formulas of the classical 
crystallization theory for the mechanisms of homogeneous nucleation 

and normal growth of crystals [16, 17]. Calculations of the frequency 

of formation of crystallization centres under conditions of melt rapid 

cooling are carried out considering the correction associated with the 

effect of the nonstationary distribution of heterophase fluctuations 

size using the method of [18]: 
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where I0 is the stationary frequency of nucleation, t is settling time of 

the stationary distribution of density fluctuations, t is the cooling 

time of the melt from Tm to T, NV is the number of atoms per unit vol-
ume, D is the diffusion coefficient at the crystal-melt interface, a0 is 

the thickness of the interface, V is molar volume, σ is the specific free 

energy of the crystal surface, DG is molar difference of Gibbs free en-
ergies between liquid and crystalline phases, v is the current value of 

the melt cooling rate, f is the fraction of places on the crystals surface 

in which the attachment of atoms passing from the melt is possible (for 

metallic materials f = 1), kb is Boltzmann constant, R is the gas con-
stant. 
 As follows from Eqs. (6), (7), (9), (10), one of the main factors de-
termining the analysed parameters I, Rc, u is the thermodynamic stim-
ulus DG for crystallization of competing γ-, β- and µ-modifications of 

lanthanum. In Figure 3 shows the schematic temperature dependences 

of the free energies of the liquid and crystalline phases considered in 

the model. It is seen that, in the temperature range from the melting 

point Tm to the temperature Tγβ of the polymorphic transformation of 

γ-La ↔ β-La the thermodynamically most favourable process is the 

crystallization of the equilibrium high-temperature γ-modification 

with a b.c.c. lattice. However, within this interval at temperatures 

Tγβ < T < TLβ, the formation of f.c.c. β-La also becomes possible, since 

under these temperature conditions DGLβ > 0. 
 Thus, when the La melt is cooled below Tm the thermodynamic condi-
tions for the non-alternative formation of γ-La, remain only in a nar-
row temperature interval Tm–TLβ, while at lower temperatures T < TL 

crystallization acquires the signs of a competitive process, at an early 

stage of which two equilibrium γ- and β-modifications ‘compete’. The 

real competitiveness of the ‘competing’ phases is determined by the 

ratio of the rates of nucleation and growth, the analysis of which will 
be presented below. In the meantime, let us consider the approxima-
tions used in this work for calculating the energy stimulus of crystalli-
zation of various phases, as well as two other parameters (D, σ) that 

specify the rates of crystal nucleation and growth. 
 The difference between the free energies of the melt and the high-
temperature γ-modification of La DGLγ is calculated on the assumption 

of linear temperature dependences of the heat capacities of the phases 

involved in the transformation using the expression: 

 2m
L

m

( ln ) ( ) ,
2

TH b
G T a T T T

T Tγ

∆∆
∆ = ∆ − ∆∆  − − ∆  (11) 

where DH is the molar heat of fusion of lanthanum, DТ = Tm − Т is melt 

supercooling, Da, Db are the differences of the coefficients that specify 

the temperature dependences of the heat capacity of the metal in the 

liquid and solid states. 
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 The calculations of the energy stimulus of crystallization of the 

f.c.c. β-modification of La, which, according to the proposed model, 

competes with γ-La at the stage of nucleation, and at the stage of crys-
tal growth, to one degree or another is transformed into a metastable 

polytype (Fig. 2), are performed according to the relation: 

 L L ,G G Gβ γ γβ∆ = ∆ − ∆  (12) 

where DGγβ = Gβ − Gγ is the difference between the free energies of the β- 

and γ-modifications of La. 
 As seen from Figure 3, for Tγβ < T < TLβ DGγβ > 0, and for T < Tγβ 

DGγβ < 0. In turn, the value mG γβ∆  is determined by an equation similar 

to (11), using the values of the temperature Tγβ and heat DHγβ of the 

polymorphic transformation γ-La ↔ β-La, as well as the coefficients aγ, 

bγ, aβ, bβ in the temperature dependences of the heat capacities of γ- and 

β-modifications of lanthanum. 
 The thermodynamic stimulus of the µ-La crystal growth process 

