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The paper deals with the temperature dependence of the contact angle of wet-
ting of a steel substrate with a liquid tin. The experiment shows that the wet-
ting angle is decreased as the temperature rose, and the wettability of this 

system is improved. However, with the further increase in temperature, the 

contact angle is increased again that is an abnormal phenomenon. To explain 

this phenomenon and the process of contact-angle formation in general, we 

propose the quantum mechanical model based on the Wentzel–Kramers–
Brillouin (WKB) conception. In this case, interaction of the melt ions with 

the substrate atoms is considered indirectly through the formation of a po-
tential barrier with the linear dimensions determined by both the ratio of 

masses of the atoms of interacting metals and the temperature. From the 

WKB standpoint, at low temperatures, when the kinetic energy of a general-
ized particle with the reduced mass is less than the potential barrier, the 

wave function decays rapidly and, accordingly, the contact angle does not 

actually change. Quantitative and qualitative changes appear, when the ki-
netic energy of particles with the reduced mass exceeds the positive barrier 

values because of increase in temperature. Following the WKB conception, 
passage or reflection of a particle with the reduced mass over the barrier is 

determined by the integer or half-integer ratio of the de Broglie wavelength 

and linear dimensions of the potential barrier. Therefore, qualitative chang-
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es in the system, i.e., the wetting threshold and abnormal increase in the con-
tact angle, are described by the processes associated with passage or reflec-
tion of a particle with the reduced mass over the barrier. Experimental and 

theoretical curves of dependences of both the contact angle and the work of 

adhesion versus temperature show similar dynamics. 

Key words: temperature dependence of wetting angle, work of adhesion, pas-
sage of a particle over the potential barrier, reflection of the particle from 

the potential barrier, de Broglie wave, quantum number. 

В роботі досліджено залежність крайового кута змочування рідким оли-
вом підкладинки із криці від температури. У ході експерименту виявле-
но, що крайовий кут зменшується з підвищенням температури і поліпшу-
ється змочуваність даної системи. Однак з подальшим підвищенням тем-
ператури крайовий кут знову збільшується, що є аномальним явищем. 
Для пояснення цього феномена, а також процесу формування крайового 

кута в цілому було запропоновано квантово-механічний модель, заснова-
ний на уявленнях Вентцеля–Крамерса–Бріллюена (ВКБ). У цьому випад-
ку взаємодія йонів розтопу з атомами підкладинки розглядається опосе-
редковано через формування потенціяльного бар’єра, лінійні розміри 

якого визначаються співвідношенням мас атомів взаємодійних металів і 
температурою. З позицій ВКБ за низьких температур, коли кінетична 

енергія усередненої частинки зі зведеною масою менша за величину поте-
нціяльного бар’єра, відбувається швидке згасання хвильової функції і, 
відповідно, зміна крайового кута практично не відбувається. Кількісні та 

якісні зміни з’являються, коли кінетична енергія частинок зі зведеною 

масою перевищує значення позитивного бар’єра внаслідок підвищення 

температури. Відповідно до ВКБ-уявлень, проходження або відбивання 

частинки зі зведеною масою над бар’єром визначається цілим або напів-
цілим співвідношенням довжини де Бройлевої хвилі та лінійних розмірів 

потенціяльного бар’єра. Таким чином, якісні зміни в системі, такі як по-
ріг змочування й аномальне збільшення крайового кута, описуються про-
цесами, пов’язаними з проходженням або відбиванням частинки зі зведе-
ною масою над бар’єром. Криві залежностей крайового кута та роботи ад-
гезії від температури, побудовані експериментально та теоретично, мають 

подібну динаміку. 

Ключові слова: температурна залежність кута змочування, робота адге-
зії, проходження частинки над потенціяльним бар’єром, відбивання час-
тинки від потенціяльного бар’єра, де Бройлева хвиля, квантове число. 
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1. INTRODUCTION 

Composite materials play an important role in the modern technolo-
gies. Composite materials with the metal matrix are used in various 

industries owing to their mechanical and tribological characteristics 

[1]. These materials are the result of the volumetric connection of two 
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or more materials based on adhesive bonds. As a rule, composites con-
tain the materials with opposite properties (ductility and brittleness, 

stiffness and elasticity, conductors and dielectrics) [2–4]. 
 In the manufacture of the composite materials, the processes of con-
tact interaction at the filler–binder interface are to be strictly con-
trolled. Implementation of these processes should ensure the required 

strength of the interfaces and, at the same time, it should not cause 

any unwanted phases to occur in the structure [5]. Therefore, in the 

processes of manufacture of the composite materials, attention is paid 

to determination of the value such as the work of adhesion between the 

structural components of composite materials and the nature of wet-
ting of the filler with the molten binder [6–8]. The work of adhesion 

