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One of the most important problems in cutting theory is modelling behaviour 

of cut material accompanied by significant plastic deformations. Determina-
tion the chip patterns formation allows to build a theory of entire complex of 

processes and phenomena occurring in cutting zone. Various schemes, meth-
ods and types of processing define a wide variety of implementation schemes 

with a wide range of orientation cutting edge relative to velocity vector of 

main working movement. In this regard, it becomes necessary to analyse 

basic schemes of metal flow around plate. Combination of various schemes 

can be used to obtain any processing scheme using the principle of superposi-
tion. Before, we have developed a new method constructing velocity fields, 

which is devoid of drawbacks and contradictions of other methods determin-
ing the displacements velocity fields. Thus, it becomes necessary to obtain 

particle velocity fields for basic schemes using the hyperbola method. 

Key words: hyperbola method, plastic deformation, potential flow, velocity 

fields, vortex flow. 

Однією з найважливіших проблем теорії різання є моделювання поведін-
ки матеріялу, що зрізується при різанні, що супроводжується значними 

пластичними деформаціями. Визначення утворення стружки дає можли-
вість побудувати теорію всього комплексу процесів і явищ, що відбува-
ються в зоні різання. Різноманітні схеми, методи та види оброблення ви-
значають різноманітні схеми реалізації з широким діяпазоном орієнтації 
ріжучої кромки відносно вектора швидкости основного робочого руху. У 

зв’язку з цим виникає необхідність проаналізувати основні схеми обті-
кання металу навколо пластини. Комбінація різних схем може бути ви-
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користана для одержання будь-якої схеми оброблення за принципом су-
перпозиції. Раніше нами була розроблена нова метода побудови полів 

швидкости, яка позбавлена недоліків і протиріч інших метод визначення 

переміщень полів швидкостей. Таким чином, виникає необхідність одер-
жати поля швидкости частинок для базових схем методою гіперболи. 

Ключові слова: метода гіперболи, пластична деформація, потенційний 

потік, поля швидкостей, вихровий потік. 
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1. INTRODUCTION 

The most important general problem of any type machining of metals 

is to determine the main technological parameters, which include en-
ergy-power characteristics, such as deforming force, work, power, as 

well as the optimal parameters of the processing mode. Metal forming 

operations [1] are distinguished by the importance of such components 

as the maximum allowable degree of deformation workpiece [2], as well 
as its shape and initial dimensions [3]. 
 The optimal technological parameters of mode turning [4], milling 

and drilling [5] should be understood as such processing parameters 

that, at maximum productivity [6], guarantee at least required quality 

of products [7], and ideally, the most favourable characteristics of the 

surface layer [8], providing an increase in resource characteristics and 

levelling negative impact of technological heredity [9] of previous op-
erations. Real technological processes have operations [10] in which 

processing modes can rarely be called optimal [11], so the need to en-
sure quality of surface layer [12] forces us to assign processing modes 

to detriment of productivity [13], especially in grinding operations. 
 Determination of energy-power characteristics is fundamental to 

purpose of technological processing modes [14], therefore, the choice 

of equipment and equipping the operation, as well as the parts obtained 

quality depends on the magnitude of these factors [15]. Calculation of 

the power characteristics cannot be carried out without determining 

stress-strain state of the metal during processing [16]. Based on above 

considerations, it can be concluded that in order to effectively predict 

the power characteristics of various processes and operations of pres-
sure, rolling and cutting, it is necessary to develop mathematical mod-
els reflecting relationship between functional characteristics of pro-
cess and technological parameters of the processing modes. Correct 

construction of model is possible if a structural and logical scheme. 
One determines the methods and sequence of theoretical and experi-
mental studies. The most suitable methods for calculating plastic de-
formation processes are methods based on a closed system equations of 

continuum mechanics [17]. In this case, the deformed metal is consid-
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ered as an idealized continuous medium [18] with averaged mechanical 
properties of a real metal. In fact, a four-dimensional space is intro-
duced to describe the deformation process. The deformation process as 

a whole can be described by introducing function of four variables de-
scribing the field of displacement velocities. In most cases, solving ap-
plied technological problems for constructing desired velocity field, 

one can do with functions of two or three variables, especially when de-
scribing stationary processes. Analysis of process kinematics and ini-
tial prerequisites, as well as a rational choice of the coordinate system 

make it possible to quickly obtain displacement velocity field. Calculat-
ing stress-strain state of the metal and energy-power characteristics is 

based on velocity field. 