DGLµ is calculated assuming that, firstly, the equilibrium (β) and meta-
stable (µ) polytypes are characterized by the identical behaviour of the 

dependences DGLβ and DGLµ on supercooling and, secondly, in the entire 

investigated temperature range, the free energies β- and µ-phases dif-
fer by some constant value DGµβ (Fig. 3), which is a free parameter of 

the model. Under these assumptions, the value DGLµ can be determined 

from the calculated values DGLβ and a priori the given amendment DGµβ 

from the ratio: 

 

Fig. 3. Schematic temperature dependences of the Gibbs free energy for liquid 

lanthanum GL, as well as equilibrium Gγ, Gβ and metastable Gµ polymorphic 

modifications competing in the crystallization process. 
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 L L .G G Gµ β µβ∆ = ∆ − ∆  (13) 

 The diffusion coefficient D is determined using the Stokes–Einstein 

equation from the previously calculated values of the viscosity η: 

 b

0

.
3

k T
D

a
=

π η
 (14) 

 In turn, the temperature dependence of the viscosity is approximat-
ed by the empirical Vogel–Fulcher equation [19]: 

 
0

( ) exp ,
B

T A
T T

 
η =  − 

 (15) 

where A, B, T0 are constants, depending on the material nature. 
 Parameters A, B, T0 are determined by solving a system of three 

equations (15), compiled using reference [20] values of viscosity of lan-
thanides at two temperatures T > Tm and values η = 1012

 Pa⋅s at a glass 

transition temperature of lanthanum Tg = 300 K, which is evaluated by 

the method of work [ 21]. 
 The values of the specific free energy σ at the boundary of the melt 

with crystals of the γ- and β-modifications of lanthanum are considered 

independent of temperature and calculated using the formulas pro-
posed by the authors [22] for metals with different types of crystal lat-
tice. 
 When choosing an expression for the probability of rearrangement 

of a three-layer f.c.c. lattice of β-La into a seven-layer 7R lattice of the 

metastable µ-modification, the sought parameter qµ is associated with 

the concentration of packing defects c, which can vary from 0 to the 

critical value ck = 1/7. In the case c = 0, the formation of the µ-phase is 

impossible (qµ = 0) and the nucleated close-packed crystallization cen-
tres grow with the preservation of the f.c.c. lattice of the β-
modification of the metal. If c = ck, then all crystals growing from f.c.c. 

nuclei acquire crystallographic features of the µ-phase, i.e. qµ = 1. The 

considered interrelationships of the probabilistic factor with the con-
centration of packing defects can be formalized by the ratio: 

 
k

.
ñ

q
ñµ =  (16) 

 Further, it is assumed that the concentration of packing defects is 

proportional to the rate of the QLS process: 

 ,ñ kv=  (17) 

where k is the proportionality coefficient, the value of which is un-
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known. 
 As shown in [13], the cooling rate is related to the thickness of the 

melt layer by relations of the form: 

 
10

lg lg or ,
m

n
v m n l v

l
= − =  (18) 

where m and n are constants with different numerical values in three 

different intervals of l. 
 Hence: 

 
10

.
m

n
ñ k

l
=  (19) 

 The value of the coefficient k is determined from the condition that 

the critical concentration of packing defects ck is achieved in thin lay-
ers l ≤ lk, which lies outside the range (30–80) µm used in experiments 

[1, 2]. According to the accepted condition, for l = lk c = ck, whence: 

 k
k .
10

n

m

l
k c=  (20) 

By combining Eqs. (16), (19), (20) finally got: 

 k .
n

l
q

lµ
 =  
 

 (21) 

