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This paper develops a methodology for investigating the stress–strain state 

and evaluating the load-bearing capacity of metal plates strengthened by 

plasma electrolytic oxidation of the surface layer. The object of analysis is a 

plate of symmetric structure with a double-side oxide coating subjected to 

biaxial tensile loading under uniform heating and in the presence of a self-
equilibrated field of residual stresses. Within the framework of the plane-
sections’ and elastic-deformation hypothesis, the closed-form analytical ex-
pressions are obtained for the residual stresses in the substrate and in the 

oxide layers in terms of the incompatible strain of the surface layers, as well 
as for the total stress state under combined thermomechanical loading. Two 

strength criteria are formulated and analysed: a global (integral) criterion, 

which is insensitive to self-equilibrated residual and thermal components, 

and a local criterion, which reduces to a set of linear inequalities for the ad-
missible load and temperature at a given level of residual stresses. The capa-
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bilities of the methodology are illustrated by computational examples for the 

Al/Al2O3 (6061-T6 alloy/aluminium oxide) and Ti/TiO2 (Grade 2 titani-
um/titanium dioxide) compositions, with account of the Pilling–Bedworth 

ratio and the mismatch of linear thermal-expansion coefficients of the metal 
and its oxide. As shown, in the absence of thermal effects and residual stress-
es, the load-bearing capacity of an oxidized plate in tension is about three 

times lower than that of the uncoated plate, owing to high stress concentra-
tion in the thin stiff coating. The combinations of residual-stresses’ level and 

temperatures are identified, at which an oxidized plate operates as an equal-
strength structure with maximum load-bearing capacity; explicit analytical 
relations are obtained for both the Al/Al2O3 and Ti/TiO2 systems. 

Key words: plasma electrolytic oxidation, oxidized plate, residual stresses, 

thermomechanical loading, strength. 

У статті розроблено методику дослідження напружено-деформованого ста-
ну й оцінювання утримувальної здатности металевих платівок, зміцнених 

плазмовим електролітичним оксидуванням поверхневого шару. Об'єктом 

аналізи є платівка симетричної будови з двостороннім оксидним покрит-
тям, яка зазнає двовісного розтягувального навантаження за умов рівномі-
рного нагрівання та наявности самозрівноважного поля залишкових на-
пружень. У рамках гіпотези стосовно пласких перерізів і пружнього дефо-
рмування одержано замкнуті аналітичні залежності для залишкових на-
пружень у підкладинці й оксидних шарах через несумісну деформацію по-
верхневих шарів, а також для повного напруженого стану за комбінованого 

термомеханічного навантаження. Сформульовано та проаналізовано два 

критерії міцности: глобальний (інтеґральний) критерій, нечутливий до са-
мозрівноважних залишкових і теплових компонент, та локальний крите-
рій, який зводиться до системи лінійних нерівностей щодо допустимого 

навантаження та температури за заданого рівня залишкових напружень. 
Можливості методики проілюстровано на прикладах композицій Al/Al2O3 

(стоп 6061-T6/оксид Алюмінію) та Ti/TiO2 (титан ґатунку 2/діоксид Тита-
ну) з урахуванням коефіцієнта Піллінґа–Бедворта та ріжниці коефіцієнтів 

лінійного теплового розширення металу та його оксиду. Показано, що за 

відсутности температурного впливу та залишкових напружень несна здат-
ність оксидованої платівки за розтягу приблизно втричі менша порівняно з 

неоксидованою через високу концентрацію напружень у тонкому цупкому 

покритті. Визначено співвідношення рівнів залишкових напружень і тем-
ператур, за яких оксидована платівка працює як рівноміцна конструкція з 

максимальною утримувальною здатністю; одержано явні аналітичні зале-
жності для обох систем — Al/Al2O3 й Ti/TiO2. 

Ключові слова: плазмове електролітичне оксидування, оксидована платі-
вка, залишкові напруження, термомеханічне навантаження, міцність. 

(Received 20 May, 2026; in final version, 27 May, 2026) 
  

1. INTRODUCTION 

Modern engineering design relies increasingly on the comprehensive 
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assessment of the strength and reliability of structural components 

under realistic service scenarios, as illustrated by the approaches pre-
sented in Refs. [1, 2]. The interaction between a structure and its envi-
ronment, together with severe operating conditions, places stringent 

demands on researchers regarding corrosion protection, wear re-
sistance, and the thermal insulation of component surfaces. Among 

the variety of methods available for surface strengthening of machine 

and mechanism parts [3–6], the method of plasma electrolytic oxida-
tion (PEO) of valve metals occupies a special place [7–12]. Among the 

