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Atomic-sizes’ misfit and elastic-moduli misfit for the solute atoms at the 

crystal-lattice sites in concentrated solid solution, notably, in multicompo-
nent alloy, can be considered as discrete random variables. Definition of var-
iance of such random variables allows to develop method and analytical ex-
pressions to determine the main parameters of stochastic shearing-stresses’ 
field that is generated within the glide plane by solute atoms. The main pa-
rameters are the standard deviations and correlation lengths of the short- 

and long-wavelength components of this field. The developed method also 

shows that it is possible to determine two different effective distortions of 

crystal lattice, each of which is responsible for its own component of the 

shearing-stresses’ field. Another conclusion of the new method is that there 

is no single empirical constant for all alloys at once to determine the yield 

strength using the shear modulus and average lattice distortion. The short-
wavelength component of the shearing-stresses’ field within the glide plane 

creates dominant force barriers, which the dislocation can overcome by the 

thermal-activation assistance. The long-wavelength component creates bar-
riers, which can be overcome athermally, that is, by applying additional me-
chanical stress. All these barriers can be described using the main parameters 

of the shearing-stresses’ field. Effect of solute atoms located farther from 

the glide plane on yield strength cannot be neglected because they create 

long-wavelength component of the shearing-stresses’ field. The analysis of 
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overcoming barriers from the short- and long-wavelength components of the 

shearing-stresses’ field is resulted in describing the temperature dependence 

of the yield strength of a multicomponent alloy. This dependence describes 

well the mechanical behaviour of the alloy in a wide range of temperatures, 

including in the range of the high-temperature ‘plateau’, except very low and 

very high temperatures, where additional factors and mechanisms operate. 

Key words: multicomponent alloy, solid solution, glide plane, shearing 

stresses, dislocation, yield strength. 

Невідповідності атомових розмірів і модулів пружности для розчинених 

атомів у вузлах кристалічних ґратниць концентрованого твердого розчи-
ну, який являє собою багатокомпонентний стоп, можна розглядати як 

дискретні випадкові величини. Визначення дисперсії цих випадкових 

величин уможливлює розробити метод розрахунку й одержати аналітичні 
вирази для основних параметрів поля стохастичних зсувних напружень, 

яких зґенеровано у площині ковзу розчиненими атомами. Основними па-
раметрами є стандартні відхили та довжини кореляції коротко- та довго-
хвильової компонент цього поля. Розроблений метод також показує, що 

можна визначити дві різні ефективні дисторсії кристалічних ґратниць, 

кожна з яких відповідає за свою компоненту поля зсувних напружень. 

Ще один висновок нового методу: немає єдиної емпіричної константи од-
разу для всіх стопів, щоб визначити границі плинности через модуль зсу-
ву та середню дисторсію ґратниць. Короткохвильова компонента поля 

зсувних напружень у площині ковзу створює домінантні силові бар’єри, 
які дислокація може долати за допомогою термічної активації. Довгохви-
льова компонента створює бар’єри, які можуть бути подолані атермічно, 
тобто шляхом прикладання додаткового механічного напруження. Всі ці 
бар’єри можна описати за допомогою основних параметрів поля зсувних 

напружень. Не можна нехтувати впливом атомів розчиненої речовини, 

розташованих далі від площини ковзу, на границю плинности, оскільки 

вони створюють довгохвильову компоненту поля зсувних напружень. 

Аналіза подолання бар'єрів від коротко- та довгохвильової компонент по-
ля зсувних напружень дає нам температурну залежність границі плинно-
сти багатокомпонентного стопу, яка може добре описати механічну пове-
дінку стопу в широкому діяпазоні температур, в тому числі й в області 
високотемпературного «плато», за винятком дуже низьких і дуже висо-
ких температур, де діють додаткові чинники та механізми. 

Ключові слова: багатокомпонентний стоп, твердий розчин, площина ков-
зу, зсувні напруження, дислокації, межа плинности. 
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1. INTRODUCTION 

Multicomponent alloys are promising materials that demonstrate 

many unique properties, in particular, very high yield strengths [1, 2]. 
The yield strength of such alloys, which are mostly substitutional solid 
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solutions, depends on the distribution of internal stresses in the mate-
rial. It should be noted that the distribution of internal stresses affects 

the shape of the dislocation line, which also affects the stress required 

to start its movement in the glide plane [3]. Solid solution strengthen-
ing allows achieving high yield strength in multicomponent alloys 

even at high temperatures. Thus, the concept of solid solution 

strengthening allows obtaining materials for applications in a wide 

range of temperatures [1]. Such features of the mechanical behaviour 

of these materials are very useful for use in modern technology [1, 2]. 
 Crystal lattice distortion created by solute atoms results in stochas-
tic shear stresses in the dislocation glide plane. The different atoms in 

the solid solution have some atomic size misfit and elastic modulus 

misfit in comparison with the average atomic size and the effective 

elastic modulus of the alloy. These misfits lead to distortion of the 

crystal lattice, which varies randomly in space. Local distortion 

changes with temperature, and understanding the features of these 

changes is important for determining the temperature dependence of 

the material's yield strength. In such a way, crystal lattice distortion is 

a source of internal stresses. In the case of alloys where there is no 

dominant component, the internal shear stress at any point of glide 

plane is a random variable, which typically has a statistical distribu-
tion according to the normal law, because these stresses are the sum of 

contributions of many solute atoms, which are located around the glide 

plane. In general, these internal stresses follow a zero balance, that is, 
the stress averaged over the entire glide plane must be zero. Regions 

with stresses of different signs alternate with each other on the glide 

plane, which results in a zero balance of forces. The average size of the 

region where the stresses have the same sign is an important character-
istic of the stochastic shear-stress field, which determines its correla-
tion length. These stresses lead to forces acting on the dislocation, af-
fecting its shape, and creating resistance to its movement due to the 

deviation of dislocation shape from a straight line. The wavy equilibri-
um shape of the dislocation is formed by the balancing of the forces 

acting on individual segments of the dislocation due to shear-stress 

field and the forces of linear tension, which in turn depend on the 

shape of the dislocation line. Thus, this shape is a set of ‘waves’, i.e., 
bulges of different lengths and heights. To estimate the parameters of 

the average bulge, the first step is to determine idealized shape of the 

bulge. 
 One of such attempts was the consideration of the quadratic parabol-
ic form of such bulge [3]. The use of the shape of an arc of a circle is also 

quite widespread [4]. For bulges, in which the height is much smaller 

than the length, these two idealized shapes give the same numerical re-
sults. In a numerical experiment using the method of discrete disloca-
tion dynamics, it was found that the best approximation for the shape 
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of the average bulge of the dislocation line will be a sinusoidal shape, in 

which the wave height is also much smaller than its length [5]. 
 Modelling of solid solution strengthening and yield strength of mul-
ticomponent alloys, which is important for the development of new al-
loys, was considered in many works [3, 6–22]. In particular, the effect 

of the dislocation line shape in solid solution on the yield point was 

studied in [3, 6–19]. Such modelling allows predicting the likely yield 

strengths of such materials and can help in the development of new 

promising alloys of this class [3, 6–28]. Many works were devoted to 

the theoretical description of solid solution strengthening and the cor-
responding formation of the temperature dependence of the yield 

strength [3, 6–31]. In work [3], the critical stress necessary for the 

start of dislocation motion in the stochastic shear-stress field in the 

glide plane, essentially the yield point, is considered. The amplitude of 

the shear stresses, the average linear size of the region, where the sto-
chastic stresses have the same sign, and the length of the dislocation 

segment, where the elementary-gliding process occurs, i.e., the length 

of the average bulge on the dislocation line, are important in this case. 
The paper [6] considered the interaction of a moving dislocation with 

obstacles in the glide plane, which are created by solute atoms located 

in the immediate vicinity of this plane. There are two types of disloca-
tion interaction with obstacles in the glide plane. The first type is when 

these obstacles can be considered as points. It is true for very dilute sol-
id solutions, in which there are few solute atoms, which are located at a 

large distance from each other [32]. The second type is when the obsta-
cles have a finite range of interaction with the dislocation, i.e. a certain 

size in the direction of dislocation motion, and the statistics of the in-
teraction of the dislocation with such obstacles are different from the 