2. LITERATURE REVIEW. FORMULATION OF THE PROBLEM 

The chip formation process, which ensures the formation of a new sur-
face, is accompanied by significant elastoplastic deformations, defor-
mation rates, friction forces along the front and rear surfaces of the 

tool, build-up, an increase in hardness of deformable metal layers and 

significant heat release in the contact zone [19]. The emergence and 

development of mechanical, thermal and thermomechanical phenome-
na in the cutting zone is accompanied by occurrence of such important 

contact processes as adsorption, adhesion, desorption, redox process-
es, thermal destruction of cutting fluid, etc. This complex phenome-
non has a significant impact on tool wear and the quality of the ma-
chined surface. [20]. Therefore, an important problem of cutting me-
chanics is to simulate behaviour of the cut layer during various techno-
logical processing operations, under conditions of significant plastic 

deformations. 
 A wide variety of geometric shapes of cutting inserts, which are 

widely used in modern cutting and differ in a wide range of angles and 

geometry of chip breakers, requires the construction of velocity fields 

that would describe the contact of removed chips with the wedge [21]. 

A detailed description of such contact requires a breakdown of the rake 

face of the tool into elementary components the pattern of velocity 

fields in the flow around which is known. Further, the subsequent con-
struction of an integral picture is required, taking into account tool bit 

peculiarities and the kinematics of processing. 
 In the mechanics of a deformable body, a postulate is formulated 

[22], which reflects key requirement for the velocity fields of dis-
placements in the plastic flow of metal. The essence of this postulate 

boils down to the following: the velocities field of particle displace-
ment during plastic flow of metal, taking into account its incompressi-
bility in considered region, should be solenoidal or vortex, which is 

mathematically expressed as follows: 
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V 0,

V 0.

∇ =
∇ × =

 (1) 

 A large number of plotted particle displacement velocity fields that 

satisfy condition (1) have shown their effectiveness for investigation 

state of the material of a part and chips with various processing meth-
ods. Previously, we developed the hyperbole method [23] and noted its 

versatility, which makes it possible to solve a large class of problems in 

the analysis of deformation fields arising in deformation zone during 

various mechanical operations. Thus, the hyperbole method made it 

possible to effectively research the process of chip flow and its defor-
mation when a wedge is introduced into the material for free and non-
free cutting, as well as when an abrasive grain is introduced, which is 

important in the research of abrasive processing methods [24]. 
 It is easy to see that direction of metal flow during deformation can 

be approximated by a hyperbola [25], just like flow of metal chips dur-
ing cutting, if we analyse the macrostructure of the metal and direc-
tion of the fibres in part after forming processes [26]. At the same 

time, variety of metal forming operations [27] from dividing opera-
tions and punching to multi-strand stamping including the tools used 

in this case raise issue of finding an approximating flow curve for each 

operation individually. In most cases, the desired curve cannot be de-
scribed by one branch of the hyperbola [28] (Fig. 1) within the selected 

coordinate system. As well, in certain operations of metal forming by 

pressure using tool the working surface of which or its part is a circle 

or an arc. In our opinion, all variety of metal production lines can be 

reduced to solving several problems that satisfactorily describe behav-
iour of the metal during deformation, namely: the flow around a 

wedge, plane and cylinder. 

3. STRUCTURE OF INVESTIGATION OF ENERGY-POWER 
PARAMETERS OF MACHINING PROCESSES 

An increase the efficiency of technological processes is inevitably asso-
ciated with optimization of processing modes [29] and the prediction of 

power factors [30]. Many works are devoted to research the plastic flow 

of metal [31], the main results of which are presented in review [32]. 
 The theoretical calculation of power factors is most rational to carry 

out according to methodology described in [33]. 
 In this case, the deformable metal is considered as an idealized con-
tinuous medium with averaged mechanical properties of a real metal. 
Actually, in this instance, a four-dimensional space is introduced to 

describe the deformation process, and deformation process in general 
can be described by introducing function of four variables: 
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 ( , , , ) 0.f x y z ct =   

 A theoretical analysis of the majority of technological processes 

along with the conducted experiments allows us to determine the na-
ture of dependence velocity of particles plastic deformable metal on 

coordinates. The velocity of particles in four-dimensional space can be 

represented through a velocity vector: 

 .x y z tv v v v= + + +V i j k n  (2) 

