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In the present investigation, we examine systematically the dynamical behav-
iour of the architecturally complex bimetallic surface alloy, namely, Pt(110)–
(2×1)Cu, which is characterized by a half-monolayer (0.5 ML) of copper atoms 

deposited on a platinum (110) substrate. By leveraging Newtonian mechanics 

within the harmonic approximation, we construct the dynamic matrix perti-
nent to the bulk material. The extraction of eigenvalues and eigenvectors is 

pivotal in formulating a robust theoretical framework, anchored in the 

Green’s function approach explicitly designed for our model system. Utilizing 

this sophisticated theoretical model, we are able to elucidate the phonon dis-
persion relationships traversing the high-symmetry pathways ΓY, YS, SX, 
and XΓ of the surface Brillouin zone, as well as deduce the associated local vi-
brational densities of states. An extensive interpretation of the computational 
results reveals a notable phenomenon, namely, the electron redistribution be-
tween the platinum and copper atoms within the alloy interface, which, in 

turn, altered the interfacial force constants. This electron redistribution 
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prompts significant divergences in the vibrational density of states at the in-
dividual platinum and copper atomic sites at the Cu/Pt(110) juncture, as op-
posed to the undisturbed Pt(110) surface, suggesting potential pathways for 

innovative platinum-catalysed surface reactions. Furthermore, our research 

delineates the variation of several thermodynamic properties as a function of 

surface composition and thermal parameters, which may offer insights into 

the stability and reactivity of such bimetallic surfaces. 

Key words: alloyed surfaces, phonon surface properties, vibrational density 

of states, eigenvalue matching techniques, Green’s function methods. 

В статті систематично досліджено динамічну поведінку складного бімета-
левого приповерхневого стопу Pt(110)–(2×1)Cu, який складається з пів 

моношару (0,5 ML) міді, нанесеного на платинову (110) підкладинку. На 

основі використання класичної механіки в рамках гармонічного набли-
ження побудовано динамічну матрицю для об’ємного матеріялу. Знахо-
дження власних значень і власних векторів є ключовим для створення 

надійної теоретичної основи, заснованої на методі Ґрінових функцій, 
знайдених явно для нашої модельної системи. Використовуючи цей тео-
ретичний модель, можна знайти фононні дисперсійні співвідношення для 

високосиметрійних напрямків ΓY, YS, SX і XΓ Бріллюенової зони, а та-
кож розрахувати відповідні локальні густини коливних станів. Аналіза 

результатів обчислень показала, що перерозподіл електронів між атома-
ми Платини та Купруму на інтерфейсі приводить до зміни міжфазних си-
лових констант. Цей перерозподіл електронів зумовлює істотну ріжницю 

між густинами коливних станів для окремих атомів Платини та Купруму 

на контакті Cu/Pt(110) та для поверхні Pt(110), що вказує на потенційні 
шляхи для реалізації каталізованої платиною поверхневої реакції. Крім 

того, встановлено, що термодинамічні властивості досліджуваної системи 

залежать від складу поверхні та теплових параметрів, що може пояснити 

стабільність і реакційну здатність таких біметалевих поверхонь. 

Ключові слова: леґовані поверхні, фононні властивості поверхні, густина 

коливних станів, методи знаходження власних значень, метод Ґрінових 

функцій. 
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1. INTRODUCTION 

In recent years, there has been an uptick in both theoretical and exper-
imental studies focusing on the stability and dynamics of both ordered 

and disordered alloy surfaces [1–6]. The intrigue surrounding these 

surfaces stems from their diverse applications in myriad technological 
arenas, from novel catalyst and sensor development to surface corro-
sion protection [7, 8]. One can achieve alloyed surface configurations 

by overlaying one metal onto a precisely defined monocrystalline face 

of another. Post heat treatment and apt annealing, which facilitate the 

dissolution of both metals, various surface alloy configurations 
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emerge [9]. It is crucial to highlight that the fabrication and detailed 

analysis of these bimetallic interfaces and definitive surface alloys, es-
pecially in rigorous vacuum environments, have become feasible due to 

cutting-edge surface diagnostic techniques [10]. Of particular interest 

are bimetal pairings that feature platinum. These alloys have garnered 

substantial interest given their promise in catalytic applications. Nota-
bly, copper, when interfaced with a Pt substrate, showcases heightened 

catalytic prowess in the oxygenation reaction, outperforming the pure 

Pt(110) surface [11, 12]. Various alloying schemes involving Pt and Cu 

have been commercialized as catalysts in hydrogenation processes [13]. 
 The Pt(110) substrate has also been the focal point of extensive re-
search, indicative of the genesis of the Pt(110)–(2×1)Cu surface recon-
formation alloy upon Cu monolayer deposition, peaking at 830 K, re-
sulting from the substitution of Cu adatoms on the platinum sub-
strate's exterior layer [14–16]. However, investigations centred on 