characterizes the interaction of two condensed phases per unit of con-
tact area. The better the wetting of the solid phase with the liquid one 

and the smaller the wetting angle, the greater the work of adhesion [9]. 
 The typical feature of systems where the chemical bonds between the 

liquid and the substrate material prevail is a strong dependence of the 

contact angles on temperature that is the wetting threshold is often 

present [10–13]. When the system is heated above the threshold tem-
perature, the contact angle decreases because of significant rise in the 

work of adhesion. 
 To ensure better wetting during impregnation of the composite ma-
terials, soldering processes, etc., it is necessary to determine the tem-
perature at which the threshold for wetting of the solid phase with the 

liquid one occurs. Thus, calculation of the wetting threshold tempera-
ture holds the applied significance and is of interest from both practi-
cal and theoretical points of view. 
 The process of formation of the dynamic characteristics of liquid 

media, which determine the properties of surface phenomena and, con-
sequently, the contact angle of a drop, is described in [14]. The paper 

uses the fundamental Euler and Navier–Stokes hydrodynamic equa-
tion and creates the original computerized modelling algorithm. This 

algorithm allows considering sufficiently large spectrum of statistical 
oscillations of the shapes and density of a drop of the liquid media, but 

generally, it cannot reflect the process of formation of the contact an-
gle itself and, accordingly, the wettability properties in a fairly com-
plete manner. Based on the computerized modelling of the modified 

Euler equations, the papers [15, 16] consider the Cahn–Hilliard equa-
tion taking into account the van der Waals interaction for isothermal 
liquids. Using the concept of the Ginsburg–Landau potential, this 

equation allows considering the formation of density distribution in 

the liquid drops and, in principle, to abandon the contact-angle indica-
tor in the assessment of wetting properties [15]. 
 Some other papers [17–20] also use the fundamental principles of 

computer model construction, including quantum mechanical con-
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structs of multilayer structures forming the surface phenomena in the 

distribution of free energy and accordingly wetting properties. 
 The papers [21, 22] showed the increase of the contact angle in the 

systems with the temperature rise in the study of dependence of the 

contact angle on temperature. These cases of the contact-angle in-
crease are considered abnormal ones. The authors of [21, 22] suggest 

that an increase in contact angles occurs owing to the formation of new 

chemical compounds between contacting substances or as a result of 

changes in the surface structure. In our opinion, this phenomenon is 

little studied and requires further research. Our paper presents the re-
sults of study of the temperature dependence of contact angle in the 

liquid tin–steel substrate system. 
 Wetting in liquid tin–steel substrate systems was previously stud-
ied in [23]. The paper [24] dealt with the dependence of contact angle in 

the liquid tin–iron substrate system. However, the phenomenon of ab-
normal increase of the angle was not found in Ref. [23, 24], since the 

temperature dependence of the contact angle was studied by continu-
ous heating of the system to high temperatures. Consequently, no fur-
ther increase in the angle with the temperature rise was observed in 

[23, 24] after decrease of the contract angle of wetting of the solid sub-
strate with a drop of melt. In our experimental study, we supplied and 

examined a new individual drop of tin to construct each subsequent 

point of dependence of the contact angle versus temperature. There-
fore, at each point of dependence, the contact angle was formed as new, 
that did not exclude its higher values compared to contact angles of pre-
vious drops of the substrate at the lower temperature. To explain this 

phenomenon and decrease in the contact angle at the wetting threshold 

temperature, this paper proposes the model representation based on the 

Wentzel–Kramers–Brillouin (WKB) semi-classical quantum concep-
tion. 

2. EXPERIMENTAL TECHNIQUE 

The contact angle of wetting of the steel substrate with liquid tin was 

determined by the sessile drop method [25]. For the experimental de-
termination of the contact angle and the work of adhesion, tin alloys of 

the purity of 99.9995% wt. and steel of AISI 201 grade were used. An-
gles of wetting of the solid steel substrate with liquid tin were measured 

on the high-temperature unit with high stabilization of the tempera-
ture. To prevent the formation of unwanted compounds, heating was 

carried out in the nitrogen atmosphere, since no compounds are produced 

in the direct interaction of nitrogen and tin [26]. A drop of the substance 

under study was applied onto the substrate located on the object table of 

the working chamber through the bent fused silica capillary. 
 Figure 1 shows a drop of the substance after passing through the ca-
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pillary. The drop was held at the given temperature for 12 minutes. 
Then the furnace was cooled, the drop was removed, and the furnace 

was heated again to the higher temperature, and the next drop of liq-
uid tin of the same type was fed through the capillary. Measurements 

were taken in the temperature range of 525–775 K with a step of 25 K. 