first case [3]. 
 A new theory to calculate the yield strength of disordered solid solu-
tions with an arbitrary number of components and an arbitrary compo-
sition, based on the Labusch model, was proposed in [7–15]. In these 

works, the waviness and roughness of the dislocation line were mod-
elled in a simplified form by the identical trapezoidal protrusions in 

two opposite directions lying in the glide plane. The height and length 

of the protrusions were determined by first-principles calculations us-
ing density functional method. This theory uses the calculated first-
principles interaction energies of solute atoms with dislocations as in-
puts to determine the yield strength and activation volume as func-
tions of composition, temperature, and strain rate. Reducing waviness 

to uniform trapezoidal ridges requires neglecting the actual shape of 

the dislocation line, which is actually a sum of bulges of different 

heights, lengths, and shapes. Besides, one-dimensional sinusoidal de-
pendence of internal stresses on the coordinate along the direction of 

dislocation motion was only considered in this theory. Neglecting the 
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real two-dimensional stochastic distribution of shear stresses in the 

glide plane can lead to significant errors in determining the shape of 

the dislocation line and the yield strength of the material. 
 The dislocation line shape was modelled using discrete dislocation 

dynamics [17]. Such modelling gives a more realistic shape, but it de-
pends on the method of determining the stochastic shear-stress field in 

the glide plane. To model the distribution of shear stresses, a special 
method was developed in [17]. The force acting from the shear-stress 

field on a certain dislocation segment was calculated as a superposition 

of forces from randomly located pinning points in the glide plane, each 

of which created a Gaussian pinning potential. At the same time, the 

force acting on the dislocation from a certain pinning point dropped to 

almost zero when moving away from this point. Thus, pinning points 

located far from the dislocation segment practically did not act on it. 

This way of determining the forces acting on the dislocation and actu-
ally determining the shear-stress field provides a normal distribution 

of probabilities for these stresses, since the stress at a certain point is 

the sum of many random small contributions from different pinning 

points. However, this method has its drawbacks. First, the variance of 

the normal distribution is poorly specified by this method, as it de-
pends on the number of pinning points that fall into the zone of influ-
ence around a certain point on the dislocation line. It should also be 

noted that the pinning points, which contribute to the force acting on a 

certain point on the dislocation line, are located only in the glide plane 

in the method proposed in [17]. However, in a real alloy, many crystal 
lattice distortion centres, which will contribute to the stochastic shear-
stress field in the glide plane, are located in the space above and below 

the glide plane. 
 It should be noted that namely with such a more realistic approach, 
the distribution of shear stresses in the glide plane is divided into 

short-wavelength and long-wavelength components. Second, the iden-
tical pinning points are more consistent with modelling a binary alloy 

in which the identical solute atoms are dissolved in the solvent matrix. 
This method is somewhat questionable for multicomponent alloys. 
Thirdly, this method requires significant computing power and time 

spent on calculations. Thus, the development of another method of de-
termining stochastic shear stresses in the glide plane may be useful. In 

addition, an insufficiently accurate method for determining the char-
acteristic parameters of the dislocation line shape was proposed in 

[17], and the statistics of the various components of this shape were 

not studied. 
 Since the dislocation line shape was modelled only at zero applied 

stress in Ref. [17], the question arises about the evolution of this shape 

under the action of an external load. It was also noted that, in order to 

determine directly the yield strength using such modelling, it is neces-
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sary to find such a critical applied stress at which the dislocation line 

shape ceases to be in equilibrium. In this case, the velocities of all seg-
ments of the dislocation will not go to zero sometime after the applica-
tion of this external stress. Therefore, the dislocation will not stop and 

not reach an equilibrium shape. Such determination of yield strength 

requires successively increasing the applied stress from zero with a 

certain small step and checking the equilibrium shape of the disloca-
tion line at each such step. The segments of the dislocation start to 

move with each subsequent increased stress, because their equilibrium 

is disturbed. Further, two cases are possible. First, the dislocation 

segments may stop after some time. This will mean that new equilibri-
um shape has been reached. Second, the movement of the segments will 
not stop and the dislocation will break away from the points of initial 
pinning. This can be conventionally considered as the plastic defor-
mation beginning. 
 Various aspects of thermal activation analysis of the temperature 

dependence of the yield strength in binary and multicomponent solid 

solutions, in particular in high-entropy alloys, were considered in [25-
28]. One of the considered problems is the existence of a ‘plateau’ on 

the temperature dependence of the critical shear stress at high temper-
atures, an almost constant value of the yield strength in a certain tem-
perature range. The paper [25] shows that the existence of such a ‘plat-
eau’ is essentially anomalous. The elastic modulus of the material de-
creases as the temperature increases, which in turn should lead to a de-
crease in the stochastic shear stresses in the dislocation glide plane, 
which are created by numerous local distortions of the crystal lattice, 

and, accordingly, to a decrease in the yield strength, rather than its 

constant value at elevated temperatures. Since the ‘plateau’ is ob-
served experimentally, there must be additional factors that compen-
sate for the decrease in the elastic modulus with increasing tempera-
ture. In particular, the drop in the shear modulus must be compensated 

by an increase in the distortion of the crystal lattice as the temperature 

increases for the ‘plateau’ existence. In the temperature region, where 

a ‘plateau’ is observed, in multicomponent solid solutions, in addition 

to an increase in the root mean square displacements of atoms, there 

may also be an effect of dynamic deformation ageing accompanied by 

the corresponding strengthening, which compensates for the elastic 

modulus decrease [25]. However, this effect is not universal and can-
not explain the ‘plateau’ in all cases. Thus, the factors that compensate 

for the elastic modulus decrease due to the increase in temperature and 

contribute to the emergence of a ‘plateau’ require further research. 
The study of the dependence of the crystal lattice distortion on tem-
perature is relevant in this sense. 
 Some issues of determining lattice distortion and yield strength in 

multicomponent alloys were discussed in Refs. [20–22]. Modelling of 
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dislocation motion by the method of discrete dislocation dynamics and 

calculation of the stochastic shear-stress field in the glide plane by di-
rect summation of contributions from individual solute atoms located 

at the sites of crystal lattice in the space around this plane are consid-
ered in Refs. [5, 23, 24, 33]. The shear stress acting on the edge dislo-
cation in the glide plane from a single solute atom can be calculated us-
ing the energy of interaction of such an atom and a trial rectilinear 

segment of the dislocation [24]. It should be noted that each atom in 

the substitutional solid solution could be considered as a point defect in 

the effective averaged matrix-solvent media [11, 12, 20–22]. The zone 

of influence of such a defect on the dislocation in the glide plane is 

greater the farther this defect is from the plane, but the interaction 

force decreases in this case [34]. Thus, the stochastic shear-stress 

field, which is created by solute atoms in the glide plane in a multicom-
ponent alloy, can be divided into two components. The short-
wavelength component with a larger amplitude and shorter correlation 

length of the stress field is created by solute atoms located in the im-
mediate vicinity of the glide plane. For example, in Ref. [4], it is pro-
posed to take into account affecting of only these atoms to the disloca-
tion motion. The long-wavelength component with a much smaller am-
plitude and longer correlation length is created by atoms, which are 

farther from the glide plane. Typically, this component is neglected, 
but it can be quite significant. It can be supposed that the short-
wavelength component of the shear-stress field is related to the ther-
mal component of solid solution strengthening of multicomponent al-
loy. The long-wavelength component can be tried to be related to the 

athermal component of this strengthening, because its significantly 

longer correlation length can prevent thermally activated overcoming 

of energy barriers, which associated with it [34]. 
 The characteristics of the shear-stresses’ distribution in the glide 

plane in a solid solution can be calculated both by direct summation of 

contributions from many solute atoms [24, 33] and by using a special 
statistical method [35]. The main parameters of this distribution are 

the standard deviation and the correlation length of the short-
wavelength component of the stochastic shear-stress field in the glide 

plane and the standard deviation and the correlation length of its long-
wavelength component. The shear-stresses’ distribution is the main 

factor in modelling dislocation motion in the glide plane by the method 

of discrete dislocation dynamics [5, 23]. In particular, such simulation 

shows the reality of the sequential action of the short- and long-
wavelength components of the shear-stress field on the dislocation mo-
tion. This also clarifies the sinusoidal shape of the bulges on the dislo-
cation line. These bulges are formed and disappear under the action of 