 The law constancy of a volume during the deformation is expressed 

by the continuity equation: 

 div 0.=V  (3) 

 Using Eqs. (2) and (3), we can determine the form of functional de-
pendence of speed on coordinates. Thus, the particles velocity field of 

material is determined, which makes it possible to calculate the strain 

rates and their intensity using the formulas: 

 

31 2

1 1

1 2 1 2

1 2

1 1

1 1 1 2 2 1 3 3

1 2

2 2 1 1 1 2 1 1 2 1

1
,

1 1
,

qq q
q q

q q q q
q q

VV V H H

H q H H q H H q

V V V VH H

H q H q H H q H H q
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ε = + +

∂ ∂ ∂

∂ ∂ ∂ ∂
ε = + − −

∂ ∂ ∂ ∂

 (4) 

where q1, q2, and q3 are orthogonal curvilinear coordinates. 
 In this case, the coupling equations hold: 

 1 2 3 1 2 3 1 2 3( , , ),  ( , , ),  ( , , ),x x q q q y y q q q z z q q q= = =   

 

2
3

1

i
k

i k

x
H

q=

 ∂
=  ∂ 

∑   

— Lamé parameters, 

1 2 2 2 2 2 3 3 3 3 1 1 1 2 2 3 3 1

2 2 2 2 2 2 22 3
( ) ( ) ( ) ( ) .

3 2i q q q q q q q q q q q q q q q q q qε = ε − ε + ε − ε + ε − ε + ε + ε + ε  (5) 

 Next, it is necessary to determine components of deformation to 

find the energy-power process parameters: 

 11 11 22 22, ,e dt e dt= ε = ε∫ ∫   

and deformation intensity: 
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 2 2 2 2 2 2
11 22 22 33 33 11 12 23 31

2 3
( ) ( ) ( ) ( ).

3 2ie e e e e e e e e e= − + − + − + + +   

 An important characteristic machining processes is work of defor-
mation which allows us to determine the power parameters. The total 
work of deformation is determined by integrating elementary work by 

volume: 

 .x y z
t V

V V V V
A V P P P dVdt

t x y z

 ∂ ∂ ∂ ∂
= ρ + + + ∂ ∂ ∂ ∂ 

∫ ∫∫∫  (6) 

 Two functions were introduced in [5] by author. The first is called 

speed function: 

 .
V

L V
t

∂
= ρ

∂
 (7) 

 Part of equation (6) expresses the energy dissipation function: 

 .x y z

V V V
E P P P

x y z

∂ ∂ ∂
= + +

∂ ∂ ∂
 (8) 

 The speed function is work aimed at increasing kinetic energy of el-
ementary volume of metal in deformation process. The energy dissipa-
tion function is that part of work that take place into the material’s 

own deformation. Taking into account (7) and (8), we rewrite equation 

(6) in the following form: 

 ( ) .
t V

A L E dVdt= +∫ ∫∫∫  (9) 

 If deformation is carried out at a low speed, then velocity function 

has a sufficiently small value in comparison with the energy dissipa-
tion function and can be neglected. In this case, work of deformation 

will be determined through the function of energy dissipation: 

 .
t V

A EdVdt= ∫ ∫∫∫  (10) 

 Investigations in the deformation zone flow of deformed metal [34], 

especially in particular case of the formation and flow of chips [35] 
with different variants of flow around the cutting wedge [36], will al-
low constructing the initial velocity field, investigating in detail the 

stress-strain state in deformation zone and energy-force characteris-
tics of the process. This approach will also make it possible to design 

model of the formation, development and annihilation of dislocations, 
which are the key to understanding the whole range of contact process-
es, such as hardening [37], adsorption, adhesion, etc. 
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3.1. Wedge Flows 

For the convenience of work, the designations in parametric equations 

describing coordinates and velocity components will be marked with 

indices corresponding to position of curve in the plane quadrants. In 

this case, first number denotes the quadrant—beginning of movement 

along curve, and second—the end. The plastic flow of a metal upon 

penetration wedge into a rigid-plastic body has symmetry and geomet-
ric similarity relative to the axis of symmetry of the wedge, which is 

quite obvious and confirmed by recently developed model of crystal 
plasticity with gradient enhancement [38]. This flow is most typical 
for separation operations of metal forming or cutting. 
 The equation for branches of hyperbolas lying in quadrants 21 can 

be written by the system of equations: 

 21

21

( ) sinh( ) cos cosh( ) sin ,

( ) sinh( ) sin cosh( ) cos .