 As can be seen from (21), at l = lk qµ = 1. Consequently, all close-
packed crystallization centres formed in layers of thickness lk grow in 

the form of crystals of the µ-phase. On the other hand, at l → ∞ qµ → 0. 
This means that the formation of the µ-phase is unlikely in layers with 

big thickness; in this case, all β-La nuclei retain the f.c.c. lattice dur-
ing further growth. For all intermediate values of l, the structure of 

the solidified layers contains β- and µ-polytypes of lanthanum, the vol-
ume fractions of which are determined by Eqs. (3) and (4). 
 To remove the ambiguity concerning the concept of ‘layers of big 

thickness’, in which the metastable µ-modification of La is not detect-
ed experimentally, it is assumed that this condition is fulfilled at val-
ues qµ ≤ 0.05. The corresponding thickness of the melt layers is deter-
mined by plotting the dependences qµ(l), which are calculated using re-
lation (21) for a number of values lk < 30 µm and a constant n = 2.1, ob-
tained by averaging the corresponding values for layers with a thick-
ness of 20 to 100 µm and thinner (l < 20 µm) layers [13]. 
 The analysis presented in Fig. 4 plots qµ(l) leads to the conclusion 

that the best correlation of the probabilistic factor qµ with experi-
mental data [1, 2] is achieved for the value lk = 17 µm. In accordance 

with this version of the model, the probability of the formation of a 
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metastable modification of La in quantities sufficient for experimental 
detection (qµ > 0.05) is predicted for the products of QLS with a thick-
ness of 30 to 70 µm. At the lower boundary of this range, the value qµ is 

0.31. With an increase in the layer thickness l, the probability of crys-
tal lattice rearrangement f.c.c. → 7R decreases, reaching a critical lev-
el at l = 70 µm, which is consistent with the results of X-ray phase 

analysis [1, 2]. When the parameter lk decreases to 10 µm, the for-
mation of µ-La becomes unlikely (for l ≥ 30 µm, qµ ≤ 0.1). On the contra-
ry, at lk = 20 µm, the probability of the formation of the 7R lattice re-
mains up to the value l = 83 µm, which goes beyond the range of exper-
imental detection of the µ-polytype. With this in mind, in further cal-
culations we used the value lk = 17 µm. 

3. RESULTS OF MODEL CALCULATIONS AND IT’S ANALYSIS 

Figure 5 shows the calculated dependences of the nucleation and 

growth rates of two equilibrium γ- and β-modifications of lanthanum, 

competing at the stage of formation of crystallization centers, on the 

reduced supercooling of the melt DTr = (Tm − T)/Tm. As can be seen 

from the graphs I(DTr), u(DTr) in the supercooling range from 0 to 

r 0.049Tγβ∆ = , the growth rate of the high-temperature b.c.c. γ-
modification of La exceeds the corresponding characteristic of the sta-
ble of β-modification with an f.c.c. lattice at r r .T Tγβ∆ > ∆  At the same 

time, the nucleation processes under real conditions of quenching from 

the liquid state occur outside the interval rTγβ∆  where the γ-phase loses 

 

Fig. 4. Dependences of a probability of the metastable lanthanum polytype 

formation qµ on the thickness of solidifying layers, calculated by (19) for lk 

parameter values equal to 10 µm (1), 17 µm (2), 20 µm (3). 



1218   A. B. LYSENKO, I. V. ZAGORULKO, T. V. KALININA, and O. A. ZADOROZHNIA 

its advantages in the growth rate and, moreover, is characterized by 

lower values of the nucleation frequency in comparison with β-La. In 

particular, at the moment of reaching the maximum supercooling of 

the melt, which corresponds to the onset of mass crystallization 

(х ≈ 10−2) [11], the ratio of the nucleation and growth rates of compet-
ing γ- and β-phases for layers with a thickness of 80 µm is 

Iγ/Iβ = 1,2⋅10−7, uγ/uβ = 0.93. 
 From the above, it follows that the high-temperature γ-modification 

crystallizing from the melt under equilibrium conditions, upon 

quenching from the liquid state, significantly ‘loses’ to β-lanthanum 

in kinetic terms, primarily in terms of the rate of crystalline nuclei 
formation. Indeed, according to the obtained calculated data (Fig. 6), 

the bulk density Nγ of γ-La crystals formed in the analyzed range of l 
(17–80) µm values is negligibly small 

S 9( / 10 )N N −
γ β <  in comparison 

with crystals of competing β-phase. Shown in Fig. 6 dependencies Nγ(l) 

and 
S ( )N lβ  are a quantitative confirmation of the physical correctness 

of the model’s assumption about the dominant role of β-La in the for-
mation of primary structure in the conditions of QLS. 
 In the final block of model calculations, we determined the relative 

contributions to the converted volume of the high-temperature b.c.c. γ-
modification, as well as the equilibrium (β) and metastable (µ) La poly-
types, which, in accordance with the proposed model, are formed at the 

stage of crystal growth from probabilistically separated f.c.c. nuclei β-
modifications. To analyse the relationship between the thermal regime 

of the QLS and the crystallization kinetics of competing γ-, β-, and µ-
phases, the dependences T(t), xγ(t), xβ(t) and xµ(t) are calculated. 