an external load, and the dislocation moves ahead by such a way. 
 The equilibrium shape of the dislocation at zero load fits well into a 
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band with a width of three full correlation lengths of the short-
wavelength component of the shear-stress field [5]. The waviness of 

the dislocation line on the scale of the correlation length of the long-
wavelength component does not appear without an external load. The 

external stress applied in the glide plane, which assists the dislocation 

segments to overcome the internal force barriers, can, to some extent, 
compensate for the short-wavelength component of the shear-stress 

field. Then, the waviness of the dislocation line will be activated on the 

scale that is associated with the long-wavelength component as the 

numerical experiment shows. Thus, the two components of the shear-
stress field affect the dislocation line shape separately and sequential-
ly when the external load increases. It is relevant to study how the two 

components of the shear-stress field affect the temperature depend-
ence of the yield strength of a multicomponent alloy. 
 The goal of this work is to consider the statistical method of deter-
mining the characteristics of the stochastic shear-stress field in the 

glide plane in a multicomponent alloy and the influence of these char-
acteristics on the temperature dependence of the yield strength in such 

an alloy, taking into account the short- and long-wavelength compo-
nents of this field. 

2. CALCULATION ALGORITHMS 

2.1. Determination of Characteristics of Stochastic Shear-Stresses’ 
Field in Glide Plane in Multicomponent Alloy 

Shear stress τs that acts to trial rectilinear segment of the dislocation 

with the coordinates of centre xu and zu in the glide plane from solute 

atoms, which are located at the sites of crystal lattice with coordinates 

xhkm, yhkm, zhkm in the space around this plane in multicomponent alloy, 
and gradient of this stress gx along the x axis can be calculated as sums 

of contributions from these atoms [24, 33, 35]: 

 a a
s

hkm hkm

h k m

Gp V Gq V
H

b z b z

 ′ ′  τ = ∆ +    ∆ ∆   
∑ ∑ ∑  , (1a) 

 s a ahkm hkm
x

h k m

Gp V Gq V
g H

x b z b z

 ′′ ′′ ∂τ  = = ∆ +    ∂ ∆ ∆   
∑ ∑ ∑  . (1b) 

where G is the shear modulus of the alloy, b is the absolute value of 

Burgers vector of the alloy, Va is the volume per atom for the alloy 

(Va = b3(2)−1/2
 for the alloy with f.c.c. lattice, Va = 4b3/(3(3)1/2) for the 

alloy with b.c.c. lattice), ∆z is the length of trial rectilinear segment of 

the edge dislocation, h, k and m are the indices, which specify the coor-
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dinates of the sites where the solute atoms are located, along the axes x 

(in the glide plane in the direction of dislocation motion), y (perpendic-
ular to the glide plane) and z (in the glide plane along the dislocation 

line) [24], h is the number of the plane perpendicular to the Burgers 

vector, in which the site is located, k is the number of the atomic row in 

the plane in which the site is located, m is the site number in the atomic 

row, ∆  and H  are the discrete random variables that determine the 

atomic size misfit and elastic modulus misfit of a solute atom at a crys-
tal lattice site in comparison with the ‘average’ atoms of a virtual ma-
trix-solvent, respectively, and since an atom of any component can be 

located in a given site with a certain probability, then these variables 

take on their individual values for each site, hkmp′ , hkmq′ , hkmp′′ , and hkmq′′  

are the variables that are related to the first and second derivatives of 

both pressure and energy density of elastic deformations by the x coor-
dinate, respectively. The pressure and energy density are created by a 

trial segment of the edge dislocation at the point, where the solute at-
om is located. 
 If we sum in (1) only the contributions of the solute atoms in the two 

atomic planes nearest to the glide plane on each side, then this will be 

the so-called short-wavelength component τs1 of the shear-stress field 

and its gradient gx1 [35]. The long-wavelength component of the shear-
stress field τs2 and its gradient gx2 are easily calculated from the equa-
tions [35]: 

 s2 s s1 2 1and x x xg g gτ = τ − τ = − . (2) 

The region of the dislocation core, where the elastic behaviour of the 

material is disturbed, should also be taken into account. This means 

that contributions of solute atoms located in the region of the disloca-
tion core 

2 2
c( ) , / 2hkm u hkm hkm ux x y r z z z− + ≤ − ≤ ∆ , 

where rc is the radius of the dislocation core (rc ≈ b for f.c.c. lattice), to 

the shear stress in the glide plane and to its gradient can be neglected, 
i.e., equate to zero the corresponding terms in Eqs. (1). Contributions 

of solute atoms, which are far enough from the point of shear-stress 

determination at a distance greater than a certain critical distance, be-
come very small and can be neglected too. Thus, the summation should 

be carried out, taking into account only the sites located at a distance 

that is less than the critical distance. 
 Variables ∆  and H  can take the values of δi and i

′η  with the proba-
bility Xi, respectively, where δI = (1/slat)(dslat/dXi) is the atomic size 

misfit of the component i in comparison with the atoms of the virtual 
effective averaged matrix-solvent (a conventional material consisting 
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of ‘average’ atoms of a solid solution [11]), slat is the average distance 

between the nearest atoms in the alloy (slat = b), / (1 0.5 )i i i
′η = η + η , 

ηi = (1/G)(dG/dXi) is the elastic modulus misfit of the component i in 

comparison with the atoms of the matrix-solvent [24, 33], Xi is the 

atomic fraction of the component i (note that the sum of the atomic 

fractions of all components is equal to one, that is, the sum of the prob-
abilities of all possible options will, as it should, also be equal to one). 
Mathematical expectations of discrete random variables ∆  and H  will 
be equal to zero due to the balance of positive and negative misfits: 

1 1

( ) 0 and ( ) 0
N N

i i i i
i i

E X E H X
= =

′∆ = δ = = η =∑ ∑ . 

In this case the variances of the variables ∆  and H  are 

2 2

1 1

( ) and ( ) ( )
N N

i i i i
i i

D X D H X
= =

′∆ = δ = η∑ ∑ , 

respectively. 
 Taking into account the details of the calculation of shear stresses 

given in Ref. [24], the variables hkmp′ , hkmq′ , hkmp′′ , and hkmq′′  can be de-
termined through the numerically calculated first and second deriva-
tives of both the pressure and the energy density of elastic defor-
mations by the x coordinate, respectively [35]: 
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where ∆x is the small step along the x coordinate in the direction that is 

perpendicular to the trial segment of the edge dislocation (it is appro-
priate to accept ∆x = b/100 [24, 33]); 

 ( )

3
xx yy zzj

hkmp
σ + σ + σ

= −  (4a) 

is the pressure that is created by a trial segment of the edge dislocation 

with the coordinates of centre zu and xu (j = 1), xu + ∆x (j = 2), xu − ∆x 

(j = 3) at the point with the coordinates xhkm, yhkm, zhkm [35]; 
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2 2 2( ) 2

( ) ( )

2 2

j
xy xz yzj hkm

hkm

p
q

K G

σ + σ + σ
= +  (4b) 

is the energy density of elastic deformations in this point, σxx, σyy, σzz, 
σxy, σxz, σyz are the stress tensor components for the stress created by a 

trial segment of the edge dislocation at the point where the solute atom 

is located (details of the calculation of stress tensor components are 

given in Ref. [24]), K is the bulk modulus of the alloy. 
 The shear stress at a local point of the glide plane and gradient of 

this stress in the multicomponent alloy will be normally distributed 

random variables because, in accordance with (1), they will be the sums 

of a large number of random variables. Each of the variables is deter-
mined for its own site and multiplied by the corresponding constant. 
This was confirmed in shear-stress calculation by direct summation of 

contributions from individual solute atoms [24]. The mathematical ex-
pectations and variances of such normally distributed variables will be 

equal to the sums of the mathematical expectations and variances of 

summed random variables, which are multiplied by certain coeffi-
cients, respectively. Mathematical expectations of shear stress and 

gradient of this stress will be equal to zero due to the fact that 

( ) 0E ∆ =

 and ( ) 0E H = , that is, all components of mathematical expec-
tations and their sum are equal to zero. This corresponds to the condi-
tion of zero balance of shear stresses in the glide plane and is confirmed 

by direct summation of contributions [24]. 
 Taking into account the definition of the variances of discrete ran-
dom variables ∆  and H , the variance of the shear stress and gradient 

of this stress are, respectively [35]: 
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∑ ∑ ∑  , (5b) 

where s and sg are the standard deviations of the shear stress and gra-
dient of this stress, respectively. These deviations, as well as, by anal-
ogy, the corresponding deviations for the short- and long-wavelength 

components and corresponding gradients, s1, sg1, s2, sg2, can be ex-
pressed from (5) after some transformations taking into account the 

definition of ( )D ∆  and ( )D H  as follows [35]: 

