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Based on mathematical assumptions by Love and Sneddon with co-workers, a
yield strength-relationship result from the indentation of a needle of sharp
conical tip in elastic materials is determined. This study offers mathematical
expressions of the yield strength of solid material, when the penetrator is a
sharp needle with a cone tip. According to Love (1939) and by Sneddon (1965)
workers, we have deduced the relationship between the yield strength, the
Young’s modulus (E), and the Poisson’s ratio (y) for the tested material and
the semi-included angle of the sharp tip of the needle indenter (0). Firstly,
mathematical concepts of the right circular cone are established. Secondly,
the yield strength formula for the bulk material was derived. Thirdly, an
approach of the yield strength resulted from the indentation of the sharp
conical needle is presented. Finally, yield strength expressions resulted from
the indentation of the sharp conical needle of different semi-angles are
determined and collected in tables at the last.

Key words: pressure, cone contact, geometric modelling, indentation, yield

Corresponding author: Aissa Boudilmi
E-mail: aissa.boudilmi@univ-msila.dz

Citation: A. Boudilmi, M. Slamani, L. Bechane, K. Loucif, Kh. Boucherb, and M. Silm,
Approximation of the Yield Strength in Function of Young’s Modulus and Poisson’s
Ratio from Continuous Needle Indentation Testing, Metallofiz. Noveishie Tekhnol.,
48, No. 1: 51-60 (2026), DOI: 10.15407/mfint.46.01.0051

© Publisher PH “Akademperiodyka” of the NAS of Ukraine, 2026. This is an open access
article under the CC BY-ND license (https://creativecommons.org/licenses/by-nd/4.0)

51


https://doi.org/10.15407/mfint.48.01.0051
https://creativecommons.org/licenses/by-nd/4.0
https://doi.org/10.15407/mfint.48.01.0051

52 A.BOUDILMI, M. SLAMANTI, L. BECHANE, K. LOUCIF et al.

strength.

Ha ocuHoBi maremaTwunumx mnpumnyinedb JlaBa Ta CHemmona i3 KoJseramu
BU3HAUYEHO BaJIe’KHICTh Me)Ki IIJIMHHOCTH, OJep:KaHy B pesyJabTaTi
BIIABJIIOBAHHS IM'OJIKM 3 TOCTPUM KOHIYHUM KiHUYMKOM B €JaCTUYHI MaTepidiu.
e mocmimxeHHA MPOMOHYE MaTeMAaTUYHI BUPA3U MEXKi IJIMHHOCTU TBEPJOTO
MaTepisaay, KOJU IIeHeTPaTOpP € TOCTPOI0 TOJKOI 3 KOHIYHMM KiHUMKOM.
3rigao 3 JlaBom (1939) ta Cuegmonom (1965), Mu BuUBesM 3ajI€KHICTH MiK
MesKelo miamHHOCTH, MoxyieM IOura (E) ta IlyaccomoBuM KoedimierTOoM (V)
BUIIPOOYBAHOTO MAaTepPidAJy Ta HaANiBBKJIIOUYEHMM KYTOM TOCTPOTO KiHUMKA
rosrgactoro immenTopa (0). Ilo-mepiite, BCTAHOBJIEHO MaTeMATHUUHi KOHITEIITil
IIPaBUJIBLHOTO KpPyroBoro kKoHyca. Ilo-mpyre, ogepskaHo GopMyJsly Mexxi
IINHHOCTH 00’eMHOTO Marepisay. Ilo-Tpere, mpeacTaBjeHO MHigxim Ioao
BUBHAYEHHS MeXKi IIJIMHHOCTH, OePXKaHOI B pe3yJIbTaTi BAABJIIOBAHHSA I'OCTPOL
KoHiuHOI rosxu. HapemiTi, BusHaueHO BUpa3y MeKi MJIMHHOCTH, OJep:KaHi B
pesyJIbTaTi BAABJIIOBAHHA T'OCTPOI KOHIYHOI T'OJIKM 3 Pi3HMMM HAIiBKyTaMH,
110 y3araJabHEHO Y TaOJUIAX.

KarouoBi ciioBa: THCK, KOHIUHMII KOHTAKT, I'€OMETPHUUYHE MOIEJIOBaHHSI,
BIABJIIOBAHHS, MEXa ILJINHHOCTH.

(Received 29 March, 2025; in final version, 27 October, 2025 )

1.INTRODUCTION

The study of the deformation between materials in contact can reveal
some information about their mechanical properties. The first try of
materials contact is considered by Heinrich Hertz for two contacting
spheres (Hertz, 1881-1882).