(110) faces have been scantier, given the more complex growth dynam-
ics associated with copper deposition on this face [17]. Tunnelling elec-
tron microscopy has emerged as a potent modality to probe the deposi-
tion-induced growth dynamics and topological attributes of these sur-
faces [18, 19]. 
 The existence of such interfaces is pivotal in both catalytic activities 

and crystalline propagation. Structural anomalies have been identified 

as chemically receptive zones, favoured for uptake by various atomic 

and molecular species. Depending on the extant conditions, these can 

either catalyse or inhibit surface-bound reactions. To decode the ener-
gy interplay in these phenomena, elucidating the vibrational mode 

landscape on the interface is paramount. Motivated by this, our study 

seeks to determine the vibrational dynamics of the surface alloy 

Pt(110)–(2×1)Cu, stemming from varying Cu concentrations on a 

Pt(110) substrate. 
 To our understanding, no prior work has ventured into the vibra-
tional dynamics of the Cu/Pt(110) interface. This alloyed configura-
tion is depicted in Fig. 1. Predominantly, research efforts have been 

channelled towards pure platinum (110) surfaces and reconformed 

surfaces of other metallic entities. 
 Our manuscript is structured as follows: Sec. 2 elucidates the 

matching formalism tailored for our generalized model, aimed at as-
certaining surface-specific phonons and boundary vibrational spectra; 

Subsec. 2.1 operationalizes this theoretical framework to compute sur-
face phonons for the Cu/Pt(110) ordered alloy, termed Pt(110)–
(2×1)Cu; herein, we also furnish our vibrational calculations for Cu, 
both in bulk and on the surface, for benchmarking, showcasing a con-
gruence with extant experimental and theoretical findings; Sec. 3 har-
nesses this model to derive the localized vibrational densities of states at 

the Pt and Cu sites on the alloyed interface. We conclude with Sec. 4, 
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offering overarching takeaways. 

2. THEORETICAL APPROACH 

The imposition of a boundary surface within an infinite semi-solid me-
dium induces a defect, thereby, perturbing the translational symmetry 

along the axis orthogonal to this boundary. This perturbation gives 

rise to a complex relationship governing the vibrational amplitudes of 

constituent atoms along Cartesian axes. Specifically, this relationship 

manifests between an atom situated within a discrete crystalline plane 

p, and another within a disparate but parallel plane p′, both congruent 

with respect to the surface yet embedded in the solid's volumetric con-
fines. The ensuing co-ordination relationship is critical for the math-
ematical description of this system: 

 ( ) ( , )( , , ) ( , , ) p p i l lu l p u l p z e′ ′−
α α′ ′ ω = ω qr . (1) 

Within this framework, the term z denotes a phase factor, which is 

predicted to be oriented normal to the metallic interface, subject to the 

constraint z ≤ 1. Concurrently, q represents a wave vector situated 

within the confines of the first Brillouin zone. Additionally, α serves 

as an identifier for one of the Cartesian coordinates, namely x, y, or z. 
Upon integrating Eq. (1) into the equation of motion, a comprehensive 

system of linear equations is formulated for the displacement vectors 

at the atomic lattice points within the volumetric matrix. These vec-
tors, denoted by u , encompass the displacement vectors ( , )u lα ω  for 

each atomic site within the elementary lattice. This system is succinct-
ly expressible in a matrix notation, encapsulating the intricate inter-

  
a b 

Fig. 1. Schematic representation of the ordered surface alloy Pt(110)–
(2×1)Cu: model of Cu atoms deposited on the Pt(110) substrate (a), detailed 

view of the first atomic layer highlighting Cu atoms (denoted by heavy shaded 

(brown) circles) and Pt atoms (denoted by light shaded (grey) circles) (b). 
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play between the atomic displacements and the lattice dynamics. The 

mathematical expression of this relationship can be succinctly cap-
tured as follows: 