x t a t C b t C

y t a t C b t C

= ω + α + ω + α
 = − ω + α + ω + α

 (11) 

where ω, C is some constants, t is time, a is semi-major axis, and b is 

semi-minor axis. 
 The components of speed movement are obtained by differentiating 

system (11) with respect to time [23]: 

 21

21

( ) cosh( ) cos sinh( ) sin ,

( ) sinh( ) cos cosh( ) sin .
x

y

V t a t C b t C

V t b t C a t C

= ω ω + α + ω ω + α
 = ω ω + α − ω ω + α

 (12) 

 The field of particle velocities during flow around edge of the wedge 

can be represented as: 

 

2 1/2 2
21 0

2 1/2 2
21 0

2 2 2 2 2 2 2 1/2 2
0 0

2 2 2

2

( , ) ( ( , )( 1)) [( cos sin ) sin ],

( , ) ( ( , )( 1)) [( cos sin ) cos ],

{ cos [sin (1 )(( ( , )) ( sin 1) )] }
( , )

(1 sin )

( ( , )) ,

( , )

x

y

V x y V x y e x y e y

V x y V x y e x y e x

e x e a x y e x
x y

e

a x y

a x y

−

−

= ω − α − α α +

= ω − α − α α −

α + α − α − −
ω = +

− α

+

= 2 2 2 2 1/2 2 1/2[( cos sin ) ( )] (1 ) .x y e x y e −










 α − α − + −

 (13) 

where V0 is cutting speed, e is eccentricity of hyperbola, x0 is coordi-
nate determines the plastic flow beginning. 
 In order to obtain equation of the hyperbolas branches located in 

quadrants 34, it is necessary to change the signs to opposite in the 

equation y (t) of system (11), then we get: 
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 34

34

( ) sinh( ) cos cosh( ) sin ,

( ) sinh( ) sin cosh( ) cos .

x t a t C b t C

y t a t C b t C

= ω + α + ω + α
 = ω + α − ω + α

 (14) 

 System (12) will take the form: 

 34

34

( ) cosh( ) cos sinh( ) sin ,

( ) cosh( ) sin sinh( ) cos .

x

y

V t a t C b t C

V t a t C b t C

= ω ω + α + ω ω + α
 = ω ω + α − ω ω + α

 (15) 

 The field of particle velocities during flow around edge will take the 

form: 

 

2 1/2 2
34 0

2 1/2 2
34 0

2 2 2 2 2 2 2 1/2 2
0 0

2 2 2

2

( , ) ( ( , )( 1)) [( cos sin ) sin ],

( , ) ( ( , )( 1)) [ ( cos sin ) cos ],

{ cos [sin (1 )(( ( , )) ( sin 1) )] }
( , )

(1 sin )

( ( , )) ,

( , )

x

y

V x y V x y e x y e y

V x y V x y e x y e x

e x e a x y e x
x y

e

a x y

a x y

−

−

= ω − α + α α −

= ω − − α − α α +

α + α − α − −
ω = +

− α

+
2 2 2 2 1/2 2 1/2[( cos sin ) ( )] (1 ) .x y e x y e −










 = α + α − + −

 (16) 

3.2. Flow around a Plate with Horizontal Component Only 

The equation of hyperbola located in quadrants 21 is identical to the 

previously obtained system (1)–(3). To obtain equation for the branch-
es of hyperbolas located in the 3rd

 quadrant in the form of system (11), 

we will use the following algorithm. First of all, in the adopted coordi-
nate system, is necessary to change sign in equation y(t) of system (11), 
then it is necessary to take into account that true angle [γ] = π − γ, and 

the true one [α] = −π/2 + γ/2, but taking into account that a = −γ/2, 

[α] = −π/2 − α, b33 = atg((π − γ)/2) is the hyperbola parameter. After sub-
stituting [α] and b33 into system (11), we obtain the equations describ-
ing the desired trajectory of motion: 

 

2

33

2

33

( ) sinh( ) sin cosh( ) cos ,

( ) sinh( ) cos cosh( ) sin .

a
x t a t C t C

b
a

y t a t C t C
b


= − ω + α − ω + α


 = − ω + α + ω + α

 (17) 

 Differentiating system (17) with respect to time, we obtain the 

speeds: 
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2

33

2

33

( ) [ cosh( ) sin sinh( ) cos ],

( ) [ sinh( ) sin cosh( ) cos ].