 1/2 2 2 2 1/2a

1

( ) ( ( ) )
N

i s i i
i

GV
s Q X

b z =

′ ′= η + α δ
∆ ∑ , (6a) 



314 M. I. LUGOVYY, D. G. VERBYLO, and М. P. BRODNIKOVSKYY 

 1/2 2 2 2 1/2a

1

( ) ( ( ) )
N

g i g i i
i

GV
s Q X

b z =

′′ ′= η + α δ
∆ ∑ , (6b) 

 1/2 2 2 2 1/2a
1 1 1

1

( ) ( ( ) )
N

i s i i
i

GV
s Q X

b z =

′ ′= η + α δ
∆ ∑ , (6c) 

 1/2 2 2 2 1/2a
1 1 1

1

( ) ( ( ) )
N

g i g i i
i

GV
s Q X

b z =

′′ ′= η + α δ
∆ ∑ , (6d) 

 1/2 2 2 2 1/2a
2 2 2

1

( ) ( ( ) )
N

i s i i
i

GV
s Q X

b z =

′ ′= η + α δ
∆ ∑ , (6e) 

 1/2 2 2 2 1/2a
2 2 2

1

( ) ( ( ) )
N

g i g i i
i

GV
s Q X

b z =

′′ ′= η + α δ
∆ ∑ , (6f) 

where 

 1/2 1/2( / ) and ( / )s gP Q P Q′ ′ ′′ ′′α = α = , (7a) 

 1/2 1/2
1 1 1 1 1 1( / ) and ( / )s gP Q P Q′ ′ ′′ ′′α = α = , (7b) 

 1/2 1/2
2 2 2 2 2 2( / ) and ( / )s gP Q P Q′ ′ ′′ ′′α = α = , (7c) 
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and 

 2 2( ) and ( )hkm hkm
h k m h k m

Q q Q q
      ′ ′ ′′ ′′= =      
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Parameters 1 1 1 1, , ,P P Q Q′ ′′ ′ ′′  for short-wavelength component can be ob-
tained, if we sum up the contributions only from solute atoms in the 

two atomic planes nearest to the glide plane on each side. The parame-
ters for the long-wavelength component are calculated as 2 1P P P′ ′ ′= − , 

2 1Q Q Q′ ′ ′= − , 2 1P P P′′ ′′ ′′= − , and 2 1Q Q Q′′ ′′ ′′= − . 
 It is also important to determine the correlation lengths w1 and w2 of 

the short- and long-wavelength components of the stochastic shear-
stress field in the glide plane, i.e. the average linear dimensions of re-
gions where the short-wavelength component has the same sign and 

regions where the long-wavelength component has the same sign. The 

distribution of positive shear stresses along the axis inside such a re-
gion will be considered, regardless of the component, to do this. Sche-
matically, three individual realizations of such shear-stresses’ distri-
bution as random variable are shown in Fig. 1. The points that are lo-
cated exactly in the middle between the endpoints of the distributions 

are combined together. This centre point is chosen as the coordinate 
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origin. First, for these realizations, as well as all similar ones, the 

shear stress is always zero at the endpoints. Secondly, the size of the 

regions and the maximum stress in the regions may be different for 

different realizations. Thirdly, different realizations can have several 
local maxima and be completely asymmetric. However, it is possible to 

determine the average stress distribution for such regions. The size of 

the region of such an average distribution will be equal to, by defini-
tion, the average linear size of the region where the stresses are posi-
tive, i.e. the correlation length w = <lj>, where lj is the size of the region 

of the j-th realization. 
 If shear stress, as random variable, have a normal distribution with 

zero mathematical expectation and standard deviation s, then a set of 

only positive values from such distribution has an average value, which 

will be the average stress value of ms = <τj> = s(2/π)1/2
 for our average 

distribution. If the special coordinates (xj/lj)w for each realization will 
be defined, then, the points of all realizations can be displayed in single 

average region with the size w. Further, it is possible to average the 

stress over all realizations for each special coordinate (xj/lj)w and ob-
tain the average distribution of positive stresses in the region with the 

size w (Fig. 2). The stresses of the average distribution will be equal to 

zero at the end points of the region. Further, the stress should increase 

from each end point towards the centre of the region, since the average 

stress value of the average distribution is greater than zero. This in-
crease will be symmetrical relative to the centre point of the region be-

 

Fig. 1. Schematic presentation of three individual realizations of the distribu-
tion of positive shear stresses as random variables [35]. Grey circles show the 

corresponding random values. 



316 M. I. LUGOVYY, D. G. VERBYLO, and М. P. BRODNIKOVSKYY 

cause the portions of the region on both sides of the centre point are ab-
solutely equal and have no advantages over each other due to the homo-
geneity of the statistical distribution of stresses on the glide plane. 
Thus, the average distribution will be a smooth curve symmetrical rela-
tive to the centre point with the maximum at this point. Note that the 

average value of the stress gradient for the average distribution will be 

zero, because the stress must rise from zero at one end point and fall to 

zero at the other. The change in the gradient along the average distri-
bution region is shown in Fig. 3. If only the positive values of the gradi-
ent will be averaged, then, similarly to the stress, we will have an aver-
age value of mg = sg(2/π)1/2. The average distribution can be approxi-
mated by a suitable function, for example τs = Ascos(πx/w) or 

τs = As(1 − 2x/wn), where n is the exponent (n > 1). Then maximum 

values of average distribution will be As = πms/2 and As = (n + 1)ms/n for 

these approximation functions, respectively (Fig. 2). If the stress gra-
dient for both functions is averaged over the portion where it is posi-
tive, a single result for average gradient of mg = 2As/2 is obtained (Fig. 
3). Further, it is easy to derive expressions for w and, by analogy, for w1 

and w2 for both approximation functions [35]: 

 / , 2( 1) / ( )g gw s s w n s ns= π = + , (10a) 

 1 1 1 1 1 1/ , 2( 1) / ( )g gw s s w n s ns= π = + , (10b) 

 2 2 2 2 2 2/ , 2( 1) / ( )g gw s s w n s ns= π = + . (10c) 

Note that, for n = 2, both functions result in very close results. Be-
sides, the parameters s1, sg1, s2 and sg2 depend on ∆z. Besides, it was 

found that we should use ∆z = 2w2 [5, 36]. If Eqs. (10) are taken into ac-
count, it is possible to obtain, in particular, the equation 

 

Fig. 2. Schematic presentation of the averaged distribution of positive shear 

stresses as random variables [35]. Grey circles show the corresponding ran-
dom values. 
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w2 = πs2(2w2)/sg2(2w2) allowing to determine the values of ∆z and w2. 
 The main parameters of the stress field may also depend on the coor-
dinates xu and zu. At the same time, it should be taken into account 

that, for convenience, the origin of coordinates can be chosen so that it 

lies in the glide plane and the nearest crystal lattice site is directly 

above it (in the positive direction of the y axis). Due to the periodicity 

of crystal lattice, the results will be repeated with the period b (dis-
tance between lattice sites in the direction of dislocation motion) for xu 

and with periods b(3)1/2
 or 2b(2)1/2

 (distance between sites along the dis-
location line for f.c.c. and b.c.c. lattices, respectively) for zu. There-
fore, it is enough to average the main parameters of the shear-stress 

field in the local region of the glide plane, where 0 ≤ xu ≤ b and 

0 ≤ zu ≤ b(3)1/2
 or 0 ≤ zu ≤ 2b(2)1/2, to obtain an averaged result for the 

entire plane. In this way, four main parameters of the stochastic shear-
stress field in the glide plane can be calculated, namely the standard 

deviation S1 and the correlation length w1 of the short-wavelength 

component and the standard deviation S2 and the correlation length w2 

of long-wavelength component of the stress field [35]. 