 2( ( , , , )) 0x yI MΩ − ϕ ϕ ζ λ = . (2) 

In this analytical context, the variables ϕx and ϕy are delineated 

through their dependence on qx and qy, which represent the components 

of the wave vector q along the Cartesian co-ordinates x and y within the 

reciprocal lattice framework. The scalar λ is introduced as a descriptor 

of the interatomic force constants, encompassing interactions between 

both nearest and next-nearest neighbours within the crystalline array. 
 The normalized frequency Ω is defined as the ratio of the frequency 

ω to a characteristic frequency ω0 of the bulk material, where ω0 is de-
termined by the equation 

2
0 1 / lK Mω = . Here, K1 symbolizes the force 

constant governing the interactions among the first neighbours in the 

flawless region of the bulk, and Ml represents the atomic mass. 
 The matrix-system compatibility condition unlocks the possibility 

of deriving a polynomial equation for each (q, Ω) pair, the solutions of 

which delineate distinct vibrational modes within the bulk that are 

normal to the metallic boundary. Propagative modes are those for 

which z = 1, whereas evanescent modes, which decay from the sur-
face into the bulk, satisfy the condition z < 1. 
 The preliminary step in discerning phonon states localized proxi-
mate to a planar metallic interface with imperfections within a semi-
infinite solid mandates the calculation of these evanescent modes in 

the (q, Ω) space. Following this, the equations governing vibrational 
movements, as stipulated by Eq. (2), are ascertained for atoms situated 

at strategic locations within the three delineated regions. This culmi-
nates in the formulation of a non-square matrix equation system, de-
noted by Md, where the quantity of equations is less than the number of 

unknown atomic displacements. 
 To resolve such an equation system, it is requisite to condense the 

number of indeterminatenesses, thereby, fabricating a homogeneous 

set of linear equations. For each collected data set (q, Ω), the atomic 

displacements are characterized by evanescent modes, which are por-
trayed as a linear superposition of n vibrational modes derived from 

the comprehensive bulk dynamics investigation, oriented normally to 

the metallic interface. These n modes correspond to the z roots meeting 

the criterion z < 1. Thus, the displacement at each atomic site is for-
mulated by the ensuing relationship, which is yet to be explicitly de-
fined in the equation 

 
1

( , ) ( , )
n

p p

v

u l z A R′−
α ν ν

=

ω = α ν∑ . (3) 
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In this model, uα denotes the amplitude of vibrational displacement 

parallel to the Cartesian axis α, with p being the third spatial co-
ordinate of an atom l, which conforms to the condition p ≥ ps and, here, 
represents the third co-ordinate of the planar surface. The index α en-
capsulates the three Cartesian axes: x, y, and z. The symbol n signifies 

the count of evanescent modes, which are determined through the 

analysis of bulk dynamics. Moreover, Rν is a unit vector that character-
izes the ν-th evanescent mode within the set {R}, and zν is the phase fac-
tor associated with the ν-th evanescent mode as derived from the dy-
namic matrix in the bulk material. The coefficient A(α, ν) quantifies the 

weighted contribution of the ν-th evanescent mode in the direction of α. 
 The simultaneous resolution of the phase factors zν, which define 

the evanescent modes, and the pertinent eigenvectors that emanate 

from the bulk dynamic analysis, facilitates the construction of a corre-
sponding matrix, henceforth indicated as MR as per the elaborations in 

Refs. [20, 25]. The product of the matrices Md and MR, as previously 

defined, culminates in the formation of a square matrix MS. This ma-
trix characterizes a homogeneous system of equations where non-
trivial solutions can be derived, indicating the presence of non-zero 

vibrational states within the system. These solutions are instrumental 
in describing the behaviour of evanescent modes and their contribu-
tions to the overall vibrational characteristics of the material, particu-
larly in regions proximate to structural defects or surfaces: 

 2
Sdet( ( , , , )) 0x yI MΩ − ϕ ϕ ζ λ = . (4) 

This equation facilitates the identification of vibrational modes local-
ized in proximity to the metallic surface. Consequently, it becomes 

feasible to compute the dispersion branches of localized phonons and 

other metallic surface properties. 