x

y

a
V t a t C t C

b
a

V t t C a t C
b


= −ω ω + α + ω + α


 = ω ω + α − ω + α

 (18) 

 Using the technique described in [23], we obtain from system (18) 
the velocity field in Euler coordinates: 

 

2 1/2 2
33 0

2 1/2 2 2
33 0

2 2 2 2 2 2 2 2 2
0

2 2 1/2
0

( , ) ( ( , )( 1)) [cos ( sin cos ) ( 1) ],

( , ) ( ( , )( 1)) [ sin ( sin cos ) ( 1) ],

( , ) (( 1)( sin 1)) {[cos ( ( 1) ( ( , )) (1

sin ))] sin

x

y

V x y V x y e x y e y

V x y V x y e e x y e x

x y e e e x e a x y

e x

−

−

−

= ω − α α + α − −

= − ω − α α − α − −

ω = − α − α − − −

− α − α 2 2 2

2 2 2 2 2

( 1)} ( ( , )) ,

( , ) ( )( 1) ( cos sin ) .

e a x y

a x y x y e y x e






 − +
 = + − − α + α

 (19) 

3.3. Flow around a Plate with Vertical Component Only 

To get the trajectory 23 from equations (11) describing the motion 

along the hyperbola, it is necessary to swap x(t) and y(t) and change 

sign in expressions to the opposite, then we get: 

 23 23 23 23

23 23 23 23

( ) ( sinh( ) sin cosh( ) cos ),

( ) ( sinh( ) cos cosh( ) sin ).

x t a t C b t C

y t a t C b t C

= − − ω + α + ω + α
 = − ω + α + ω + α

 (20) 

 Evidently [γ] = π/2 − γ is valid angle, and 

[α23] = −[γ]/2 = −π/4 + γ/2 = −π/4 − α; hyperbola parameter 

b23 = atg(π/4 − γ/2) = a(a − b)/(a + b). Then we get the equation: 
sinα23 = −2−1/2(cosα + sinα) and cosα23 = 2−1/2(cosα − sinα). After substi-
tution, system (20) will take the following form: 

 

23

23

2
( ) sinh( )(cos sin )

2

2 ( )
cosh( )(cos sin ),

2( )

2
( ) sinh( )(cos sin )

2

2 ( )
cosh( )(cos sin ).

2( )

a
x t t C

a a b
t C

a b

a
y t t C

a a b
t C

a b


= − ω + α + α −


 −

− ω + α − α
+


 = − ω + α − α +


− + ω + α + α +

 (21) 

 The velocities will look like this: 
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23

23

2
( ) [ cosh( )(cos sin )

2

sinh( )(cos sin )],

2
( ) [ sinh( )(cos sin )

2
cosh( )(cos sin )].

x

y

V t a t C

a b
a t C

a b

a b
V t a t C

a b
a t C

 ω
= − ω + α + α +


 −

+ ω + α − α
+

 ω − = ω + α + α −
+

 − ω + α − α

 (22) 

 System (22) is transformed into the following: 

1/2 2 1 2 2
23 0

1/2 2 1 2 2
23 0

2 2 2
0

2 2 2

2

2 2

( , ) ( ( , )) (2 ) ( ( sin2 cos2 ) 2 1),

( , ) ( ( , )) (2 ) ( ( sin2 cos2 ) 2 1),

((2 ) (sin cos ) (1 1) ( , ))
( , )

2( sin2 2 1)

2
( (

2 1

x

y

V x y V x y e y x e y e

V x y V x y e x y e x e

e Y e x y
x y

e e

e
a x

e e

− −

− −

= ω − − α − α + −

= − ω − − α + α − −

− α + α − + − ζ
ω = ×

α − −

× −
+ −

2 2
2

2 2

1/2
2 2 2 2 2 2

2 2

2 2 2 2 2 2 1/2
0

2 1
, )) ,

2 1

2 1( ) (sin2 ( ) 2 cos2 )
( , ) ,

2 1

( , ) ((1 sin2 ) ( 2 1) ( ( , )) ( sin2 2 1)) ,

e e
y

e e

e x y e x y xy
a x y

e e

x y Y e e a x y e e









 − −


+ −
  − + − α − + α  =  − − 


ζ = − α + − − α − −

  

 

Fig. 1. Displacement velocity field around a wedge (top) quadrants 21. 