2.2. Temperature Dependence of Yield Strength of Multicomponent 

Alloy 

If the virtual matrix-solvent is taken into account, the yield strength 

of a multicomponent alloy with the contribution of only solid solution 

strengthening can be expressed as follows [22, 36]: 

 * * *
P( )y yM Mµ µ µσ = σ + σ + ∆σ + ∆σ = τ = τ + τ + τ , (11) 

where 
*σ  and µσ  are the thermal and athermal components of yield 

 

Fig. 3. Schematic presentation of the gradient of the averaged distribution of 

positive shear stresses as random variables [35]. Grey circles show the corre-
sponding random values. 



318 M. I. LUGOVYY, D. G. VERBYLO, and М. P. BRODNIKOVSKYY 

strength of virtual matrix-solvent in the terms of normal stress, ∆σ*
 

and ∆σµ is the thermal and athermal components of solid solution 

strengthening in the terms of normal stress, M is the Taylor factor 

(M = 3.06 for the material with f.c.c. lattice), τy is the critical resolved 

shear stress (yield strength in the terms of shear stress), 
*

P / Mτ = σ  is 

the Peierls–Nabarro stress of virtual matrix-solvent (also known as 

the lattice friction stress, which is typically equal to a few of megapas-
cals for a material with f.c.c. lattice), τ*

 = ∆σ*/M is the thermal compo-
nent of the critical resolved shear stress associated with solid solution 

strengthening, τµ = ∆σµ/M is the athermal component of the critical 
resolved shear stress associated with solid solution strengthening. 
 Since the virtual matrix-solvent without solid solution strengthen-
ing is in a certain way an ideal material and effect of grain boundaries 

presence is not considered, it essentially lacks sources of long-range 

internal stresses. Therefore, it can be assumed that 0µσ = . 
 There are three main factors that affect the dislocation motion: the 

periodic potential of the crystal lattice, which is responsible for the 

Peierls–Nabarro stress, the short-wavelength and long-wavelength 

components of the stochastic shear-stress field in the glide plane, 

which are created by solute atoms in a multicomponent alloy, if the al-
loy is in the form of a single-phase concentrated solid solution and only 

solid solution strengthening is considered [33]. The lattice potential 
creates a periodic distribution of stresses in the direction of dislocation 

motion, and as a result resistance to this movement. For example, the 

amplitude of such a distribution for a material with f.c.c. lattice is 

quite small. The distance in the direction of dislocation motion, at 

which these stresses are balanced, is approximately equal to the abso-
lute value of the Burgers vector b. The short-wavelength component of 

the shear-stress field in the glide plane as a normally distributed ran-
dom variable has a mathematical expectation that is equal to zero and a 

standard deviation s1(∆z) that depends on the length of the trial seg-
ment of the dislocation ∆z used in the calculation of the stress distribu-
tion. The average linear size of the region where the stochastic stresses 

have the same sign for this component will be w1. Then the full correla-
tion length, the average linear size of the region where the stresses 

balance themselves, is 2w1 [33]. The long-wavelength component also 

has zero mathematical expectation and standard deviation s2(∆z) with 

full correlation length 2w2. The parameter ∆z can be estimated from 

the condition that the correlation length of the long-wavelength com-
ponent of the shear-stress field along the dislocation line should be 

equal to the one along the direction of the dislocation motion, i.e. 2w2. 
Therefore, it is possible to accept ∆z = 2w2 in calculations [5]. 
 Each of the described factors can create force barriers for disloca-
tion motion. The width of these barriers will be comparable with the 

Burgers vector for the periodic lattice potential and with w1 and w2 for 
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the short-wavelength and long-wavelength components of the shear-
stress field, respectively. That is, the narrowest force barrier is creat-
ed by the periodic lattice potential, and the widest force barrier is 

formed by the long-wave component of the shear-stress field. The 

stresses from the periodic lattice potential are balanced at a distance 

smaller than the average linear size of the region where the stochastic 

stresses have the same sign for the short-wavelength component. The 

stress of the short-wavelength component, in turn, is balanced at a dis-
tance smaller than the average linear size of the region where the long-
wavelength component has the same sign. Such conclusions can be 

drawn from the results of calculations w1 and w2 for some alloys [33]. 
That is, all these force barriers act independently of each other, each 

on its own size scale. For example, it is shown that initially only short-
wavelength component of the shear-stress field acts on the dislocation 

motion. Then, after overcoming the barriers from this component with 

the external stress assistance, the long-wavelength component of this 

field starts to affect this movement [5]. 
 The height of these force barriers will be in a completely different 

ratio compared to their width. The force barrier due to the short-
wavelength component will be the highest, while the barriers due to 

the other two factors will be significantly lower. Thus, barriers due to 

the short-wavelength component will dominate. Overcoming such a 

barrier by a dislocation with the assistance of externally applied stress 

and thermal activation will be a critical event to start the dislocation 

motion. The stress required to overcome the barrier from the short-
wavelength component will determine the term τ*

 in (11). Barriers due 

to the periodic lattice potential, which are much lower compared to the 

barriers due to the short-wavelength component, will be suppressed by 

the latter, since both types of barriers are superimposed on each other. 
Therefore, the barriers due to the periodic lattice potential can be tak-
en into account by simply adding a constant stress τP to the stress that 

is necessary to overcome the barrier from the short-wavelength com-
ponent. The barrier due to the long-wavelength component is signifi-
cantly wider in the spatial dimension, lower in the force dimension and 

higher in the energy sense than the barrier from the short-wavelength 

component. Therefore, such a barrier, which is also superimposed on 

the barriers due to the short-wavelength component, can be overcome 

only athermally, without thermal activation. As in the case of barriers 

due to periodic lattice potential, the barriers due to the long-
wavelength component can be taken into account by adding the con-
stant stress required for their athermal overcoming to the stress for 

overcoming the barriers due to the short-wavelength component. The 

stress required to overcome the barrier due to the long-wavelength 

component will determine the term τµ in Eq. (11). 
 A dislocation in stochastic shear-stress field under the action of an 
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external load will not move as a whole. Rather, it will advance step-by-
step by forming appropriate bulges on individual segments of finite 

length. The critical dislocation segment with a bulge that is directed 

against the direction of dislocation motion is first straightened under 

the action of external stress, and then a new bulge is formed on it that 

is directed in the direction of dislocation motion. As a result, bulges 

are formed on the adjacent segments, which are directed against the 

direction of dislocation motion. The process of straightening and 

changing the direction of the bulges takes place on these segments as 

well. This, in turn, brings the critical segment to a state where the 

bulge on it again becomes directed against the direction of dislocation 

motion and the whole process is repeated. Schematically, this process 

for the critical segment in an idealized form is shown in Fig. 4. Initial-
ly, there is the bulge 1 with length L1 and height 2w1 at zero applied 

stress. The averaged coordinate of x = 0 can be attributed to it. Fur-
ther, under an external stress equal to τy1, the bulge 1 is straightened 

to state 2. It can be assigned the averaged coordinate of x = 4w1/3, if it 

is assumed that the average bulge has a parabolic shape for simplifica-
tion. The bulge takes the state 3 with the averaged coordinate of 

x = 8w1/3 in the next step. Further, the bulge successively turns into 

state 4 and state 5, and the process is repeated. 
 In order to analyse overcoming a force barrier by a dislocation with 

the assistance of the thermal activation, it is necessary to set the pro-
file of the effective stress from the shear-stress field that acts on the 

critical segment of the dislocation in the direction of its movement in 

the glide plane, that is, the dependence of this stress on the averaged 

forward displacement x of this segment. To simplify the problem, con-
sider the acceptable sinusoidal dependence proposed in [4]: 

 1 1( ) sin( / 2 )yx x xτ = τ π  , (12) 

 