2.1. Localized States of Clean Surface 

The manifestation of a surface within a solid medium induces significant 

modifications to the interatomic bonding configurations, particularly 

within the surface immediate atomic strata. These alterations exert a 

profound impact on the vibrational attributes of the atoms in close prox-
imity to the surface, leading to behaviours distinct from those in the ho-
mogenous bulk material. It is therefore of paramount importance to con-
duct a meticulous investigation of the vibrational properties of atoms 

within these surface layers, as they play a crucial role in phenomena such 

as adsorption, scattering, and crystal growth processes at the surface. 

The study of lattice dynamics at the surface is an essential tool for eluci-
dating the physical properties of surfaces and complements other surface 

analyses concerning structural and electronic properties. 
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 The impetus for such studies is derived from the extensive applica-
tions that these surfaces find across various technological fields. This 

includes the development of novel catalysts, sensors, and materials de-
signed to mitigate corrosion. The presence of the surface introduces a 

disruption in symmetry along the vertical z-axis, leading to the mani-
festation of localized states, which are absent in the bulk. The multi-
plicity of these localized vibrational modes is intrinsically linked to the 

nature of the surface irregularity, and is directly influenced by the 

size of the defect matrix, which is obtained from the application of 

Newton’s equations at the surface inaugural layers. 
 Advancements in experimental techniques, particularly inelastic 

electron tunnelling spectroscopy (IETS), have provided a powerful 
means to assay surface phonons with high precision. These methodolo-
gies permit the measurement of surface vibrations across a broad en-
ergy range, encompassing all wave vectors within the Brillouin zone. 
Such capabilities have significantly enhanced our ability to derive ac-
curate surface phonon dispersion curves (Fig. 2), thereby, deepening 

our understanding of surface dynamics. 

2.2. Dynamic Properties of Surface Alloys 

In the current analysis, we conduct an in-depth examination of the dy-
namical attributes of the Pt(110)–(2×1)Cu metal alloy surface system, 

employing the application of Eq. (4) as the theoretical underpinning. 

 

Fig. 2. Calculated surface phonon and resonance dispersion for the Pt(110) 
clean surface, indicated by the black curves. The shaded regions represent the 

projected bulk phonon bands. 
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Our primary objective is to ascertain the characteristics of surface 

phonons pertaining to the pristine Pt(110) surface, which we employ as 

a baseline reference. This comparative approach allows us to quantify 

rigorously the influence that copper atom incorporation exerts on the 

vibrational landscape of the surface. The computed phonon spectra, 
designated by dotted lines in our graphical representations, encompass 

both the unalloyed Cu(110) surface and the bimetallic Pt(110)–(2×1)Cu 

alloy surface. These spectra are mapped along the principal symmetry 

vectors of the surface Brillouin zone, specifically along the pathways 

ΓY, YS, SX, and XΓ, as delineated in Fig. 3. This methodology enables a 

meticulous delineation of the modifications induced by the copper depo-
sition, thereby enhancing our comprehension of the altered vibrational 
dynamics within the bimetallic surface system. 
 Within this study, the findings are contextualized through the lens 

of interatomic bond lengths between specific atomic sites. Precisely, 
leveraging the computational framework of our model, we ascertain 

the force constants corresponding to the bond lengths of both nearest 

neighbour interactions—denominated as (Cu–Cu)1, (Pt–Pt)1, (Cu–
Pt)1—and next-nearest neighbour interactions—(Cu–Cu)2, (Pt–Pt)2, 

(Cu–Pt)2. The determination of these bond lengths is grounded in the 

optimized atomic positions at the interfacial boundary of the Cu/Pt 

(110) surface alloy. The calculated force constants, which are funda-
mental to the vibrational properties of the surface, are systematically 

compiled and presented in Table 1. This data serves as a crucial element 

for the in-depth analysis of the mechanical stability and dynamical be-

 