Contour of the drop was photographed using the digital camera. The 

resulting image was scanned and processed with the use of TLC-
manager software [27]. When scanning the image, the program formed 

the matrices of light absorption coefficients corresponding to each 

pixel. Therefore, after scanning, a corresponding image was formed 

(Fig. 2) with the clear outline of the drop and the co-ordinate grid. Af-
ter that, wetting angle of this drop was calculated. The work of adhesion 

of the corresponding system was calculated by the formula [28, 29] 

 

Fig. 1. A drop of liquid tin on a steel substrate of grade AISI 201. 

 

Fig. 2. Scanned image of a drop of liquid tin on a solid AISI 201-steel substrate. 
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 A = σ(cosθ + 1), (1) 

where σ is surface tension of tin, θ is calculated contact angle of the 

system. To clarify the factors, which could affect the results of the ex-
periment, studies of the chemical composition of the substrate and so-
lidified tin drop using ion-selective [30] and atomic absorption [31] 
methods were carried out before and after the experiment. In addition, 
studies with the use of x-ray fluorescence method were conducted to 

detect iron atoms in a tin drop [32]. 

3. DEVELOPMENT OF THE THEORETICAL METHOD 

FOR DETERMINATION OF THE NATURE OF WETTING 

3.1. Formation of the Potential Barrier in the Context of One-
Dimensional Representation, Wave Packet and Interaction Conditions 

When using this approximation, the description of interaction of the 

tin melt and iron substrate was built on quite simple principles of qua-
si-classical quantum mechanical concepts based on the WKB princi-
ples. We consider the direct interaction of a mobile tin atom and a sta-
tionary iron atom built into the crystal lattice of the substrate, i.e., the 

specific laboratory system. During transition to the centre-of-mass 

system, an idea arises that a particle with the reduced mass m moves in 

a particular field (in our simplified case, it is one-dimensional field). 
Potential energy of this field is formed as a barrier owing to the inter-
action of similarly charged ions of the melt and the substrate. Accord-
ing to the known concepts, transmission coefficient shall be deter-
mined by the relation [33] 

 2 2 2 2 1
2 1 1 2 2( ) (1 (( ) / 2 ) sin )T E k k k k k l −= + − , (2) 

where 1 2 /k mE=  , 2 2 ( ) /k m E U= −  ; m = m1m2/(m1 + m2) is re-
duced mass, m1 is melt atom mass, m2 is substrate atom mass,   is 

Planck’s constant, E is a total energy of the system, E − U = K = kBT/2 

is kinetic energy of the movement of melt and vibrations of the iron 

atom in the substrate, kB is Boltzmann’s constant, Т is temperature, U 

is potential energy of the barrier, l is barrier width. Ultimately, parti-
cle with the reduced mass passes over the barrier under the conditions 

sin(k2l) = 0, (k2)nl = πn, and 

 
2 2

2
2

, 1,2,3,
2

E n U n
ml

π
= + =



 . (3) 

 Let us remark here that n has the meaning of a certain quantum 

number and satisfies the condition l = (λn/2)n, λ = 2π/k2 is the 
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de Broglie wavelength. In this case, the integer number of half-waves 

is laid above the barrier. It is not necessary for n to have the large value 

in this expression; it may have small values. 
 In the event that sin(k2l) = ± 1, l = (n + 1/2)π, 

 
2 2

2
2
( 1 / 2)

2
E n U

ml

π
= + +



, (4) 

and total reflection should be observed. Given that K = E − U, kinetic 

energy of a particle with the reduced mass m, is determined by the 

temperature: it depends on kBT/2 in the one-dimensional representa-
tion. In this case, even taking into account the statistical distribution 

of individual particles by speed and potential-energy formation, i.e., 

barrier, with the temperature change, there should be a deviation from 

the monotonic dependence of the contact angle and, as a consequence, 

the change in the reflection coefficient. This dependence shall not have 

a sharp abrupt change, but it is quite measurable and may have the rel-
atively pronounced amplitude range. 
 Further construction of the proposed model involves estimation of 

the potential barrier width. For this purpose, it is necessary to form 

quasi-classical representation of the wave function. 
 The process of contact of the melt with the surface can be represent-
ed in quasi-classical approximation as a total flow of non-interacting 

particles, where each of them can be described by its own wave function 

that can be compared with the wave packet. Its average value of the co-
ordinate, i.e., the total flow of particles, can be represented as 

( ) kmi t
m k km

k m

f x a a f e ω∗= ∑∑ , 

where 1 << k << ∞, i.e., the wave-packet condition is satisfied, fkm is ma-
trix element, ωkm is transition frequency, x is co-ordinate, t is time, 

,k ma a∗
 are coefficients of expansion of the wave function k k

k

aψ = ψ∑ . 