 

Fig. 5. Dependences of the rates of nucleation I and growth u of crystals of γ- 
(solid lines) and β- (dashed lines) La modifications on reduced supercooling DTr. 
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 Calculations are performed for layers, the thickness of which varied 

from the a priori specified value lk = 17 µm to 80 µm and various values 

(1–50) J/mol of the free parameter of the model DGµβ. In each version 

of the calculations, the rate of cooling of the melt υ at the melting point 

of the metal, the maximum supercooling DTmax of the crystallizing lay-
ers, and the final values of the relative contributions of each of the an-
alysed phases 

e e e( , , )x x xγ β µ  to the total fraction of the converted volume 

xe
 are determined. The calculation results are summarized in Table 1 

and in graphical format are presented in Figs. 7, 8. 
 According to the data Table 1, with an increase in the thickness of 

the layers under study, the values of the cooling rate and maximum 

supercooling of the melt decrease within (7⋅106–9⋅104) K/s and (105 – 

89) K, respectively. Nevertheless, in all analysable interval of values l 
the processes of mass crystallization begin at the temperatures of 

T < Tγβ, i.e. outside the area of thermodynamics stability of γ-La 

(DTγβ = 59 K). This increases the competitiveness of β-La and leads to an 

almost complete suppression of crystallization of the high-tempera-
ture γ-modification, the final volume fraction of which in the structure 

of crystallized layers does not exceed ∼ 2⋅10−9. 
 The nucleated β-La crystallization centres, depending on the proba-
bility of the formation of packing defects causing the f.c.c. → 7R poly-
typic transformation, at the growth stage are separated into crystals of 

two types (Fig. 2), which make fractional contributions xβ and xµ to the 

converted volume. 
 A joint analysis of the temperature T(t) and kinetic curves xβ(t) 

shown in Fig. 7 for La layers of different thicknesses shows that the 

 

Fig. 6. Change in the bulk density of crystals of γ- (Nγ) and β- (
sNβ ) modifica-

tions of La, depending on the thickness of the layers under study. 
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maximum crystallization rate of competing polytypes is achieved in 

the recalescent regions of the T(t) dependences, which are caused by 

the self-heating effect of crystallizing layers due to the precipitation 

of latent heat of transformation. According to the calculation data, a 

sharp rise in temperature causes a synchronous decrease in the nuclea-
tion frequency to such low values that the formation of new crystalli-
zation centres ceases. Therefore, at the final stage of the transfor-
mation, which occurs under close to isothermal conditions with rela-
tively small melt supercoolings (DTr = 0.015–0.019), an increase in the 

volume fractions of β- and µ-phases is solely due to the growth of pre-
viously nucleated centres. 
 The change of crystallization mechanism of La thin layers, educed 

by calculations, reflects on the xβ(t) and xµ(t) kinetic dependences as 

deceleration of increase of parameters xβ and xµ (Fig. 7). The effect un-
der consideration is also observed in studies carried out earlier in the 

relation to pure metals [11] and multicomponent easily amorphizing 

alloys [23], which makes it possible to classify it as a universal feature 

of nonequilibrium crystallization of metallic materials under condi-
tions of QLS. 
 As can be seen from the data Table 1 and graphs 

e ( )x lβ , 
e ( )x lµ  shown 

in Fig. 8, with an increase in the layer thickness within the range from 

lk to 80 µm used in the calculations, the ratio of the volume fractions of 

the metastable and equilibrium La polytypes changes in favour of the 

latter, which is correspond with a decrease in the probability of the β-
La → µ-La transformation determined by (21). At the left boundary of 

the interval under study (l = lk), the structure of µ-La is fixed in the en-

TABLE 1. Results of computational analysis of thermal regimes and competi-
tive crystallization kinetics of La layers of different thicknesses for values 

lk = 17 µm, DGµβ = 5 J/mol. 