Fig. 3. Calculated phonon dispersion curve for bulk Pt following the direc-
tions of high symmetry in the f.c.c. crystal. 
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haviour of the surface structure under investigation. 
 As a fundamental step in our verification process, we conducted cal-
culations of the phonon dispersion curves for bulk platinum, utilizing 

the (Pt–Pt)1
 and (Pt–Pt)2

 force constants delineated in Table 1. These 

calculations traverse the high-symmetry vectors of the platinum Bril-
louin zone (BZ). The graphical depiction of these phonon dispersion 

curves is presented in Fig. 4. In the analysis of the ∆ direction within 

the BZ, our computations revealed the presence of two distinct acous-
tic phonon branches: transverse (T) and longitudinal (L), a pattern that 

is replicated along the Λ direction. Notably, at the high symmetry 

point X, we observe a degeneration of the transverse acoustic phonon 

mode, which bifurcates into two separate modes. 

TABLE 1. Interatomic distances and transferable force constants for an f.c.c. 
bulk copper unit cell: assignment of the nearest and next-nearest neighbours’ 
distances and empirical determination of force constants as a function of bond 

lengths [49]. 

Pair type Bond length, Å Force constants, J/m2 

(Cu–Cu)1 
(Cu–Cu)2 
(Pt–Pt)1 
(Pt–Pt)2 
(Cu–Pt)1 
(Cu–Pt)2 

2.566 
3.615 
3.28 
3.77 
2.67 
3.77 

27.5 
1.4 

35.24 
1.203 
28.64 
1.02 

 

Fig. 4. Calculated surface phonon and resonance dispersion for the Pt(110)–
(2×1)Cu surface alloy, indicated by the black curves. The shaded regions rep-
resent the projected bulk phonon bands. 
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 Further examination along the Σ direction unveils three acoustic 

phonon branches: a single longitudinal (L) and two transverse (T1 and 

T2) branches. The results from these comprehensive analyses exhibit a 

consistent concordance with the spectrum of findings reported in both 

experimental and theoretical studies conducted by other researchers, 
as referenced in [26–31]. 
 Expanding upon these investigations, the surface phonon spectra 

and associated resonances for the structured-surface alloy system 

Pt(110)–(2×1)Cu were calculated across the high-symmetry directions 

in the two-dimensional BZ. These trajectories include , ,  Y YS SXΓ , 
XΓ , adhering to the comprehensive theoretical framework outlined in 

Sec. 2. The outcomes of these intricate computations are illustrated in 

Fig. 3. The phonon spectra of the surface alloy superstructure are 

characterized by a distinct count and arrangement of surface vibra-
tional modes. These modes embody a fusion of individual branches coa-
lescing surface phonons and resonances both external to and within the 

confines of the projected bulk phonon bands, respectively. 

3. VIBRATIONAL DENSITY OF STATE OF THE SURFACE AND 

SURFACE ALLOY 

The spectral densities, along with the state densities related to various 

modes proximal to the surface, can be articulated through the follow-
ing generalized equation: 

 ( , )
s ( , ) 0

,

2
( ) ( , ) lim(Im ( , ))

y

p p pp
y y

p p

D G i
α

α α ααε→
ϕ α ϕ α

Ω
Ω = ζ ϕ Ω = − ϕ Ω + ε

π∑∑ ∑∑ . (5) 

Elastic excitations are known to be the progenitors of a multitude of 

intriguing physical properties, which can be elucidated through the 

computational analysis of the vibrational state density [32]. It is ob-
served that the state density per atomic layer begins to converge with 

the volumetric state density from the fourth layer onwards, presenting 

only marginal deviations. The most pronounced differences when com-
pared to the bulk are observed within the inaugural Pt atomic layer and 

the subsequent Pt–Cu intermixed layer. 
 Figure 6, a–f present correspondingly our calculated density of 

states (DOS) results for the defined considered surface alloys, namely 

Pt(110)–(2×1)Cu. In each of these figures, we also present the normal-
ized spectra (dotted) on the same scale, for the DOS of the equivalent Cu 

atomic sites for the Pt(110) surface boundary of the pure Cu crystal. 
 In our investigations, we have meticulously computed the phonon 

state densities for the Cu and Pt atoms within the alloyed layer, treat-
ing each species discretely. The vibrational modes associated with 

atomic displacements in the Pt–Cu alloy layer exhibit a widespread 
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distribution, extending from lower frequency domains to higher ener-
gy thresholds, as evidenced by the multifarious peaks present in the 

state density spectra of both atomic types. 
 A particularly notable feature within the vibrational state density 

