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This paper develops a methodology for investigating the stress—strain state
and evaluating the load-bearing capacity of metal plates strengthened by
plasma electrolytic oxidation of the surface layer. The object of analysis is a
plate of symmetric structure with a double-side oxide coating subjected to
biaxial tensile loading under uniform heating and in the presence of a self-
equilibrated field of residual stresses. Within the framework of the plane-
sections’ and elastic-deformation hypothesis, the closed-form analytical ex-
pressions are obtained for the residual stresses in the substrate and in the
oxide layers in terms of the incompatible strain of the surface layers, as well
as for the total stress state under combined thermomechanical loading. Two
strength criteria are formulated and analysed: a global (integral) criterion,
which is insensitive to self-equilibrated residual and thermal components,
and a local criterion, which reduces to a set of linear inequalities for the ad-
missible load and temperature at a given level of residual stresses. The capa-
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bilities of the methodology are illustrated by computational examples for the
Al/Al,0; (6061-T6 alloy/aluminium oxide) and Ti/TiO, (Grade?2 titani-
um/titanium dioxide) compositions, with account of the Pilling—Bedworth
ratio and the mismatch of linear thermal-expansion coefficients of the metal
and its oxide. As shown, in the absence of thermal effects and residual stress-
es, the load-bearing capacity of an oxidized plate in tension is about three
times lower than that of the uncoated plate, owing to high stress concentra-
tion in the thin stiff coating. The combinations of residual-stresses’ level and
temperatures are identified, at which an oxidized plate operates as an equal-
strength structure with maximum load-bearing capacity; explicit analytical
relations are obtained for both the Al/Al,O; and Ti/TiO, systems.

Key words: plasma electrolytic oxidation, oxidized plate, residual stresses,
thermomechanical loading, strength.

VY craTTi po3pob6IeH0 METOANKY JOCJIiIKeHHA HalpyKeHo-Ie(opMOBaHOTO CTa-
HY ¥ OIiHIOBAaHHSA YTPUMYBAJbHOI 3IaTHOCTH METAJeBUX ILJIATiBOK, 3MIiITHEHUX
ILIA3MOBUM €JIEKTPOJIITUYHUM OKCHUIAYBAHHAM IIOBEPXHEBOro mapy. O6 eKToMm
aHaJiBM € ILIaTiBKa CUMETPUYHOI OYJOBU 3 TBOCTOPOHHIM OKCUAHUM IIOKPUT-
TSAM, IKa 3a3Ha€ ABOBiCHOTO PO3TATYBAJILHOIO HABAHTAMKEHHS 32 YMOB PiBHOMI-
PHOTO HarpiBaHHS Ta HAABHOCTH CAMO3PiBHOBA'KHOTO IIOJIA 3aJUIIKOBUX Ha-
Ipy:KeHb. ¥ paMKaXx TrilloTe3ud CTOCOBHO ILTACKUX IepepisiB i mpy:KHBOTO Hedo-
PMYBaHHA OJEeP:KaHO 3aMKHYTi aHAJNITHUYHI 3aJIe?KHOCTI UIA 3aJUITKOBUX Ha-
IPY:KeHb Yy MiAKJaAUHIN II OKCUAHUX IIIapax uepe3 HeCcyMicHY aedopMailliio 1mo-
BEPXHEBUX IIapiB, a TAKOXK JIJIs IIOBHOTO HAIIPYKEHOT0 CTaHy 3a KOMOiHOBAHOTO
TepMOMeXaHiyHOro HaBaHTa)KeHHA. ChopMysnoBaHO Ta IpPoaHATiZ0BAHO IBa
KpuTepii MimHocTM: rnobasbHM (IHTEI PATbHUM) KPUTEPiil, HEUYTIAUBUH 0 ca-
MO3DPiBHOBaKHUX BAJTUIIKOBUX i TEIJIOBUX KOMIIOHEHT, Ta JIOKAJLHUHN KPUTe-
pifi, AKKUII 3BOAUTHLCA MO CHUCTEMHU JiHIAHNX HEPiBHOCTEH II[OJ0 MOMYCTHMOIO
HaBaHTAKEHHA Ta TEMIIEPaTypH! 3a 3aJaHOT0 PiBHSA 3aJUINTKOBUX HAIPY:KEHb.
MoKIMBOCTI METOIUKY IIPOLTIOCTPOBAHO HA MpUKJIagax Kommosuiii Al/Al,O,
(cromr 6061-T6/okcun Antominito) Ta Ti/TiO, (Turtan ratyaky 2/miokcun Tura-
HY) 3 ypaxyBaHHaAM KoedirienTa Ilinminra—BenBopra Ta piskHUIi KoedimieHTiB
JIHIHHOTO TeIIJIOBOTO PO3MIMPEeHHs METaJly Ta ioro okcuay. IlokasamHo, 1o 3a
BiICYTHOCTM TeMIIEPATyPHOTO BILJINBY Ta 3aJUIIIKOBUX HAIPY:KeHb HECHA 37arT-
HiCTh OKCHOBAHOI ILJIATiBKY 32 PO3TATY IPUOJIN3HO BTPHUYL MEHIIIA IOPiBHSAHO 3
HEOKCHUIOBAHOIO UYepe3 BUCOKY KOHIIEHTPAIiI0 HATIPYKEHDb ¥ TOHKOMY ITYITKOMY
moKpuTTi. BusHaueHo CIiBBiIHOIIIEHHA PiBHIB 3aJUINTKOBUX HAIIPYKEHDb i TeM-
mepaTryp, 3a AKUX OKCHIOBAHA IIJIaTiBKAa IIPAITIOE IK PiBHOMIIITHA KOHCTPYKIIiA 3
MaKCUMAaJbHOIO YTPUMYBaJIbHOIO 30aTHICTIO; OZepyKaHO ABHI aHaNITUUHI 3aje-
skHOCTI 7151 060X cucrem — Al/Al,O, it Ti/TiO,.