Coefficients ak differ significantly from zero for the wave packet in the 

range of numbers of 1 << k << ∞ and are close in value to each other. If we 

change the form of s = k − m, the previous equation can be rewritten as 

( ) si t
s k k km

n s

f x a a f e ω∗
−= ∑∑ . 

 Since the coefficients as−k and ak in the range of k numbering are 

close to each other, we can write 

2 2
( ) , 1si t

k s k
n s n

f x a f e aω= ≈∑ ∑ ∑ . 
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That is, matrix elements are transformed into the coefficients of the 

Fourier series. Generally, for each particle from the k spectrum, we 

can write 

2 s ki t
k k s

s

f a f e ω= ∑ . 

 Therefore, each particle can be separated from the others in its own 

time tk. The wave function can be represented as the product of the 

number of elements of the wave packet and the wave function of an in-
dividual component. 

3.2. Formation of Quasi-Classical Wave Function 

in the WKB Representation 

Taking into account the time component, it is possible to form the wave 

function, the value of which decays exponentially inside the potential 
barrier when U > E. In this case, passage through the barrier sig-
nificantly reduces the amplitude of the wave function, which generally 

corresponds to the absence of passage or reflection of the particle. Ob-
viously, this condition is satisfied at low temperatures. For high tem-
peratures in the order of the melt temperature, E > U. Here, we 

shall observe the passage at integer n and, accordingly, the reflection 

at half-integer n + 1/2. So, for the wave function, it is possible to write 

 
1

exp ( ) exp( / ),
2

b

k
a

NC i
p x dx Kt E U

p

 
ψ = >  

 
∫ 



, (5) 

where N is number of components in a wave packet, C is coefficient, 

p(x) is impulse of the particle, p1 is impulse of a fast particle of the 

melt; a, b are boundaries of integration. This representation of the 

wave function is quite acceptable, since the coefficients determining 

the amplitudes in the wave packet do not differ much from each other. 
So, the wave function can be expressed as the product of the individual 
component by the number of components N. It should be noted that the 

values of p1 and p in these expressions are not identical; it follows from 

the considerations below. Value of the impulse in the amplitude of the 

wave function is determined by the second term in the expansion with 

respect to the small parameter   of the quasi-classical function 

exp( / )iψ ∼ µ  , where 0 1iµ = µ + µ , 0 ( )p x dxµ ∼ ±∫ , 
1/2

1 ln pµ ∼  [33]. 

When substituting into the function 1exp( / )i∼ µ  , the value of р1 is in 

the denominator. It means that, with the increase in speed, a particle 

in the given volume is less likely to be detected. Therefore, the value of 

р1 is determined by fast particles, i.e., melt ions in the laboratory co-
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ordinate system. Impulse of a fast particle of the melt can be correlated 

with the de Broglie wave of the given particle. From these considera-
tions, we can also assume that, in the centre of mass system, the radius 

vector of fast particle of the melt is of the order of the de Broglie wave-
length. Then, we can write: 

2 12
1 1 1 2

1 2 1 1 2 1

2 ( )
, ,

( ) ( ) 2 ( )

m m E Um
p r m m

r m m r m m m E U

−
= = = = <

+ + −

 

, (6) 

1 21
1 1 2 1

1 2 1 1 2 2

2 ( )
, ,

( ) ( ) 2 ( )

m m E Um
p r m m

r m m r m m m E U

−
= = = = <

+ + −

 

, (7) 

where r is radius vector of a particle with the reduced mass in the field 

of potential energy U. 

3.3. Normalization of the Wave Function and Calculation 

of the Barrier Width 

The coefficient С in Eq. (5) is found from the Bohr–Sommerfeld quan-
tization rule [33]. The wave function at the point x = b results in the 

wave function 

 
1

1
cos

4

x

b

C
pdx

p

 π
ψ = − 

 
∫



. (8) 

 During normalization of the wave function, it is sufficient to inte-
grate ψ2

 only in the interval of b ≤ x ≤ a, since, beyond this interval, 

the function ψ(x) has small values, because the coefficients of expan-
sion of the wave packet are actually equal to zero. The square of sine 

can be replaced by its average value, i.e., 1/2. Then, we get 

 
2 2

2
1

2 ( ) 2

a

b

C dx C
dx

p x m

π
ψ ≈ = =

ω∫ ∫ , (9) 

where ω = 2π/t is frequency of the classical periodic motion. Conse-
quently, 

 4 /C m t= . (10) 

 The wave function taking into account the time component has the 

form: 

 
1

exp exp
2

nKtNC i
px

p

  ψ =        

. (11) 
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 Using the normalization condition for the co-ordinate component, 

we can write 

 2 exp( ( ) / ) 1D i p p x dx
∞

−∞

′− =∫  . (12) 

 All components associated with the co-ordinate component, includ-
ing time-dependent components, are considered as D2. 
 Further, from (12), we shall write 

 2 exp( )
( ) 1

L

L

i x
D dx d x

x

∞

−∞ −

α
α =∫ ∫ , (13) 

where ( ) /p p′α = −  . The inner integral is written and integrated as 

follows: 

 
( )1 1

exp ( ) cos( ) ( )

1 sin( ) sin( )
sin( ) .