key advantages of PEO, there is the formation of ceramic-like layers 

with a developed structure, which are firmly bonded to the metallic 

substrate and provide a substantial enhancement of surface hardness, 
wear and corrosion resistance, as well as the thermal insulation char-
acteristics of the component. At the same time, the process is environ-
mentally safer than conventional anodizing, requires no complex pre-
liminary surface preparation, and is readily scalable to articles of com-
plex geometry. 
 However, the significant increase in the stiffness of oxidized sur-
face layers is not always accompanied by a corresponding increase in 

their strength. Consequently, the transition from a ductile metal to a 

brittle ceramic may give rise to durability problems for coated parts. A 

high level of compressive residual stresses in the oxide coating fre-
quently allows an appropriate balance between stiffness and strength 

to be maintained. 
 In general, theoretical methods for studying residual phenomena 

are well developed at present for plastic deformation processes [13–16] 
and for hysteretic energy dissipation in frictional contact [17–21]. Re-
cent publications [22–29] cover measurement methods, the under-
standing of evolution, and experimental data on residual stresses in 

Al/Al2O3 and Ti/TiO2 systems, in particular mentioning the curvature 

method, XRD, and the sin
2 method as experimental techniques. It 

should be noted that these publications exhibit a considerable scatter 

in experimental data on residual stresses in oxide coatings: from 20 to 

1500 MPa, depending on the parameters of the oxidation process and 

the measurement techniques. 
 Analytical models of thermal stresses providing closed-form solu-
tions for the stress distribution in layered structures under thermome-
chanical loading are described in Refs. [30–36]. The influence of non-
stationary temperature variations is taken into account in Refs. [37–
39]. Singular problems concerning the behaviour of layered and func-
tionally graded coatings under localized contact loading have been the 

subject of investigations [40–44]. 
 Issues of fracture mechanics and damage propagation criteria for 

structures with coatings are usually treated without accounting for 

residual phenomena [45–51]. An exception is paper [52], which de-
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scribes models for the failure modes of PEO coatings under the influ-
ence of tensile and compressive residual stresses. Problems concerning 

the limit equilibrium of cracked thin-walled structures under com-
bined loading were considered in Refs. [53–55]. 
 The literature review presented above motivates the investigation of 

the strength of oxidized plates of symmetric structure under two-
parameter loading over a wide range of variation of residual stresses. 
 The aim of the present paper is to develop an engineering methodol-
ogy for the analytical estimation of the influence of residual stresses 

on the strength of double-side oxidized plates subjected to thermome-
chanical loading. 

2. MATERIALS AND METHODS 

2.1. Geometry of the Oxidized Plate 

Consider a metal plate of initial thickness 
0

s
h . After oxidation of its 

surfaces, a symmetric composite structure is formed, consisting of a 

substrate of thickness hs and two surface layers (films) of thickness hf 

(Fig. 1). Hereinafter, all quantities pertaining to the substrate and the 

coating will be denoted by the indices ‘s’ and ‘f’, respectively. 
 The following relations hold: 

0 0

s s f s f s f
2(1 ) , 2h h h h h h h        , 

where   RPB  1, and RPB is the Pilling–Bedworth ratio [56, 57]. 
 Let z be the transverse coordinate measured from the midsurface of 

the plate. Then, Hs  {z: z  hs/2} is the region occupied by the sub-
strate, Hf  {z: hs/2 < z  hs/2  hf} is the coating zone, H  Hs  Hf  

 {z: 0  z  hs/2  hf} is the full cross-section. 

2.2. Determination of Residual Stresses 

We represent the total in-plane strain of the plate, which is nonhomo-
geneous through the thickness, as a superposition of the elastic strain 

(1  )/E and the generally incompatible strain 
0  induced by fields of 

 

Fig. 1. Sketch of the cross-section of an oxidized plate. 
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nonmechanical nature: 01

E

 
     . 

 For the stresses, we then obtain the expression 

 0( )
( ) ( ( ))

1 ( )

E z
z z

z
    

 
; (1) 

f f

s s

, ,
( )

,

E z H
E z

E z H


 


 is the Young's modulus and 

f f

s s

, ,
( )

,

z H
z

z H

 
  

 
 is 

the Poisson's ratio of the material. 
 We require that the stresses have the status of residual stresses 

(  res), that is, they must be self-equilibrated. 
 Then, taking into account formula (1) and the plane-sections’ hy-
pothesis, we obtain: 

 0

res

( ) ( )
( ) 0

1 ( ) 1 ( )
H H

E z E z
dz z dz

z z
   

     , (2) 

and the residual stresses are expressed in terms of the incompatible 

strain: 

 

0

0

res

( )
( )

1 ( )( )
( ) ( )

( )1 ( )

1 ( )

H

H

E z
z dz

zE z
z z

E zz
dz

z

 
  

    
   

   




. (3) 

 In the case of oxidation of both surfaces, we have an even function 

 
0

0 f f

s

, ,
( )

0, .

z H
z

z H

 
  