Fig. 4. The idealized process of the critical segment movement [36]. Grey ar-
rows show the direction of movement of this segment. 
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where 14 / 3x w=  is the averaged forward displacement of the critical 
segment at which the maximum stress τy1 is reached. The maximum 

stress is associated with the short-wavelength component of the shear-
stress field in our case, because it dominates at the formation of a force 

barrier that the dislocation can overcome with the thermal activation 

assistance. This dependence is schematically shown in Fig. 5. The 

stress τy1 required for the critical dislocation segment to overcome the 

short-wavelength component of the stochastic stress field without 

thermal activation will be equal to the stress acting on average from 

this component to this segment [3, 17]: 

 

4/31/3

2 1 1 1 2 2
1 1 2

1 1 1

2 2 2 2/3
1 1

1

2 (2 )2
(2 )

( ( ) ) ,

y

N

i s i i
i

w w w s w w
s w G

w L b G w

A G X
=

  
τ = = =    αβ   

′= η + α δ∑
 (13) 

where 

 
1/37 2

1
1 2

1 232

b Q
A

w w

 ′ 
=  αβ 

 (14) 

for the alloy with f.c.c. lattice, and 
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for the alloy with b.c.c. lattice. The average length L1 of the critical 

 

Fig. 5. Schematic presentation of the dependence of the stress acting on the 

critical segment in the glide plane on the averaged forward displacement of 

this segment x [36]. The average bulge on critical segment and its averaged 

position are also shown. 
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segment under acting short-wavelength component is [5, 36]: 
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where β is the coefficient depended on the shape of critical segment 

bulge (β = 2π ≈ 6.28 for sinusoidal shape that confirmed by modelling 

[5]), Γ is the linear tension of the dislocation line (Γ = αGb2, where α is 

the coefficient less than 1/2). 
 It is more convenient to consider dependence (12) in terms of the 

force acting on the critical segment (Fig. 6). Then, the area under the 

curve will be measured in energy units. Point 1 at zero applied stress in 

Fig. 6 corresponds to state 1 in Fig. 4, point 2 corresponds to state 2 

and so on, respectively. When an external stress τ is applied, the criti-
cal segment goes to the state with x = xs. In order to overcome the force 

barrier from this position (pass through point 2), it is necessary to pro-
vide the critical segment with additional energy ∆E, which is a func-
tion of τ. This energy can be obtained with the thermal activation assis-
tance, which occurs due to thermal fluctuations. The probability of 

this event (a forward jump of the segment through the barrier) will de-
pend on the energy ∆E and temperature T. At the same time, the criti-
cal segment will go to the state with x = xu. This is a state of unstable 

equilibrium. In this case, the segment will quickly advance to the state 

with x = x2 spontaneously. A backward jump from point with x = x2 to 

 

Fig. 6. Dependence of the force acting on the critical segment from the sto-
chastic shear-stress field on the averaged forward displacement of this seg-
ment x [36]. Arrows show the directions of forward and reverse jumps 

through force barriers. 
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point with x = xu and further to point with x = xs is also possible. It is 

necessary to obtain energy ∆Er through thermal activation for a back-
ward jump. The probability of this jump will be determined by this en-
ergy and temperature T. Taking into account the probabilities of for-
ward and backward jumps of critical segment, the strain rate can be 

expressed as [4]: 

 0 exp exp r

B B

EE

k T k T

    ∆∆ ε = ε − − −    
     

  , (17) 

where 0ε  is the pre-exponential factor, kB is the Boltzmann constant. It 

should be noted that, for sinusoidal dependence (Fig. 6), we have [4]: 

 3/2
b1 1(1 / )yE E∆ = − τ τ , (18) 

where the height of barrier from short-wavelength component in ener-
gy units [36]: 

 1/3 2/3 4/3 1/3 2/3
b1 1 1 1 1 2 1 2

16 25.398
( ) [ (2 )]

3 3yE bw L b w w s w= τ = βΓ
π π

. (19) 

 Detailed analysis of area ratio in Fig. 6 results in 

 r b1
1y

E E E
τ
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τ

. (20) 

Then from (17), (18) and (20) it can be derived the expression [36]: 

 3/2(1 ) ( / ) ln(1 exp( / ))θ = − γ − θ λ − −πλγ θ , (21) 

where θ = T/T0, γ = τ/τy1, 0ln( / )λ = ε ε   and 
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E
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k
=

ε ε 

. (22) 

 Eq. (21) should be solved numerically to obtain the dependence γ(θ). 
If the appropriate values of 

4 1
0 10 s−ε ≈  and 

3 1
0 10 s− −ε ≈  are used 

[11], we have 0ln( / ) 16λ = ε ε ≈  . Then the equation (21) results in [36]: 

 2/31 , 0 0.9γ = − θ ≤ θ ≤ , (23a) 

 4630exp( 12.35 ), 0.9γ = − θ < θ . (23b) 

This result depends weakly on the values of 0ε  and ε , if the ratio 

0 /ε ε   changes by an order of magnitude in one direction or another, 
since it is under the logarithm. The effect of backward jumps becomes 

noticeable only for θ > 0.9, that is, at small applied stresses τ. At the 
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same time, the value γ quickly goes to zero. Practically we have γ = 0 at 

θ = 1.25. Recall that in our analysis, τ is the applied stress, at which 

thermal activation assists overcoming the barriers from the short-
wavelength component of the shear-stress field at a given strain rate 

and at a given temperature, essentially τ*
 = τ. 

 The existence of the long-wavelength component of the shear-stress 

field, the calculation of which is shown in Ref. [33], was proved by 

modelling dislocation motion in Ref. [5]. The stress required for 

athermal overcoming of the force barrier from the long-wavelength 

component is [36] 

 

1/3 4/3

2 2 2 2
2 2 2

2

2 2 2 2/3
2 2

1

2 2 (2 )
(2 )

( ( ) ) ,

y

N

i s i i
i

w w s w
s w G

L b G

A G X
=

   τ = = =  αβ   

′= η + α δ∑
 (24) 

where 

 
1/37 2

2
2 3

232

b Q
A

w

 ′ 
=  αβ 

 (25) 

for the alloy with f.c.c. lattice, and 

 
1/37 2

2
2 3

222.78

b Q
A

w

 ′ 
=  αβ 

 (26) 

for the alloy with b.c.c. lattice. The average length L2 of the critical 
segment under acting long-wavelength component can be determined 

by analogy like L1 [5]: 

 
2/3

1/3
2 2

2 2

(2 )
(2 )

L w
s w b

 βΓ
=  

 
. (27) 

Now we can take τµ = τy2. The height of barrier from long-wavelength 

component in energy units can be found by analogy as for short-
wavelength component using Eq. (19), if necessary replacements will 
be made [36]: 

 1/3 2/3 5/3 2/3
b2 2 2 2 2 2 2

16 25.398
( ) ( (2 ))

3 3yE bw L b w s w= τ = βΓ
π π

. (28) 

 Eqs. (11) and (23) lead to the temperature dependence of the yield 

strength of a multicomponent alloy in the form of a single-phase con-
centrated solid solution, taking into account only solid solution 

strengthening and two components of the shear-stress field in the glide 
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plane, in the form [36]: 

 2/3
P 1 0 2 0{ [1 ( / ) ] }, 0 0.9y y yM T T T Tσ = τ + τ − + τ ≤ ≤ , (29a) 

 P 1 0 2 0{ 4630 exp( 12.35 / ) }, 0.9y y yM T T T Tσ = τ + τ − + τ > . (29b) 

However, the characteristic stresses τy1 and τy2 can depend on tempera-
ture due to the temperature dependence of the shear modulus G. The 

existence of a ‘plateau’ on the temperature dependence of the yield 

strength at high temperatures, when the yield strength remains con-
stant in a certain temperature range, proves that the drop in the shear 

modulus with temperature is necessarily compensated for, in some 

way, for example, by an increase in the crystal lattice distortion as the 

temperature increases [25]. That is, the drop in the shear modulus 

should actually be compensated by an increase in s1(2w2) and s2(2w2), 
which depend on lattice distortion. This allows to assume that the 

products of the shear modulus and the factors associated with s1(2w2) 

and s2(2w2) in Eqs. (13) and (24) do not depend on temperature [36]. 

Thus, it is enough to calculate them at some temperature and consider 

them approximately the same for all other temperatures. 