The material properties are an important condition for the
investigation, design and safety assessment of engineering structures.
There is a grand deal of effort has been directed at the way to develop
the methods of determining of the mechanical properties of materials.
Indentation tests have been applied to establish the material’s strength
[1] since many years ago. In addition, methods of indentation tests have
been developed and are extensively used to determine some material
properties, such as Young’s modulus and hardness, etc. [2—-13].

As of penetration, it is common and efficient use; a grand
importance has grown in the needle’s indentation while penetrating a
material, to minimize the impact on the penetrated surface and
improve the performance of the needle tip.

The indentation test is a large technique used for characterizing the
mechanical properties of materials at the nano/microscale; it has been
successfully used to evaluate the strength of surface material due to its
ability to penetrate the materials on a micro- or nanoscale.

While the indenter is a needle of a cone tip, the horizontal project
result from the indentation is circle form. According to Love (1939)
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and by Sneddon (1965) workers, the yield strength relationship of bulk
material was determined in function of the Young’s modulus, E, and
the Poisson’s ratio, y, for the tested material and the semi-included
angle of the conical indenter, 0.

2. THEORETICAL BACKGROUND
2.1 Cartesian Equation of the Cone Form

The right circular cone is a three-dimensional geometric shape; it has a
pointy end on one side and a flat circular surface on the other side. It
has a line that touches the apex point of the cone in a perpendicular of
the centre of its circular base. Furthermore, its apex lies just above the
centre of its base.

In Cartesian co-ordinate system, a right cone of a circular base of
diameter D = 2R and height H, oriented along the Z-axis, with a vertex
pointing down of half angle, 6 and a base located at Z = H (Fig. 1), can
be described by the equation [12]:

xX*+y*—-(D/2H)Y’Z* =0. (1)
2.2 Indentation of Elastic Solids with Rigid Cones
Boussinesq provide the earliest formula of the distribution of pressure
within the elastic half-space that deformed by a rigid punch [17]. Due
the easy machinability of conical form tips, conical indentation

methods have been generally developed. Compared with the other
indentation technique, the sharp indentation using a conical form has
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Fig. 1. Right cone of a circular base in Cartesian co-ordinate system.
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alarge variety of indented depth.

The static pressure on rigid materials is defined as the resistance of
the permanent shape penetration on the surface of the tested material
when a constant compressive load is applied [12]; it is defined by the
report of the load F, applied to the indenter on the contact surface S:

B, = rh (2)
In the cone indentation method, which is adopted in this study, a
right needle of a cone tip of a circular base of radius R, and height H, is
pressed into the surface of the tested material (Fig.2). The result
pressure value Pc is obtained as the ratio of the applied load to the
surface area of the project of the resulting imprint.
While the projected surface of the resulting imprint takes the form
of a circular disk (Fig. 3) of half axes, r, [20]:

S =nr’. 3)

Z

X

Fig. 2. Right cone of a circular base in Cartesian co-ordinate system.

Fig. 3. Projected surface of resulting imprint.
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The hardness of the cone indentation can be expressed as follows:

F
p-L. (4)
mr

As shown in Fig. 2, the true distance of the indenter tip below the
original surface of the test substrate, z, can be written in function of
the contact depth, Ahc, and is the deflection of the tested surface at the
contact edge of the indenter, k., as follows:

h,~0. (5)

In addition, in Figure 2, it is evident that it can be written the half
angle 0 in a function of the height H, the radius of the cone, radius of
the imprint and base R and the contact depth, A¢ as

tan= = =L (6)
he H
When the deflection of the tested surface at the contact edge of the
indenter is neglected, .~ 0, the true distance of the indenter tip below
the original surface of the test substrate, #, becomes:

h = he. (7

When replacing Eq. (7) into Eq. (6), the radius of the imprint, r, can
be determined as function of the height H, the radius R, and the
contact depth, &, as

tan@ = S>r~h—. (3)
h H H

Then, the static pressure, Pc, becomes according of the load F, the
height H, the radius, R, and the contact depth 4 as follows:

H?F

. 9)

2.3 Load-Depth Relation of Elastic Indentation

The mathematical basics of the punch penetration on an elastic half-
space are more than a century old.

In 1885, Boussinesq presented a resolution of contact between an
elastic continuum and a solid of revolution, then, Love found a
solution for the important cases of conical and cylindrical [14, 15]
punches, and later, Harding and Sneddon [16] established an analytical
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procedure for deriving load-displacement relations for a punch of
arbitrary axisymmetric shape.

The earliest study focused on the indentation test as an elastic half-
space problem is according to results by Boussinesq, Love [14—23] and
Sneddon successively derived the load—depth relation of elastic
indentation with a cone.