 

Fig. 5. Schematic analysis of atomic density in Pt(110)–(2×1)Cu alloy surface [32]. 

   
a b c 

   
d e f 

Fig. 6. Densities of vibrational states of the sites belonging to the interface 

Pt–Cu: state density of atoms (a), (b), (c), (d), (e) and (f) in perturbed zone. 
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spectra for the Pt–Cu alloy is the prevalence of peaks associated with 

Cu atom displacements over those associated with Pt atom displace-
ments. This observation corroborates the presence of new phonon 

branches within the dispersion curves (illustrated in Fig. 3) for the 

structured Pt(110)–(2×1)Cu alloy surface, predominantly originating 

from the copper atom vibrations perpendicular to the Pt–Cu interfa-
cial plane. The root of this disparity in vibrational contributions stems 

from the significant mass differential between Cu and Pt atoms. 
 In contrast, a conspicuous aspect of the vibrational state density 

spectra for the ordered Pt(110)–(2×1)Cu surface alloy is the manifesta-
tion of Cu-related vibrational peaks at frequencies lower than those of 

the bulk state densities, with these Cu peaks occurring at reduced fre-
quencies relative to their Pt counterparts, particularly near the trans-
verse bands in the bulk. The most prominent peaks in the first layer 

correlate with vibrations of the outermost platinum layer in a direc-
tion orthogonal to the surface. 
 The calculated local vibrational DOS for each constituent atom of-
fers distinctive local fingerprints for the surface alloys in question. 
These DOS calculations are instrumental for the subsequent derivation 

of all pertinent thermodynamic properties for the systems under 

study, utilizing the partition function framed within the harmonic ap-
proximation of lattice dynamics. Within this context, the vibrational 
contributions to the free energy denoted as F emerge as a focal point of 

the investigation, providing insights into the energetic landscape of 

the surface alloys. 

4. THERMODYNAMIC PROPERTIES 

Phonons, rooted in the foundations of quantum mechanics and embod-
ying the principle of wave–particle duality, exert a profound influence 

on a plethora of solid-state properties. These include critical thermal 
attributes such as vibrational specific heat [1, 2], vibrational free en-
ergy [33, 34], vibrational internal energy [1–3], and vibrational entro-
py [3–5]. Consequently, the theory of lattice vibrations becomes indis-
pensable for the inclusion of phonon contributions in the computation 

of thermodynamic properties. 
 Within the realm of statistical physics, the partition function Z 

serves as a cornerstone concept that facilitates the deconvolution of the 

composite system into its harmonic oscillators. This leads to a scenario 

where the partition function manifests as the product of the individual 
partition functions corresponding to each vibrational mode [35, 36]. The 

expression for this pivotal function is articulated as follows: 

 
( )

( , )exp( / )
s q

q s B
n

Z E k T= −∑ . (6) 
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The density of states is recognized as an exceptionally utilitarian met-
ric in the realm of physics, not only for its direct measurability but also 

for its conceptualization as a continuous function in the context of the 

thermodynamic limit. This facilitates the calculation of a myriad of 

thermodynamic properties, contingent upon the computation of the 

vibrational density of states, thus, serving as a vital precursor to fur-
ther thermodynamic inquiry [37, 38]. 
 In the framework of thermodynamics, the total energy of a system, 
commonly referred to as the internal energy (U or E), particularly, 
within the volume, where the particle count is held constant to pre-
serve unchanged energy levels, is intricately linked to and derivable 

from the partition function Z. The relationship between the internal 
energy and the partition function is not only fundamental but also 

quantifiable, allowing a robust method to compute the internal energy 

[37]: 

 ln /U Z= ∂ ∂β . (7) 

Considering the density of vibrational states D(ω), the internal energy 

U is transformed into the form [38]: 

 vib

0

cth ( )B
B B

h h
U k T D d

k T k T

∞  ω ϖ
= ω ω 

 
∫ . (8) 

 The free energy F of a system can be expressed as: 

 vib

0

ln(2sh( / (2 )) ( )B BF k T h k T D d
∞

= ω ω ω∫ . (9) 