L L

L L

L

L

i x d x x d x
x x

Lx Lx
x

x x

− −

−

α α = α α =

− −
= α =

∫ ∫
 (14) 

Since sin(Lx) is the uneven function, we get from Eq. (14): 

 ( )1 2
exp ( ) sin( )

L

L

i x d x Lx
x x−

α α =∫ . (15) 

 If we represent p′ as –p, i.e., impulse, which is opposite by direction, 
but equal in value, that is the extreme value in the continuous spec-
trum of integration from –L to L, we can determine the value 

2 /L p=  , and the following expression is written 

 

2
sin

2p p

p
x

dx dx
x

∞ ∞
∗

′
−∞ −∞

 
 
 ψ ψ =∫ ∫


. (16) 

 Considering the rapid convergence of the integral (16), we can re-
place the boundaries of integration by co-ordinates determining the 

extent of the energy barrier ∝ (0—l); then, from (16) we write: 

 2 2

0 0

2
sin

2 sin
2 2 1

2

l l

px
px

D d D d
px

 
  β   = β =  β ∫ ∫






, (17) 

where 2 /pxβ =  . Since the value 1β = , by neglecting unity after in-
tegration, we obtain from (17) 
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2 2

cos Re exp
pl pl

i
    = −    

     

. (18) 

 After estimation of the co-ordinate component and return to the 

original expression for normalization of the wave function, consider-
ing the time component, we write 

 
2

1

22
exp exp 1

8 2
kKtNC pl

i
p p

  − − =      



 

, (19) 

where 4 /С m t= . 
 Performing one-term expansion of the time component, we express 

the dimensions of the potential barrier. In the statistical aspect, when 

we consider separation of each particle in the wave packet in time, the 

total time of interaction with the substrate can be represented as 

τ ≈ Ntk. Then, we can write 

 
1

ln
2

K m
l

p tp p

 τ
=  

 



, (20) 

where τ is time of contact of interacting phases, t is period of quasi-
classical motion of the particle. 
 Dimensions of the potential barrier and, accordingly, the number n 

are determined by the set of components (p, p1, m, K, τ, t) establishing 

a certain connection between l and n. Further, using the Bohr–
Sommerfeld quantization expression [33] 

 
0

1
2 / 2

l

mKdx n= π − π∫


, (21) 

where the upper limit of integration is determined by linear dimensions 

of the potential barrier, we determine the number n. In this approxima-
tion, taking into account possible deviations from integer values in the 

calculations, the number n is actually the same with the value ≈ 6. 

3.4. Non-Wetting, Wetting and Abnormal Increase in the Contact Angle 

Now we shall consider the system at the initial temperature of 525 K 

(slightly above the melting point of tin). Here, we observe non-wetting 

of the liquid phase with the solid phase and assume that the particle 

passes over the barrier. In this case, the condition (3) is to be satisfied, 
i.e., kinetic energy of the particle with the reduced mass will be 

 
2 2 2

2
( ) , 6

2n

n
E U n

ml

π
− = =



. (22) 
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 For wetting to be observed in the system, the particle should be re-
flected from the barrier, i.e., kinetic energy of the particle from Eq. (4) 
should be equal to 

 
2 2 2

1/2 2

( 1 / 2)
( )

2n

n
E U

ml+

π +
− =



. (23) 

 Then, we find the difference of energies (23) and (22), i.e., the ener-
gy under which the system quantum number will change from the in-
teger to half-integer, and the particle is reflected from the potential 
barrier: 

 
2 2

2
( ) ( 1 / 4)

2
E U n

ml

π
∆ − = +



. (24) 

 The system is capable of obtaining this energy when the temperature 

increases. Consequently, energy of the system Kn = kBTn/2, comparable 

to (E − U) at the initial temperature, should increase by the value (24). 
Then, the final value of this quantity is 

 
2 2

1/2 1/22

1
( 1 / 4)

22n n B nK K n k T
ml+ +

π
= + + =



. (25) 

From Eq. (25), we find the temperature Тn+1/2, at which the particle re-
flection from the barrier and wetting of the solid phase with the liquid 

phase in the system is observed. At this temperature, a sharp decrease 

in the contact angle shall be observed. 
 Now, we shall determine the distance between adjacent energy lev-
els, i.e., the energy required for the quantum number of the system to 

change by unity and for the particle to pass through the potential bar-
rier again. Kinetic energy of the particle located at energy level n + 1 is 