 (4) 

 By evaluating the integrals in formula (2), we find expressions for 

the residual stresses in terms of the incompatible strain of the oxidized 

surface layers: 

 

s s f f

0 0s sf f

res,f f res,s f

s s s sf f f ff s

s f s f

2

1 1
,

2 21 1

1 1 1 1

E h E h

EE

E h E hE h E h

   
      

   
 

       

. (5) 

Of course, these stresses are self-equilibrated: 

 
res,s s res,f f

2 0h h    . (6) 

 In addition, the residual stresses in the plate may also be expressed 
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in terms of the residual strain. Specifically, using relations (2)–(4) and 

(6), we find: 

 s s s

res,f res res,s res

s f s

,
1 2 1

E h E

h
      

   
. (7) 

These formulas serve to determine the residual stresses from the ex-
perimentally measured res. 

2.3. Stress State under Thermomechanical Loading 

Let an oxidized plate undergo biaxial tension by uniformly distributed 

line forces N  const, be heated to a constant temperature, T  const, 
and be in the field of residual stresses (5) (the same as Eq. (7)). 
 We determine the stress distribution in this piecewise-homogeneous 

plate. Integrating expression (1) and recalling the plane-sections’ hy-

pothesis, we obtain: 
0( ) ( )
( )

1 ( ) 1 ( )
H H

E z E z
N dz z dz

z z
   

     . Hence, 

0( )
( )

1 ( )

( )
)

1 ( )

H

H

E z
N z dz

z

E z
dz

z

 
 

 

 




, and finally, 

 

0

0

( )
( )

1 ( )( )
( ) ( )

( )1 ( )

1 ( )

H

H

E z
N z dz

zE z
z z

E zz
dz

z

 
   

    
   

   




. (8) 

We take into account that now 

0

0 f f f

s s

, ,
( )

, ,

T z H
z

T z H

    
  

  
 where s, f 

are the coefficients of linear thermal expansion of the metal and its ox-
ide. After evaluating all the integrals in formula (8), we find the 

stresses in the coatings and in the substrate: 

 

f s s

f s f res,f

s s s f f f s

s s f f

s s f res,s

s s s f f f

/(1 )
( ) ,

/(1 ) 2 /(1 ) 1

/(1 ) 2
( ) .

/(1 ) 2 /(1 ) 1

f

f

E E h
N T

E h E h

E E h
N T

E h E h

   
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       

  
         

       

 (9) 

 This result demonstrates the influence of the mechanical load, heat-
ing, and residual stresses on the stress state of an oxidized plate of 
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symmetric structure. 

2.4. Effect of Residual Stresses on Strength 

We begin with an analysis for the uncoated plate (
0

f s s
0,h h h  ). In 

this case, 

 0

s s
/N h  , (10) 

while thermal and residual stresses are absent. 
 From the strength condition 

s s
[ ]   , 

we find the allowable load for the unoxidized plate: 

 
0 0

c s s
[ ]N N h   . (11) 

This is the baseline result, with which all subsequent results will be 

compared. 
 We write the strength conditions for the inhomogeneous plate in 

terms of the allowable stresses for its components: 

 
f f

s s

[ ] , ,
( ) [ ]( )

[ ] , .

z H
z z

z H

 
    

 
 (12) 

 Integrating inequality (12) through the thickness, we obtain the in-
tegral (global) limit equilibrium criterion: 

 
global

c s s f f
[ ] 2[ ]N N h h     , (13) 

which is independent of the self-equilibrated thermal components and 

residual phenomena. 
 We now consider the local situation. 
 The strength condition (12) requires the simultaneous fulfilment of 

the inequalities: 

 
f f

s s

[ ] ,

[ ] .

  

  

 (14) 

 Since the stresses s, f depend linearly on N, T and on the residual 
stresses, set (14) is nothing other than a set of linear inequalities for 

the allowable loads and temperatures at a given level of residual stress-
es. Indeed, on the basis of result (9), conditions (14) can be rewritten in 

nondimensional form as follow: 
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f f

s s s f s

s s s f f f

f res, f

s s

f f s f f

s s s f f f

s res,s

/ (1 )
( ( ) / (1 ))

/ (1 ) 2 / (1 )
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/ (1 )
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N E h T

E h E h
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E h E h
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 
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

  

 (15) 

 For prescribed residual stresses, set (15) defines a region of safe 

thermomechanical loading on the plane (N, T). In the general case, 

the simplex method must be employed to construct the solution of 

these inequalities. In analytical form, this is a cumbersome procedure. 
Therefore, we shall proceed differently. Taking into account that 

res, s  2res, fhf/hs (see Eq. (6)), we shall assume that N  N(T, res, f). 