3. RESULTS AND DISCUSSION 

3.1. Characteristics of Shear-Stress Field in Glide Plane 

in the CrCoNiFeMn Alloy 

The method of determining the standard deviations and correlation 

lengths of the short- and long-wavelength components of the stochas-
tic shear-stress field in the glide plane needs verification. To do this, it 

must be applied to a multicomponent alloy, the above-mentioned char-
acteristics of which are known from other sources. Multicomponent 

CrCoNiFeMn alloy was chosen to verify the method. This alloy is a sub-
stitutional solid solution having an f.c.c. lattice. The parameters s1, 
w1, s2 and w2 for this alloy were determined in [33] by another method 

from the analysis of shear-stresses’ distributions in the glide plane, 
which were calculated by the method of direct summation of contribu-
tions from solute atoms. The input parameters for calculation were 

taken as in [33]: shear modulus G = 81 GPa, bulk modulus K = 176 GPa, 

Poisson’s ratio ν = 0.3, Burgers vector b = 0.25 nm, atomic volume 

Va = 0.011 nm3. Atomic size misfits and elastic modulus misfits for 

component atoms are given in Table 1 [33]. The critical distance of ap-
proximately 4.75 nm was determined, at which the contribution to the 

shear stress from the solute atom should still be taken into account [24, 
33]. Therefore, in the sums 1 1 1 1 2 2 2 2, , , , , , ,P Q P Q P Q P Q′ ′ ′′ ′′ ′ ′ ′′ ′′  it is necessary 

to take into account only contributions from atoms that are at a dis-
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tance less than or equal to 4.75 nm from the point with coordinates xu 

and zu. 
 The dependences of the parameters s1, w1, s2 and w2 on the xu coordi-
nate in the range of 0 ≤ xu ≤ b were determined by equations (6) and (10) 
at ∆z = 1.94 nm for various characteristic values of the zu coordinate 

from the range of 0 ≤ zu ≤ b(3)1/2
 for the CrCoNiFeMn alloy [33, 35, 36]. 

Dependences s1 and w1 are symmetrical with respect to xu = 0.125 nm, 
because this is the distance between the atomic planes that are perpen-
dicular to the Burgers vector in the f.c.c. lattices in our chosen alloy. 
The atoms are located along a straight line parallel to the Burgers vec-
tor with a step equal to the absolute value of this vector, i.e. 0.25 nm. 
The parameters s1 = 180 MPa and w1 = 0.38 nm averaged over xu and zu 

correlate well with the average values s1 = 191 MPa and w1 = 0.38 nm, 
which were determined in Ref. [33] from the analysis of shear-stresses’ 
distributions in the glide plane. It should also be noted that the ranges 

of minimum–maximum values of 165–208 MPa for s1 and of 0.21–
0.54 nm for w1 in the proposed method also correlate well with similar 

ranges of 166–234 MPa and 0.32–0.48 nm determined in [33]. De-
pendences s2 and w2 demonstrate the practical independence of these 

parameters on xu and zu [35]. This is due to the fact that s2 and w2 are 

determined by atoms farther from the glide plane and from the disloca-
tion core. The averaged parameters of s2 = 71 MPa and w2 = 1 nm also 

correlate well with the average values of s2 = 72 MPa and w2 = 0.97 nm, 
which were determined in [33]. 
 A certain combination of atomic size misfits and elastic modulus 

misfits is used to characterize the general lattice distortion in [37]: 

 2 2 2 2/3
0

1

( ( ) )
N

i i i
i

X
=

′χ = η + α δ∑ , (30) 

where α0 is the constant that equal to 16 for the edge dislocations [20, 

24, 30, 37]. This parameter is called the average distortion of crystal 
lattice in [24]. Statistical method of the determination of the standard 

TABLE 1. Atomic-sizes’ misfits δi and elastic-moduli misfits ηi for component 

atoms used for the calculation of main parameters of shear-stress field in the 

CrCoNiFeMn alloy [35]. 

Component i Xi δi ηi 

Cr 1 0.2 0.010077 0.290837 

Co 2 0.2 0.001747 −0.13433 

Ni 3 0.2 0.004622 −0.12114 

Fe 4 0.2 0.004674 −0.04529 

Mn 5 0.2 −0.02244 −0.05755 
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deviations of the shear-stress field leads to similar combinations in 

(13) and (24), which can be called the effective lattice distortions for 

the short- and long-wavelength components, respectively [35]: 

 2 2 2 2/3 2 2 2 2/3
1 1 2 2

1 1

( ( ) ) and ( ( ) )
N N

s i s i i s i s i i
i i

X X
= =

′ ′χ = η + α δ χ = η + α δ∑ ∑ . (31) 

Equations (31) differ from (30) because instead of α0 they contain αs1 

and αs2, which can be calculated by equations (7). These parameters av-
eraged over the characteristic region 0 ≤ xu ≤ b and 0 ≤ zu ≤ b(3)1/2

 are 

αs1 = 39 and αs2 = 107, and the corresponding parameters χs1 = 0.36 and 

χs2 = 1.32 for the CrCoNiFeMn alloy. Note that in this case χ = 0.14. In 

essence, the constant α0 is the ratio of the force of dislocation interac-
tion with a solute atom, caused by atomic size misfit, to the force of 

interaction caused by elastic modulus misfit [32]. The farther the so-
lute atom is located from the glide plane, the greater this ratio. This is 

explained by the fact that the force of interaction, caused by elastic 

modulus misfit, decreases with the distance from the glide plane faster 

than the force, caused by atomic size misfit. If only the solute atoms 

nearest to the glide plane are taken into account, then this ratio cannot 

be less than 16 for an edge dislocation. This determines that the con-
stant α0 = 16 [20, 24, 30, 37]. The parameters αs1 and αs2 have the same 

sense as α0. Their larger values are due to the fact that solute atoms 

farther from the glide plane than in the calculation of α0 are taken into 

account. At the same time, αs2 is greater compared to αs1, because at-
oms farther from the glide plane participate when forming the long-
wavelength component of the stress field in comparison with forming 

the short-wavelength component. Thus, the method considered in this 

paper proposes the use of different effective lattice distortions to de-
termine the main parameters of the short- and long-wavelength com-
ponents of the shear-stress field. 
 Athermal component of solid solution strengthening was considered 

in [20, 35] as 

 AGµ∆σ = χ , (32) 

where A is the empirical constant. Average value of 0.0026 ± 0.0005 

was determined for this constant by experimental data treatment for 

many alloys with f.c.c. lattice. On other hand, we have ∆σµ = Mτy2 [36]. 

Eqs. (24), (31) and (32) result in 

 2 2 /sA MA= χ χ , (33) 

where A2 is determined by Eq. (25) [35]. In our case, we have 

A2 = 0.000133 for the CrCoNiFeMn alloy. Then, the constant can be 

calculated as A = 0.0038 according to Eq. (33). This is comparable with 
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the value given in Ref. [20]. It should be noted that the values of χs2 

and A2 will also depend on the Poisson’s ratio of the alloy due to the 

stress-tensor components at the solute atom location. The larger Pois-
son’s ratio, the larger χs2 and A2. That is, each alloy may have its own 

individual value of A2. The constant A was calculated for one specific 

alloy in this work, and it was determined by averaging data for many 

alloys, each of which had its own Poisson’s ratio, in [20]. Under such 

circumstances, these two values of the constant A cannot completely 

match. They will necessarily be different from each other. Neverthe-
less, their comparability proves that the statistical method proposed 

here gives at least realistic results. It can also be concluded that the 

constant A for each alloy has its own individual value. There is no sin-
gle constant A for all alloys. The sums 1 1 1 1 2 2 2 2, , , , , , ,P Q P Q P Q P Q′ ′ ′′ ′′ ′ ′ ′′ ′′ , 

which determine the main parameters of the shear-stress field, are also 

individual for each alloy. It should be noted that they are not random 

quantities like the shear stresses in the glide plane, which depend on 

the specific random arrangement of various solute atoms. This is one 

of the advantages of the proposed method in comparison with the 

method of direct summation of contributions from solute atoms. 