 
2 2 2

1 2

( 1)
( )

2n

n
E U

ml+

π +
− =



. (26) 

 Difference of energies (26) and (22) is, accordingly, 

 
2 2

2
( ) (2 1)

2
E U n

ml

π
∆ − = +



. (27) 

 Transition of the particle to the next energy level can be accompa-
nied by deterioration of the wetting and increase in the contact angle. 
In the same way, we add (27) to the initial kinetic energy Kn at the ini-
tial temperature and find the temperature Tn+1, at which we observe 

the deteriorated wetting: 

 
2 2

1 12

1
(2 1)

22n n B nK K n k T
ml+ +

π
= + + =



. (28) 



 ABNORMAL EFFECT OF CHANGING THE WETTING ANGLE 729 

 Analysing the expressions (20), (24) and (27), we can come to the 

conclusion that increase in the quantum number in the relation (24) 
leads to the temperature rise in the system indirectly through kinetic 

energy and, accordingly, through the impulse by a certain value. At 

the same time, according to Eq. (20), impulse is directly involved in the 

calculations of the potential barrier, and its increase will lead to nar-
rowing of the barrier in accordance with the temperature rise, ade-
quate to the increase in energy when the quantum number becomes 

higher. Taking into account this relationship, in our opinion, it is logi-
cal to adopt the fixed dimension of the barrier in Eqs. (24) and (27), 
corresponding to the initial temperature close to the melting point of 

melt. Therefore, modelling of the dynamics of temperature rise is pos-
sible by increasing the quantum number in Eqs. (24), (27) and, respec-
tively, comparing the theoretical dynamics of the contact angle tem-
perature dependence to the experimental one. 

4. THEORETICAL METHOD FOR CALCULATION OF THE WORK 

OF ADHESION 

In this model representation, it is possible to consider the issue of the 

work of adhesion, linking it with the wetting phenomenon. That is, 
non-wetting is observed during passage of the barrier, while wetting is 

seen during reflection from the barrier. In accordance with the model 
representations, the passage amplitude takes the form [33] 

1 2
22 2

1 2 1 2

4
exp( 2 )

( ) ( )

k k
t i k

k k k k
= γ

+ − −
. 

 Accordingly, the transmission coefficient is 

122 2
2 22 1

2
1 2

( )
( ) 1 sin ( )

2

k k
T E t k

k k

−
  − = = + γ 
   

, 

where γ is certain phase determined by the barrier dimension l. If 

sin(k2γ) = 0, (k2n)l = πn, T(E) = 1, passage occurs over the barrier with 

no wetting. In this case, the work of adhesion can be expressed as 

 
22

U
A =

πλ
. (29) 

 This expression is formed based on the representation of the barrier 

dimension normalization in the de Broglie wavelength units and di-
mensional requirements. Next, we shall find the height of the potential 
barrier. 
 From Ref. [33], it follows that 



730 E. Ph. SHTAPENKO and Yu. V. SYROVATKO 

 
2

4 ( )
1

(2 )

E E U
T

E U

−
= =

−
. (30) 

 The potential energy is represented as 

 (( ) ( ))U E U U K= − − + − . (31) 

 After expressing (E − U) from Eq. (30) and substituting in Eq. (31), 
we obtain 

 
2 2(2 ) (( ) )

2
4 4

E U E U E
U K K

E E

− − +
− = − = − . (32) 

 To describe fully the solution, there are no sufficient input variables 

in the relation (32); so, in this case, we used the combined variable 

(E − U) as a parameter. We obtained a family of solutions depending on 

the ratio of variables included in the combined parameter. Further, 
after analysis of the family of solutions, we chose the solution, which 

was the most appropriate for the description of real dependences ob-
tained from experiments that is the contact angle as a function of time 

and temperature. Components included in the optimal parameter, 
which determined the optimal solution, were chosen with the use of 

computer modelling. 
 Therefore, the expression for U depending on (E − U) and K in the 

case, when the particle passes over the barrier, is obtained as follows: 

 
1

2 2 2 1/2

6 2( )

18
1

((6 2( )) 36( 3 ( ) 2 ( ))) .
18

K E U
U

K E U K E U K E U

− − −
= +

+ + − − − + − + −
 (33) 

 In case of reflection, which can be achieved with a minimum trans-
mission coefficient, i.e., sin(k2γ) = ± 1, (k2n)l = (n + 1/2)π, wetting is ob-
served. 
 Then, the reflection coefficient is 

 
2

1 1
2

U
R T

E U
 = − = = − 

. (34) 