 MODELLING AND SIMULATION THE PLASTIC FLOWS IN METAL 795 

where Y0 is coordinate determines the plastic flow beginning. 
 To describe the trajectory of movement 11, we use same technique, 

change y(t) to x(t) and change the sign of y(t) to the opposite: 

 11 11 11 11

11 11 11 11

( ) sinh( ) sin cosh( ) cos ,

( ) ( sinh( ) cos cosh( ) sin ).

x t a t C b t C

y t a t C b t C

= − ω + α + ω + α
 = − ω + α + ω + α

 (23) 

 In this case, the actual angle will be [γ] = γ + π/2, and 

[α11] = −(π/2 + γ)/2 = −π/4 − γ/2 = −π/4 + α. Hyperbola parameter 

b11 = atg(π/4 + γ/2) = a(a + b)/(a − b), sinα11 = 2−1/2(sinα − cosα) and 

cosα11 = 2−1/2(cosα + sinα). After substitution, we get: 

 

11

23

2
( ) sinh( )(cos sin )

2

2 ( )
cosh( )(cos sin ),

2( )

2
( ) sinh( )(cos sin )

2

2 ( )
cosh( )(cos sin ).

2( )

a
x t t C

a a b
t C

a b

a
y t t C

a a b
t C

a b


= ω + α − α +


 +

+ ω + α + α
−


 = − ω + α + α +


+ + ω + α − α −

 (24) 

 The speed will look like: 

 

Fig. 2. Displacement velocity field around a wedge (bottom) quadrants 34. 
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11

11

2
( ) [ cosh( )(cos sin )

2
( )

sinh( )(cos sin )],

2
( ) [ cosh( )(cos sin )

2
( )

sinh( )(cos sin )].

x

y

V t a t C

a a b
t C

a b

V t a t C

a a b
t C

a b

 ω
= ω + α − α +


 +

+ ω + α + α −


ω = − ω + α + α +


+ + ω + α − α −

 (25) 

 System (25) is transformed to the form: 

 

1/2 2 1 2 2
11 0

1/2 2 1 2 2
11 0

2 2 2
0

2

2 2 2

( , ) ( ( , )) (2 ) ( ( sin2 cos2 ) 2 1),

( , ) ( ( , )) (2 ) ( ( cos2 sin2 ) 2 1),

( , ) ((2 1 ) (sin cos ) (1 1)(cos

1 2
sin ) ( , ))

2( sin2 2 1)

x

y

V x y V x y e y x e y e

V x y V x y e y x e x e

x y e e Y e

x y
e e

− −

− −

= ω − − α − α + −

= − ω − − α + α − −

ω = − − α + α + + − α −

− α ζ
α − −

2
2

2 2

1/2
2 2 2 2 2 2

2 2

2 2 2 2 2 2 1/2
0

( ( , )) ,
2 1

2 1( ) (sin2 ( ) 2 cos2 )
( , ) ,

2 1

( , ) ( ( 2 1) ( ( , )) ( sin2 2 1)) .

e
a x y

e e

e x y e x y xy
a x y

e e

x y Y e e a x y e e







 +

− −


  − − + + α − + α
 =  + −  


ζ = − − − α − −

 (26) 

 

Fig. 3. Deformation intensity around a wedge (top) quadrants 21. 
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4. INVESTIGATION MATERIAL DEFORMATION PROCESS 
IN CUTTING ZONE 

The systems equations of displacement velocity field above satisfy 

condition (1) obtained by us, which is quite easy to verify by perform-
ing appropriate calculations. Here and below for cases we have got con-
sidered will not give intermediate analytical expressions due to the 

bulkiness of the expressions obtained. We will only outline sequence of 

mathematical operations that allow us to determine the important 

physical quantities characterizing the deformed state of chip material. 
 Based on displacement velocity field, it is easy to calculate a strain 

rate component, which in the case of specifying the velocity field in 

Cartesian coordinates, can be calculated using the dependencies: 

 

, , ,

, , .

y yx x
xx yy xy

yz z z x
zz yz zx

V VV V

x y y x

VV V V V

z z y x z

∂ ∂∂ ∂
ε = ε = ε = +

∂ ∂ ∂ ∂
∂∂ ∂ ∂ ∂

ε = ε = + ε = +
∂ ∂ ∂ ∂ ∂

 (27) 

 Next, we determine the components of deformation for Cartesian 

coordinates 

 
, , ,

, , .

xx xx yy yy xy xy

zz zz yz yz zx zx

e dt e dt e dt

e dt e dt e dt

= ε = ε = ε

= ε = ε = ε

∫ ∫ ∫
∫ ∫ ∫

 (28) 

 Complexes of formulas (27) and (28) allow calculating the intensities 

 

Fig. 4. Deformation intensity around a wedge (bottom) quadrants 34. 
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of strain rates and strain in Cartesian coordinates: 

 

2 2 2 2 2 2

2 2 2 2 2 2

2 3
( ) ( ) ( ) ( ),

3 2

2 3
( ) ( ) ( ) ( ).