3.2. Temperature Dependence of Yield Strength of CrCoNiFeMn Alloy 

A multicomponent CrCoNiFeMn alloy was also used to model the tem-
perature dependence of the yield strength taking into account the 

short- and long-wavelength components of the stochastic shear-stress 

field in the glide plane. The input and calculated parameters of model-
ling are listed in Table 2. An important parameter is also the coeffi-
cient α = 0.123, which determines the linear tension of the dislocation 

line in the CrCoNiFeMn alloy [12]. The Peierls–Nabarro stress, i.e., the 

frictional stress of the lattices of the virtual matrix-solvent, can be es-
timated as for metals with f.c.c. lattice and taken, for example, to be 

approximately τP = 3 MPa [4]. The temperature dependence of the yield 

strength in this material taking into account only solid solution 

strengthening is shown in Fig. 7. The solid line corresponds to calcula-
tions using equations (29) for the averaged main parameters of the 

shear-stress field, which are given in Table 2. Circles, triangles, and 

squares are experimental data taken from the literature [38–40]. The 

grey band corresponds to the band of possible theoretical yield 

strengths, taking into account the inaccuracy of the main parameters 

determination. Experimental values from different sources correlate 

well with each other and with the modelled dependence. They demon-
strate clearly ‘plateau’ at temperatures above approximately 650 K. 
The theoretical dependence smoothly transitions to this ‘plateau’. 

There is a deviation of the calculated dependence from the experi-
mental values in the region of very low temperatures. 
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 The stochastic shear-stress field in the glide plane was not calculat-
ed at all in work [11], that is, its short- and long-wavelength compo-
nents were not determined as well. Nevertheless, a force barrier of a 

sinusoidal profile was considered similarly to our work as an obstacle 

for the dislocation motion. The height of this barrier was determined 

on the basis of the interaction energies of solute atoms with disloca-
tions calculated from first principles [11]. The temperature depend-
ence of the yield strength of the CrCoNiFeMn alloy was obtained from 

the analysis of dislocation overcoming of this sinusoidal force barrier 

TABLE 2. The input and calculated parameters of modelling the temperature 

dependence of yield strength of the CrCoNiFeMn alloy [36]. 

G, GPa 81 s1(2w2), MPa 180 s2(2w2), MPa 71 

α 0.123 w1, nm 0.38 w2, nm 1 

τP, MPa 3 L1, nm 12.97 L2, nm 45.96 

b, nm 0.25 τy1, MPa 70.69 τy2, MPa 14.81 

T0, K 664 Eb1, eV 0.92 Eb2, eV 1.8 

 

Fig. 7. Temperature dependence of the yield strength of the CrCoNiFeMn al-
loy taking into account only solid solution strengthening [36]. The solid line is 

a calculation using equations (29) for the averaged main parameters of the 

shear-stress field, which are presented in Table 2. Circles, triangles, and 

squares are experimental values taken from [38], [39], and [40], respectively. 
The grey band corresponds to the band of possible theoretical yield strengths, 
taking into account the inaccuracy of the main parameters determination. 
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in this paper. It is obvious that the athermal component of the yield 

strength associated with solid solution strengthening and with long-
wavelength component of the shear-stress field was not considered at 

all in [11]. 
 In fact, the theoretical temperature dependence from [11] does not 

have a ‘plateau’ demonstrated by experimental data [38–40]. Instead, 

this dependence smoothly goes to zero without a ‘plateau’. Perhaps 

that is why the theoretical temperature dependence and experimental 
data from [38] are compared in [11] only up to a temperature of 673 K, 

and this is only the very beginning of the ‘plateau’ for the 

CrCoNiFeMn alloy. The ‘plateau’ exists for this alloy at least from 

670 K to 1073 K. In addition, the theoretical temperature dependence 

from [11] at 673 K is slightly below the experimental value. This theo-
retical dependence will be even lower at higher temperatures, when the 

experimental data show a ‘plateau’, that is, an almost constant value of 

the yield strength. On the other hand, this dependence practically co-
incides with the experimental value from [38] at 293 K, but is lower 

than the value from [40] at this temperature. Instead, the theoretical 
temperature dependence of the yield strength of the CrCoNiFeMn al-
loy, which was calculated in our paper, is higher than the similar de-
pendence from the paper [11]. This better correlates with the entire set 

of experimental data from Refs. [38–40], except for the range of very 

low temperatures. Such discrepancy is explained by a possible change 

in the linear tension of the dislocation line in this temperature range in 

[11]. However, this assumption requires further research. It should 

also be added that at sufficiently high temperatures, which are not 

considered in this work, the yield strength will no longer be on the 

‘plateau’, but will start to decrease sharply due to the action of other 

mechanisms of plastic deformation instead of dislocation gliding. 
 The main advantage of our approach is that it takes into account the 

athermal component of the yield strength associated with solid solu-
tion strengthening. This component can be associated with the long-
wavelength component of the stochastic stress field in the glide plane. 
In this case, it is possible to calculate the theoretical ‘plateau’ stress 

almost exactly. On the other hand, if the force barrier for the disloca-
tion motion, which can be overcome with the thermal activation assis-
tance and which determines the course of the temperature dependence 

of the yield strength, is connected with the short-wavelength compo-
nent, then the temperature of the beginning of the ‘plateau’ can be 

fairly accurately predicted (T0 in Table 2). This cannot be done within 

the framework of the model from work [11]. The activation volume at 

293 K, calculated from our theoretical temperature dependence ac-
cording to the method from [12], is equal to V = 147b3. This correlates 

well with the value 2w1L1b ≈ 153b3
 obtained from the geometrical pa-

rameters of the average dislocation bulge for the CrCoNiFeMn alloy 
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(Table 2). On the other hand, this value has one order of magnitude 

with the value ∼ 350b3
 for this alloy, which was determined by the ex-

perimental method in [41]. 

4. CONCLUSION 

Atomic size misfits and elastic modulus misfits at the crystal lattice 

sites can be considered as discrete random variables with a mathemati-
cal expectation equal to zero and a certain non-zero variance. Analyti-
cal expressions for the standard deviations and correlation lengths of 

the short- and long-wavelength components of the stochastic shear-
stress field created by solute atoms in the glide plane in a multicompo-
nent alloy were obtained from the variance definition of these random 

variables. The developed method was verified by calculating the main 

parameters of shear-stress field for the CrCoNiFeMn alloy. The calcu-
lated parameters were well correlated with similar parameters deter-
mined from the analysis of shear-stresses’ distributions in the glide 

plane, which were calculated by the method of direct summation of 

contributions from solute atoms. It was found that it is possible to de-
fine two different effective distortions of crystal lattice, which cause 

short- and long-wavelength components of the stress field, respective-
ly. In addition, it was established that there is no single empirical con-
stant for all alloys to determine the yield strength using the shear 

modulus and the average lattice distortion. However, it is possible to 

calculate the yield strength of a specific multicomponent alloy using 

the main parameters of the shear-stress field, which are determined by 

the method considered in this paper. 
 The periodic lattice potential, short- and long-wavelength compo-
nents of the stochastic shear-stress field in the glide plane determine 

the yield strength of a multicomponent alloy taking into account only 

solid solution strengthening. The force barriers from the short- and 

long-wavelength components are described using the main parameters 

of the shear-stress field. The force barrier for the dislocation motion 

from the short-wavelength component is dominant in a multicompo-
nent alloy, which is a concentrated solid solution. In this case, the be-
ginning of dislocation motion is determined by overcoming this barrier 

with the assistance of applied stress and thermal activation. The effect 

of barriers from the periodic lattice potential and the long-wavelength 

component on the yield strength can be taken into account by constant 

terms that do not depend on temperature. This is possible because 

these barriers are quite low in comparison with the barrier from the 

short-wavelength component in a concentrated solid solution. The 

temperature dependence of the yield strength of a multicomponent al-
loy in a wide temperature range can be determined using thermal acti-
vation analysis of overcoming barriers from the short-wavelength 
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component, taking into account the probability of forward and back-
ward jumps through the barriers and the constant stresses that take 

into account the barriers from the periodic lattice potential and long-
wavelength component. Effect of solute atoms located farther from the 

glide plane on yield strength cannot be neglected because they create 

long-wavelength component of the shear-stress field. The temperature 

dependence of the yield strength calculated in this way describes well 
the region of the high-temperature ‘plateau’. This dependence, calcu-
lated for the CrCoNiFeMn alloy, also correlates well with the corre-
sponding experimental data for this alloy. 
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