In elastic contact hypothesis, specifically, the analyses of Love and
Sneddon [14—18] for contact of an isotropic elastic half-space by rigid
indenters of various geometry, the elastic loading of a frictionless
rigid cone on to an elastic half-space F, have been determined as
follows:

2
F =2E—htan(6), (10)

Tc(l—yz)

where E and y ¥are Young’s modulus and Poisson’s ratio, respectively,
of the tested material, h—the true distance of the indenter tip below
the original surface of the test substrate, and 0 is the semi-included
angle of the conical indenter.

By replacing Eq. (10) into Eq. (9), the yield strength gets the
following expression:

2 2
- - 2H“E tan0 _ 0.9026 H?E tan0 11)

Y (nR)2 (1—y2) (R)2 (1—y2) .

, the yield strength becomes

Because tan (0) = g

r
h
0.2026E

o, = m. (12)

For a sharp needle of a cone form, the semi-included angle is very

T . .
small, 0 < — with n > 18, so, we can write
n

tan6 =~ sin0. (13)

Then, the relationship between the applied load F on the needle, the
true distance of the indenter tip below the original surface of the test
substrate, h, the Young’s modulus, E, the Poisson’s ratio, y, and the
semi-included angle of the conical indenter, 6, becomes as follows:

2
»__2Eh

) (14)
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TABLE 1. Variation of the applied load (F) and yield strength (o) with semi-
included angle of the needle indenter (0).

Semi-included angle (0)|  10° g | 6 | a4 | 2

, 0.11Eh* 0.88EhR*> 0.66Eh® 0.44Eh> 0.22Eh*
foptedlont® ) ) ) G )

] 1.166E 1.455E 1.938E 2.904E 5.805E
Yield strength (1 ~ Yz) (1 B Yz) (1 B Yz) (1 B yz) (1 _ yg)

When replacing Eq. (13) into Eq. (12), the yield strength expression
becomes as follows:
0.2026E
Oy =7 - (15)
(1 -y )sm (9)
To determine the suitable semi-angle to find the yield hardness, we
take, for example, the values from Table 1.

In addition, where the semi-included angle of the needle tip is very
small, we can consider that

sin(6) » n/n withn>18. (16)

By replacing Eq. (16) into Eq. (14), the applied load F on the needle
indenter becomes as function of the Young’s modulus E, the Poisson’s
ratioy, the reel number n, and the resulting displacement % as

2
F __2Eh (17

n(l—yz)'

In addition, when substituting Eq. (16) into Eq. (15), the hardness

TABLE 2. Expressions of the applied load (F) and yield strength (ocy) with
semi-included angle of the needle indenter (sin (6) = n/n ).

Real number n | 18 225 | 30 | 45 | 90

, 0.11Er* 0.88ER* 0.66Er® 0.44Eh®> 0.22Eh’
feplledlond® ) =) (1) @) ()

1.161E 1.141E 1.935E  2.9025E  5.805E
Yield strength o, (1 B yz) (1 _ yz) (1 B yz) (1 _ V2) (1 _ yz)
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becomes as the following expression:

nk

o, = 0.0645 (18)

3. CONCLUSIONS

The conclusions of this work may be summarized as follow.

In the present guess, a novel expression of the yield strength of a
bulk material is proposed on the basis of the indentation of a sharp
needle of cone tip and using the Love (1939) and by Sneddon (1965)
expression of the applied load.

We have chosen an indenter of sharp needle form of cone tip of small
the semi-included angle, 0 < /18, to appreciate the hardness of
tested material oy by using a neglect charge on the needle indenter
and reduce the phenomena occurring during and after the tests, as
cracking, deformation, etc..

The most important results of using the sharp needle-shaped
indenter are the measuring of the elastic material strength and
deriving its mathematical expression.

The geometric and mathematical approximation of the indentation
of needle of a sharp cone tip that presented in this work is revealed
to establish the expression of the yield strength of solid material
and the relationship provides a simple equation to evaluate directly
the yield strength expression of an elastic solid from the Young’s
modulus E and the Poisson’s ratio y of the tested material.

For a very pointed indenter of needle form of the cone tip (R << H),
the yield strength of material can be expressed as the follow form:

- - 0.2026E

Y (1 - yz)sin(e)

The main conclusion is that application of a needle-shaped indenter
put forward a new theoretical expression of the material hardness
and experimental findings, which widen the scope of applications of
various hardness test methods.

Finally, we believe that the evaluation of the material hardness by
the indentation of a sharp needle penetrator of cone-tip form is a
very important theoretical and experimental study in area of the
mechanical characterization of materials and the field of the contact
mechanic, which will carry to extend the fields of application of the
hardness tests.
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(DGRSDT).