From here, 

 2 24( )E U E U U− − = − . (35) 

 Using Eq. (31), we get 

 2 24( ) (( ) ( ))E U E U E U U K− − = − − + − . (36) 
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 Solving in the same way, we find the expression for the height of the 

potential barrier from Eq. (36) for the case of the particle reflection 

from the barrier 

 
2 2

2

2 ( ) ( )

6( ) 2

K E U E U K
U

E U K

− − − − −
=

− −
. (37) 

 Substituting U1 or U2 in the expression (29), we find the work of ad-
hesion for the case of non-wetting (U1) or for the case of wetting (U2). 
The parameter (E − U) is, respectively, expression (22) at a given tem-
perature. 
 Contact angle of wetting of the solid phase with the liquid one is cal-
culated by formula [29] 

 arccos( / 1)Aθ = σ − . (38) 

 In conclusion, it should be noted that it is quite acceptable to use the 

quasi-classical approximations within the WKB representation, since 

the condition below is satisfied [33]: 

 3
3

1
m dU

dx
λ <<



, (39) 

where x has the order of the barrier width. In our case, the left side of 

Eq. (39) has the values of the order of 10−4, i.e., less than unity. 

5. RESULTS AND DISCUSSION 

In the process of experiment for the determination of the contact angle 

of wetting of the steel substrate with liquid tin depending on tempera-
ture, we have found a decrease in the contact angle with the tempera-
ture rise. However, as the temperature rose further, the contact angle 

increased again [34]. Figure 3 shows photographs of a drop for three 

characteristic temperatures. 
 The results of experimental study of the formation of a contact an-
gle and the work of adhesion depending on temperature for the system 

of tin–steel AISI 201 are given in Figs. 4 and 5. From these figures, it 

is clear that at first the values of the contact angle of this system de-
crease; the wetting threshold is observed at the temperature of 

≅ 600 K, and the dependence has a minimum at the temperature of 

650 K. Values of the contact angle of wetting and the work of adhesion 

at 650 K are equal to 55° and 0.913 J/m2. Further, with the rising tem-
perature, the angle value increases and, at the temperature of 725 K, it 

is equal to 112°. Accordingly, the work of adhesion at this temperature 

is of 0.363 J/m2. Therefore, we can determine the effect of abnormal 
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increase in the contact angle of wetting of the system tin–steel AISI 

201, which is confirmed by experimental data. 
 For the comparison with the experimental results, Figures 4, 5 show 

the dependences of the contact angle of wetting and the work of adhe-
sion on temperature, obtained by the given theoretical method for the 

tin–iron system. Mass of the tin atom was considered as m1, and mass 

of the iron atom was taken as m2. Calculations were carried out at 

τ = 12 min, starting from the temperature of 525 K. At the given tem-
perature, the energy E − U of the system was equal to 3.57⋅10−21

 J, and 

the value of kinetic energy K was of 3.62⋅10−21
 J, comparable to E − U, 

with the quantum number n = 6. The calculations show that the energy 

required for changing of the quantum number from 6 to 6.5 is of 

0.62⋅10−21
 J, while the energy required for transition of the system to 

the new level is of 1.29⋅10−21
 J. Consequently, values of the correspond-

ing temperatures are of 614 K and 711 K. Values of the work of adhe-
sion were calculated up to 614 K under Eqs. (29) and (33), in the tem-
perature range of 614–711 K, according to Eqs. (29) and (37). When 

the temperature increased further above 711 K, the expression (33) 
was used again to calculate U. 
 Values of the contact angle and work of adhesion at the temperature 

of 525 K were of 122° and 0.272 J/m2, respectively (Figs. 4, 5). At the 

temperature of 614 K, the quantum number changed from the integer 

to half-integer and values of these characteristics were of 60° and 

0.868 J/m2. As the temperature rose further, values of the contact an-
gle decreased and those of the work of adhesion increased. The mini-
mum dependence of the contact angle values on the temperature was 

observed at Т = 700 K being equal to 28°. Accordingly, the value of the 

work of adhesion at this temperature was of 1.092 J/m2. With the fur-
ther increase in temperature, the system transitioned to the next ener-
gy level, and the wetting deteriorated. Therefore, at the temperature 

 
a b c 

Fig. 3. Photograph of drop of liquid tin on substrates made of steel AISI 201 

at the temperatures of 550 K (a), 650 K (b), and 775 K (c). 
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of 725 K, the values of the contact angle and work of adhesion were of 

95° and 0.526 J/m2, respectively. Then, the contact angle values de-
creased. 
 The convergence of experimental data with the calculated ones 

shows that the proposed model used to calculate the work of adhesion 

and contact angle of non-equilibrium systems describes the observed 

 

Fig. 4. Temperature dependence of the wetting angle: curve constructed ex-
perimentally (○), curve constructed by calculation (■). 