Layer 

thickness l, 

µm 

QLS pro-
cess speed 

v⋅10−5, K/s 

Maximum super-
cooling of the 

melt DТmax, K 

Final volume fractions of competing 

La modifications 

γ ⋅e 1010x  β ⋅e 210x  µ ⋅e 210x  

17 
18 
19 
20 
25 
30 
40 
50 
60 
70 
80 

66 
64 
57 
52 
27 
16 
6.8 
3.6 
2.1 
1.3 
0.89 

104.7 
104.2 
103.8 
103.4 
100.3 
98.1 
94.9 
92.7 
91.0 
89.3 
88.5 

20.2 
17.3 
15.2 
13.5 
6.2 
3.5 
1.6 
0.97 
0.67 
0.45 
0.38 

0 
17.2 
30.2 
40.2 
68.5 
80.7 
90.8 
94.7 
96.6 
97.6 
98.3 

99.9 
82.7 
69.7 
59.7 
31.4 
19.2 
9.1 
5.2 
3.3 
2.3 
1.6 
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tire volume of rapidly crystallized samples. As l tends to the maximum 

value (80 µm), β-La becomes the dominant structural component. An 

approximate equality of the values of xβ and xµ is achieved in a layer 

with a thickness of lf ≈ 21.8 µm at the values of the free parameters of 

the model lk = 17 µm and DGµβ = 5 J/mol. 
 The presented results of model calculations agree with the data of X-
ray diffraction studies [1, 2], which demonstrate a tendency for the 

volume fraction of the equilibrium β-polytype of lanthanum to in-
crease with an increase in the thickness of the solidifying layers and 

indicate that in the diffraction patterns of QLS products with a thick-
ness of more than 70 µm, the traces of µ-La are not observed.  

 

 

Fig. 7. Graphs of the time variation of the temperature T(t) and the volume 

fractions of the equilibrium xβ(t) and metastable xµ(t) polytypes calculated for 

crystallizing La layers of thickness l (µm): 19 (a), 30 (b), 50 (c) at model pa-
rameter values lk = 17 µm, DGµβ = 5 J/mol. 
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 It is important that the noted correlation of calculations with exper-
iment is achieved at the value of the thermodynamic parameter of the 

model DGµβ = 5 J/mol, which is in qualitative agreement with the data 

[8] regarding relatively low differences of the free energies of differ-
ent polytypes of metals. This leads to the conclusion about the correct-
ness of the proposed model of competitive crystallization of polymor-
phic metals and the results of the performed analysis of the kinetics of 

the formation of the metastable La modification. 

 

Continuation of Fig. 7. 

 

Fig. 8. Dependences of the relative amounts of the equilibrium (xβ) and meta-
stable (xµ) lanthanum polytypes on the thickness of the rapidly quenched lay-
ers l, obtained for the values lk = 17 µm and DGµβ = 5 J/mol. 
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4. CONCLUSIONS 

1. An improved version of the mathematical model of the competitive 

crystallization of La is proposed, which considers the previously estab-
lished relationships between the quenching from the liquid state rate 

and the thickness of the solidifying layers, which increase the physical 
validity of the expression for the probability of the polytypic trans-
formation of the f.c.c. β-modification of the metal into the metastable 

µ-modification with a seven-layer hexagonal lattice. 
2. Using the developed model, a numerical analysis of the crystalliza-
tion kinetics of thin La melt layers cooled on a copper quenching block 

is carried out. Actual evidence has been obtained that the f.c.c. β-
modification plays the dominant role in the process of nonequilibrium 

crystallization, from the nuclei of which, at the growth stage, the crys-
tals of the equilibrium (β-La) and metastable (µ-La) polytypes are 

formed. The range of values l = (30–70) µm has been determined, with-
in of which the metastable µ-phase is formed in quantities sufficient 

for X-ray identification. 
3. By coordination of the calculated data with the results of X-ray 

phase analysis of the QLS products a physically correct estimate of the 

degree of metastability µ-La DGµβ = 5 J/mol is obtained. 
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