3 2

i xx yy yy zz zz xx xy yz zx

i xx yy yy zz zz xx xy yz zxe e e e e e e e e e

ε = ε − ε + ε − ε + ε − ε + ε + ε + ε

= − + − + − + + +

 (29) 

 It is enough in the first approximation to analyse displacement ve-
locities field and deformation intensities field to assess the deformed 

state of material. Let us carry out calculation and construction the 

fields of displacement velocities and deformation intensities for spe-
cific processing conditions. The specified geometric shapes tool inter-
action modelling will be carried out under identical initial technologi-
cal conditions. As an example, let us take the processing modes typical 
for operation of broaching grooves in heat-resistant alloys. Consider 

the deformation process material in contact with the tool in the form of 

wedge-plane at a processing speed V = 4 m/min. In order to obtain a 

more visual picture and convenience of analysis, we will choose the tilt 

angle of working planes for wedge and plate section at velocity hori-
zontal component γ = 60° (streamlines 21, 34 and 33). To describe the 

plastic flow of metal along streamlines 11 and 23, we take γ = 30°. The 

plastically deformed zone boundaries, as well as the length of contact 

of chips with plate front surface are: |X0| = |Y0| = 2.23⋅10−3
 m, 

С ≈ 0.2⋅10−3
 m. The deformation intensity calculation is performed at 

 

Fig. 5. Displacement velocity field around a plate (horizontal component) 

quadrants 33. 
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the final moment of time tk = (|X0| + C)/V. 
 Let’s consider the plotted graphs in detail. It is most convenient to 

analyse the displacement velocity fields in parallel with deformations 

(Figs. 1–10). This approach ensures integral picture formation of the 

 

Fig. 6. Deformation intensity around a plate (horizontal component) quad-
rants 33. 

 

Fig. 7. Displacement velocity field around a plate (vertical component) quad-
rants 11. 
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plastic flow of the metal. The streamlines of the displacement velocity 

fields for all consideration problems have a characteristic slope rela-
tive to the ordinate axis, corresponding to inclination plane angle 

(Figs. 1, 2, 5, 7, 9). For all cases, velocity modulus decrease is noted as 

we approach the origin of the coordinate system. This is explained by 

the deceleration of the metal against tool surface in directly contacting 

layers and a natural resistance decrease metal flow with distance from 

disturbance source, which is working part of the tool. The strain inten-
sities field repeats tool geometry for all considered cases (Figs. 3, 4, 6, 

8, 10). The highest deformation intensity corresponds to the lowest 

metal flow rate, which is explained by the much larger metal defor-
mations near the shear plane. 
 Let us analyse in detail the features of obtained fields for each of 

tasks. Flowing around a wedge the fields of displacement velocities and 

deformation intensities have symmetry about the OX axis, the isolines 

inclination angle corresponds to angle wedge. At the start point 

|X0| = |Y0| = 2.23⋅10−3
 m, the flow rate is equal to processing speed, 

which corresponds to undeformed material flow rate and it is con-
sistent with the initial conditions. 
 The flow around plate at horizontal velocity component in octant 33 

(Figs. 5, 6) also agrees with the physical concepts we are developing. 
This reduces speed as it approaches origin where the tool plane is locat-
ed. The isolines of strain intensity field repeat flow lines material. The 

magnitude of deformations intensity is greater than in case of flow 

around a wedge (Figs. 3, 4), with similar technological processing pa-
rameters (angle of inclination working plane, coordinate beginning 

 

Fig. 8. Deformation intensity around a plate (vertical component) quadrants 

11. 
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plastic deformation and processing speed). Indeed, the value of mini-
mum deformation intensity at plate flow in octant 33 exceeds analo-
gous value for the wedge by a factor of 1.5, while the core of maximum 

deformation is located not near tool surface, but near beginning of 

plastic flow plane. 
 The deformation increase in comparison with the wedge is explained 

 

Fig. 9. Displacement velocity field around a plate (vertical component) quad-
rants 23. 