The cohesive interrelation that seamlessly ties the free energy and in-
ternal energy in a thermodynamic system paves the way to unearth a 

pivotal thermodynamic quantity: the vibrational entropy denoted as 

Svib. Mathematically, vibrational entropy is expounded as: 

 vib

0

cth ln2sh ( )
2B

B B B

h h h
S k D d

k T k T k T

∞       ω ω ω
= − ω ω      

      
∫ . (10) 

 Vibrational entropy is distinctively defined as a thermodynamic 

variable intrinsically associated with a system state of particulate con-
stituents. Its quintessential role is to quantify the level of disorder or 

the extent of randomness present within a system. Embracing the pos-
tulate that entropy exists as a tangible attribute, particularly, in the 

analysis of a substantial aggregate of particles conceived as a continu-
um, we proceed to its quantification within the thermodynamic limit. 
The introduction of the vibrational density of states function D(ω) 
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permits the establishment of an expression for vibrational entropy, 
providing a formulaic representation of this concept [38–41]: 

 vib

0

cth ln2sh ( )
2B

B B B

h h h
S k D d

k T k T k T

∞       ω ω ω
= − ω ω      

      
∫ . (11) 

 Specific heat, another essential material property, involves two 

primary forms of energy conduction in a solid: electronic and through 

atomic vibrations. Focusing on the phonon contribution (atomic vibra-
tion) and specifically the specific heat at constant volume due to its 

fundamental nature for solids, it is defined by [33–49]: 

 
2

2
v

0

sh ( )
2

∞
−

    ω ω
 = ω ω   
     

∫B
B B

h h
C k D d

k T k T
. (12) 

 It is crucial to note that the vibrational specific heat encompasses the 

energy density variation associated with network vibrations as per tem-
perature. The total system energy, encompassing the contributions of 

all particles within the system, is derived concerning the temperature T. 

5. GENERAL CONCLUSIONS 

This compendium delineates the outcomes from a comprehensive theo-
retical analysis of the vibrational phenomena within Cu/Pt(110) sur-
face alloy systems, synthesized via the deposition of copper atoms upon 

a platinum (110) substrate. We have meticulously quantified and illus-
trated the dispersion branches of the surface phonons, resonances, and 

  
a b 

Fig. 7. Thermal properties of the material as a function of temperature: varia-
tion of internal energy U (a), changes in vibrational specific heat (b). 
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the vibrational density of states for the Pt(110)–(2×1)Cu surface al-
loys. These vibrational features serve as definitive indicators of the 

structural order and elucidate the unique elastic properties intrinsic to 

these alloys. The resonance of our results with extant theoretical con-
structs and empirical data underscores the efficacy of our methodology 

in predicting the thermophysical properties of these alloys. 
 Phonons are collective excitations representing lattice vibrations, 
with surface phonons specifically denoting the vibrational modes that 

are localized to surface structures, arising due to the periodicity, 
symmetry, and truncation of the bulk crystal lattice at the solid inter-
face. The exploration of surface phonons is imperative for understand-
ing the structural configuration and distinctive properties of surfaces, 
which often exhibit significant deviations from bulk characteristics. 
Experimental techniques such as neutron inelastic scattering and Ra-
man scattering of x-rays are pivotal in determining the dispersion re-
lations of lattice vibrations within the bulk, while electron-energy loss 

spectroscopy and inelastic helium atom scattering are instrumental in 

probing the surface phonons. 
 Thermal neutrons, with energies commensurate with lattice vibra-
tions and wavelengths akin to crystal lattice spacing, are adept at cap-
turing phonon dispersion relations through the analysis of neutron 

scattering energy and direction. Owing to their minimal interaction 

with matter, they provide deep insights into the bulk phonon-
dispersion patterns. 
 Moreover, the specific heat represents a critical material property 

reflecting the capacity for thermal energy storage and conduction 

within a solid, occurring predominantly through electronic or phonon 

pathways. Our focus is confined to the phonon contributions, which 

are crucial for understanding thermal energy management in solids. 
Discussions henceforth will centre on the specific heat at constant vol-
ume—a parameter of fundamental importance for solid-state physics. 
The vibrational specific heat pertains to the variations in energy densi-
ty correlated with the lattice vibrations as a function of temperature, 
encapsulating the aggregate energy contributions of the system’s par-
ticles. 
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