APPROXIMATION OF THE YIELD STRENGTH 59

AUTHORS’ CONTRIBUTIONS

The contributions of the first author are formulating ideas,
hypotheses, the formulation and evolution of overarching research
goals and aims, writing preparation, creation, and presentation of the
published work. The second and the fourth authors reviewed the
intellectual content and verified the methodology. As of the third and
the last authors, their role is the wverification of results,
reproducibility, and the reference collection.

REFERENCES

W. C. Oliver and G. M. Pharr, J. Mater. Res., 7, Iss. 6: 1564 (1992).

A. Boudilmi and K. Loucif, Strength of Materials, 48, Iss. 3: 419 (2016).

A. Boudilmi and K. Loucif, Metallofiz. Noveishie Tekhnol., 40, Iss. 12: 1689 (2018).

P. L. Larsson, J. Mater. Eng. Perform., 30, Iss. 4: 2566 (2021).

G. M. Pharr, W. C. Oliver, and F. R. Brotzen, J. Mater. Res., 7, Iss. 3: 613 (1992).

A. Boudilmi and K. Loucif, Trans. Indian Inst. Met., 70, Iss. 6: 1527 (2017).

A. Boudilmi and K. Loucif, Strength of Materials, 54, Iss. 1: 154 (2022).

P. J. Blau and B. R. Lawn, Microindentation Techniques in Materials Science

and Engineering (International: 1986).

A. Boudilmi, Contribution a la Caractérisation des Revétements et des

Matériaux stratifiés par micro dureté et tenue a 'usure (Thesis of the Disser.

for the Degree of Dr. Phys.-Math. Sci.) (Setif : Université Ferhat Abbas: 2017)

(in French).

10. A. Boudilmi, K. Loucif, M. Slamani, M. Titoum, and K. Bouchareb, Strength of
Materials, 55, Iss. 4: 800 (2023).

11. D.Tabor, The Hardness of Metals (Oxford: Clarendon Press: 1951).

12.  A.Boudilmiand K. Loucif, Metallofiz. Noveishie Tekhnol, 45, Iss. 4: 555 (2023).

13. M. Gunda, P. Kumar, and M. Katiyar, Crit. Rev. Solid State, 42, Iss. 2: 129 (2017).

14. A. E. H. Love, Quart.J. Math., 10, Iss. 1: 161 (1939).

15. A. E. H. Love, Philos. Trans. A, 228: 659 (1929).

16. J. W. Harding and I. N. Sneddon, Proc. Cambridge Philos. Soc., 41, Iss. 1: 16 (1945).

17. I.N.Sneddon, Int.J. Eng. Sci., 3, Iss. 1: 47 (1965).

18. I.N. Sneddon, Fourier Transforms (New York: McGraw-Hill Book Company
Inc.: 1951).

19. 0. Neumann, H. V. Surana, S. Melly, P. Steinmann, and S. Budday, Journal of
the Mechanical Behavior of Biomedical Materials, 163: 106863 (2025).

20. J.Boussinesq, Applications des Potentiels a I’etude de Equilibre dt du
Mouvement des Solides Elastiques (Paris: Gauthier-Villars: 1885) (in French).

21. A.S. Alaboodi and Z. Hussain, J. King Saud Univ. - Eng. Sci., 31, Iss. 1: 61 (2019).

22. Y.Y.Lim and M. M. Chaudhri, Phil. Mag., 84, Iss. 27: 2877 (2004).

23. M. Munawar Chaudhri, Rev. Mater. Trans., 60, Iss. 8: 1404 (2019).

PN

©


https://doi.org/10.1557/JMR.1992.1564
https://doi.org/10.1007/s11223-016-9780-1
https://doi.org/10.15407/mfint.40.12.1689
https://doi.org/10.1007/s11665-021-05596-5
doi:%2010.1557/Jmr.1992.0613
https://doi.org/10.1007/s12666-016-0949-x
https://doi.org/10.1007/s11223-022-00389-0
https://doi.org/10.1007/s11223-023-00571-y
https://doi.org/10.1007/s11223-023-00571-y
https://doi.org/10.15407/mfint.45.04.0555
https://doi.org/10.1080/10408436.2016.1186006
https://doi.org/10.1093/qmath/os-10.1.161
https://doi.org/10.1098/rsta.1929.0009
https://doi.org/10.1017/S0305004100022325
https://doi.org/10.1016/0020-7225(65)90019-4
https://doi.org/10.1016/j.jmbbm.2024.106863
https://doi.org/10.1016/j.jmbbm.2024.106863
https://doi.org/10.1016/j.jksues.2017.02.001
https://doi.org/10.1080/14786430410001716782
https://doi.org/10.2320/matertrans.MD201908