 

Fig. 10. Deformation intensity around a plate (vertical component) quadrants 

23. 
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by twofold greater angle of metal rotation of streamlines—120° versus 

60° at wedge. The deformations highest intensity near the plane of de-
formation beginning is apparently a consequence of the pressure ex-
erted by deformed metal layers along entire perimeter of maximum de-
formation zone, which in this regard can be considered a deformation 

core. Distance between deformation intensities isolines decreases pre-
cisely near the core of deformations maximum, which indicates the 

growth of function gradient most intensively in this field region. A 

more detailed analysis of the deformation mechanism of nucleus for-
mation is possible when considering separately the deformation com-
ponents. 
 At the vertical component of velocity (octant 11) the patterns of dis-
placement velocities fields and deformation intensities are symmetric 

to fields of octant 33 relative to bisector of second and fourth octant 

central angles (Figs. 7, 8). The strain intensity field is also character-
ized by presence of deformation core bounded by a closed isoline. Na-
ture values change is like octant 33. Flowing around a plane with a ver-
tical component (23) the deformation rate fields are like flowing 

around part of a wedge (Fig. 9, 10). We can conclude that all fields 

have one of the types geometric symmetry (axial or rotational), which 

confirms correctness of our physical concepts. 

TABLE 1. Examples the displacements velocity field construction. 

Machining pro-
cess Geometry of tool Approximating line 

Turning 
 

12 hyperbola 

  23 hyperbola 

 
 

12 hyperbola 

  23 hyperbola 

  34 hyperbola 

  45 hyperbola 

 
 

12 hyperbola 

  
23 vortex or potential flow 

around cylinder 

  34 hyperbola 
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 Summing up, we can conclude that constructed fields of changes in 

functional parameters are consistent with physical concepts developed 

by us in this work, as well as with experimental studies. 
 Let’s consider several examples of constructing displacement veloci-
ties field depending on the processing method and geometry of the tool 
working part (Table 1). At the heart of any cutting tool is a cutting 

wedge, the geometry of which varies in a wide range depending on the 

method and processing conditions. As we know the kinematics of metal 
flow is determined by the insert geometry and the processing speed. 
Therefore, there is no fundamental difference in processing method 

choice. It is enough to consider the flow around several chipbreakers of 

different geometries during turning. 
 Flow around plates sections formed by the broken line the metal 
streamlines are well approximated by the branches of hyperbolas. It is 

equally possible to use displacement velocity fields describing flow 

around both the potential and vortex cylinders to describe sections of 

circular arcs. 
 Developed technique can be applied to mathematical modelling [42], 

to solve assessing energy-power characteristics problems [43] behav-
iour structures during machining [44] and contact phenomena such as 

adsorption and adhesion in the processing zone during cutting. 

5. CONCLUSION 

Based on results of macrostructure analysis metal and direction of 

forgings fibres after various types of metal forming operations by 

pressure, the hyperbola method is proposed for displacement velocity 

fields constructing and analysing metal deformed state in processing 

zone. The structure for investigation of energy-power characteristics 

of metals mechanical processing is presented. It is shown that key sys-
tem of equations are dependencies describing velocity fields of metal 
particles satisfy solenoidality requirement. An approach to description 

metal flow is proposed with various processing methods. The method 

essence consists in dividing tool working surface of complex geometry 

into flat and cylindrical shape sections. Problems modelling metal 
plastic flow are considered when flowing around a wedge; plate at ver-
tical and horizontal components of speed; vortex and potential flow 

around the cylinder with ductile metal. On the hyperbola method, dis-
placement velocity fields have been developed. It describes metal plas-
tic flow at absolutely solid tool penetration into a rigid-plastic half-
space. The material deformation process modelling is carried out for 

all solved problems under specific processing conditions. The fields of 

displacement velocities and deformation intensities are constructed. 
The features of metal flow are noted at modelling various problems. On 

the choice flowing around a cylindrical surface type general recom-
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mendation are given at solving technological problems. Based on the 

simulation results, it can be concluded that functional parameters 

changes are consistent with physical concepts developed by us in work 

and experimental research. Several examples of displacement veloci-
ties field construction are considered depending on processing method 

and the tool working part geometry. For each case a sequence the ap-
proximating curves is proposed of streamline. 
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