 

Fig. 5. Temperature dependence of adhesion: curve constructed experimental-
ly (○), curve constructed by calculation (■). 
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phenomena well. 
 The authors of Refs. [23, 24, 35, 36] suggest that the phenomenon 

of a sharp decrease in the contact angle of wetting at the temperature 

rise, i.e., the wetting threshold, arises owing to the destruction of ox-
ide films or the occurrence of chemical compounds between the solid 

and liquid phases. However, in our study no iron atoms were detected 

on the surface of the tin drop during the investigation by the x-ray flu-
orescence and atomic absorption methods after the experiment. Insig-
nificant amount of nitrogen oxides was found on the surface of the tin 

drop by the ion-selective method. Nevertheless, it could not signifi-
cantly affect the contact-angle dependence on the temperature. Since 

the proposed theoretical method for the calculation of the contact an-
gle does not take into account the factors of nitrogen oxide formation, 

some discrepancies are observed in the constructed theoretical and ex-
perimental curves of dependence of the contact angle and adhesion on 

temperature. 
 Insignificant shift can also be explained by the fact of use of multi-
component steel substrate in the experiment, while pure iron was used 

in the calculations. Consideration of multicomponent systems will be 

the subject of our further studies. According to this model, the wetting 

threshold phenomenon arises owing to the fact that the system thermal 
energy exceeds the required value and the condition of a particle re-
flection from the potential barrier is satisfied. The other factor is the 

change in the ratio of linear dimensions of the barrier and the de Brog-
lie wavelength from integer to half-integer. Therefore, the method 

proposed in this paper explains the observed phenomena during the 

contact of the liquid and solid phases in a different way, relying on 

quantum effects of the systems. 
 Previous studies in the systems of tin–steel and tin–iron [23, 24] did 

not reveal any abnormal increase in the contact angle depending on the 

temperature, since, for a heated system in equilibrium, the tempera-
ture rise cannot cause an increase in the contact angle of wetting [37]. 
Therefore, if a drop of tin is continuously heated to the certain tem-
perature, the contact angle shall decrease, and it does not increase any 

longer with the rise in temperature. In our study, for each point of 

temperature dependence of the contact angle, a new drop of tin was ex-
amined each time with a step of 25 K. In this regard, at the tempera-
ture of about 725 K, as a result of changes in the interaction processes 

of the system, the contact angle initially did not reach small values 

that were observed at lower temperatures. The increase in wetting an-
gle in the tin–steel system is observed, according to our ideas, as a re-
sult of changing energy of interaction between the melt and substrate 

atoms, as described by our model based on the WKB quasi-classical 
quantum conception. 
 This method can be used for the metallic non-equilibrium systems, 
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and we consider promising to study its application for non-metallic 

systems. The use of this method will allow predicting the processes in 

non-equilibrium systems by calculations, without conducting any ex-
periments; so, it can find practical use in the creation of composite ma-
terials, soldering processes and solving of other applied problems. 

6. CONCLUSION 

We carried out the experimental observation of wetting of the solid sub-
strate of steel AISI 201 with liquid tin. The temperature was increased 

in steps of 25 K, and for each fixed point of dependence, a new drop of 

tin was supplied on the substrate and examined. The wetting threshold 

is observed at ≅ 600 K on the experimental curve of temperature de-
pendence of the contact angle of wetting of this system. Therefore, de-
crease in the angle and increase in the work of adhesion corresponds to 

improved wetting. Further, with the temperature rise, the contact angle 

begins to increase abnormally and the work of adhesion decreases. 
 The abnormal effect of the sharp change in the wetting angle de-
pending on temperature at the contact of the solid and liquid phases is 

described using the quasi-classical approximation of quantum mechan-
ics. According to our ideas, the sharp change in the contact angle is ex-
plained by changing ratio of linear dimensions of the barrier and the de 

Broglie wavelength of the system. 
 The wetting threshold temperature is defined as the temperature, at 

which the condition of reflection of a particle with the reduced mass 

from the potential barrier determined by interaction energy of the con-
tacting phases is satisfied. 
 The experimental curve of change in the contact angle of the system 

of tin–steel AISI 201 agrees satisfactorily with the theoretical curve 

for the tin–iron system. Thus, the proposed method of calculation can 

be used to find wetting indicators in non-equilibrium melt–solid metal 
systems. 

 This work was performed within the research ‘Adhesion Strength of 

the Galvanic Coatings’ (No. 0121U13278 of the State registration), 
‘Development of Plasma Technologies for Strengthening Coatings 

Used in Extreme Conditions’ (No. 0123U104531 of the State registra-
tion). 
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