Then, from inequalities (15), we obtain the allowable load according to 

the local criterion in the form 

 

s s f f

local s s s f s f

c f res,f

fs

f

s s f f

s ff f f

s f s res,f

sf s

s

2

( ) 1 1
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1

2

1 12 2
( ) [ ] .

1

1

E h E h

E h T
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E

E h E h

E h h
T

E h
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     
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 


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         
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  

 (16) 

3. RESULTS AND DISCUSSION 

3.1. Computational Examples 

Detailed calculations using formulas (11), (13), and (16) were performed 

TABLE 1. Physical and mechanical properties of the materials. 

 

Aluminium 

(6061-T6) 
Aluminium  

oxide Al2O3 
Titanium 

(Grade 2) 
Titanium  

oxide TiO2 

hs, hf, mm 6 0.3 6 0.03 

RPB – 1.28 – 1.73 

Es, Ef, GPa 68.9 370 103 230 

s, f 0.33 0.22 0.34 0.27 

s, f, 10
6, deg

1 23.6 8.1 8.6 8.8 

[]s, []f, MPa 276 350 275 140 
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for two materials, whose characteristics are listed in Table 1 [7, 58]. 
 In Figs. 2, 3 and in Figs. 4, 5, the results of the computations of al-
lowable loads for the oxidized aluminium-alloy plate and those for the 

 

Fig. 2. Dependence of the allowable load on temperature at fixed levels of re-
sidual stress in the oxidized aluminium plate. 

 

Fig. 3. Dependence of the allowable load on residual stress at fixed values of 

temperature in the oxidized aluminium plate. 
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oxidized titanium plate are shown, respectively. All plots are com-
pared with the horizontal line 

0

с с
N N  representing the allowable load 

for the uncoated plates. 

 

Fig. 4. Dependence of the allowable load on temperature at fixed levels of re-
sidual stress in the oxidized titanium plate. 

 

Fig. 5. Dependence of the allowable load on residual stress at fixed values of 

temperature in the oxidized titanium plate. 



ON THE EFFECT OF RESIDUAL STRESSES ON THE STRENGTH OF OXIDIZED PLATES 959 

3.2. Analysis of the Results 

As is evident from the results presented, in the absence of thermal ef-
fects and residual stresses, the load-bearing capacity of the oxidized 

plates in tension is approximately three times lower than that of the 

uncoated plates: 
local 0

с с
/ 3N N . This occurs because of the high stress 

concentration in the thin, stiff coatings, which, owing to their limited 

strength, fail first. 
 In the presence of an additional temperature field and residual phe-
nomena, the oxidized aluminium and titanium plates behave under 

loading in different ways. 
 Because the thermal expansion of the aluminium alloy is signifi-
cantly greater than that of corundum, when the oxidized plate is heat-
ed, the coating cracks even in the absence of mechanical loading. In 

this case, an increase in the magnitude of the compressive residual 
stresses raises the allowable load at T  50C (Fig. 2). In the cryogen-
ic temperature range, excessive compressive residual stresses in the 

coating are undesirable (Figs. 2 and 3), since, together with the me-
chanical load, they may cause additional tension and failure of the sub-
strate. 
 The maximum allowable load is 

local global

с с
N N  observed at a sub-zero 

temperature linked to the residual stress by the relation: 

s f res,f s f res,f

s f s s f f

[ ] 2 / [ ]1

/ (1 ) / (1 )

h h
T

E E

      
    

       
. 

 In this case, the oxidized aluminium plate operates as an equal-
strength structure. 
 By contrast, in the Ti–TiO2 composition, the thermal strains of the 

coating and the substrate are practically compatible; therefore, the 

system responds well to high-temperature heating and, in the presence 

of substantial compressive residual stresses, can sustain external ten-
sile loads not significantly lower than those tolerated by the unox-
idized titanium plate (Figs. 4 and 5). The highest load-bearing capacity 

according to the local criterion is achieved at an optimal level of resid-
ual stress that depends on temperature: 

s f
s f s f

s f

res,f

s f f

s s s f

1 1
[ ] [ ] ( )

1 2 1

T
E E

h

E E h E

   
       

  
   



. 

 Finally, it should be noted that the proposed analysis does not aim to 

describe the mechanisms of delamination of composite structures 

along the interface. 
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4. CONCLUSION 

Thus, a methodology has been developed for investigating the stress–
strain state of metal plates strengthened by plasma electrolytic oxida-
tion of the surface layer. The methodology makes it possible to con-
struct analytical estimates of the load-bearing capacity of oxidized 

plates under tensile loading, accounting for the influence of the tem-
perature field and self-equilibrated residual stresses. The capabilities 

of the methodology have been illustrated by computational examples 

for aluminium- and titanium-based compositions. Levels of residual 
stresses and temperatures have been identified, at which an oxidized 

plate operates as an equal-strength structure, providing the highest 

load-bearing capacity.  
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