Karouori cioBa: maasMoBe eJIeKTPOJIiTUUHE OKCUIYBAaHHS, OKCU/JOBaHA ILJIATi-
BKa, 3aJIMIITKOBI HATIPYKEHH, TEpPMOMEXaHIUHe HaBaHTAKEHHA, MiIlHiCTh.

(Received 20 May, 2026; in final version, 27 May, 2026 )

1. INTRODUCTION

Modern engineering design relies increasingly on the comprehensive
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assessment of the strength and reliability of structural components
under realistic service scenarios, as illustrated by the approaches pre-
sented in Refs. [1, 2]. The interaction between a structure and its envi-
ronment, together with severe operating conditions, places stringent
demands on researchers regarding corrosion protection, wear re-
sistance, and the thermal insulation of component surfaces. Among
the variety of methods available for surface strengthening of machine
and mechanism parts [3—6], the method of plasma electrolytic oxida-
tion (PEO) of valve metals occupies a special place [7—12]. Among the
key advantages of PEO, there is the formation of ceramic-like layers
with a developed structure, which are firmly bonded to the metallic
substrate and provide a substantial enhancement of surface hardness,
wear and corrosion resistance, as well as the thermal insulation char-
acteristics of the component. At the same time, the process is environ-
mentally safer than conventional anodizing, requires no complex pre-
liminary surface preparation, and is readily scalable to articles of com-
plex geometry.

However, the significant increase in the stiffness of oxidized sur-
face layers is not always accompanied by a corresponding increase in
their strength. Consequently, the transition from a ductile metal to a
brittle ceramic may give rise to durability problems for coated parts. A
high level of compressive residual stresses in the oxide coating fre-
quently allows an appropriate balance between stiffness and strength
to be maintained.

In general, theoretical methods for studying residual phenomena
are well developed at present for plastic deformation processes [13—16]
and for hysteretic energy dissipation in frictional contact [17—21]. Re-
cent publications [22—-29] cover measurement methods, the under-
standing of evolution, and experimental data on residual stresses in
Al/Al,0; and Ti/TiO, systems, in particular mentioning the curvature
method, XRD, and the sin®y method as experimental techniques. It
should be noted that these publications exhibit a considerable scatter
in experimental data on residual stresses in oxide coatings: from 20 to
1500 MPa, depending on the parameters of the oxidation process and
the measurement techniques.

Analytical models of thermal stresses providing closed-form solu-
tions for the stress distribution in layered structures under thermome-
chanical loading are described in Refs. [80—36]. The influence of non-
stationary temperature variations is taken into account in Refs. [37—
39]. Singular problems concerning the behaviour of layered and func-
tionally graded coatings under localized contact loading have been the
subject of investigations [40—44].

Issues of fracture mechanics and damage propagation criteria for
structures with coatings are usually treated without accounting for
residual phenomena [45—51]. An exception is paper [562], which de-
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scribes models for the failure modes of PEO coatings under the influ-
ence of tensile and compressive residual stresses. Problems concerning
the limit equilibrium of cracked thin-walled structures under com-
bined loading were considered in Refs. [53—55].

The literature review presented above motivates the investigation of
the strength of oxidized plates of symmetric structure under two-
parameter loading over a wide range of variation of residual stresses.

The aim of the present paper is to develop an engineering methodol-
ogy for the analytical estimation of the influence of residual stresses
on the strength of double-side oxidized plates subjected to thermome-
chanical loading.

2. MATERIALS AND METHODS
2.1. Geometry of the Oxidized Plate

Consider a metal plate of initial thickness h’. After oxidation of its
surfaces, a symmetric composite structure is formed, consisting of a
substrate of thickness A, and two surface layers (films) of thickness A;
(Fig. 1). Hereinafter, all quantities pertaining to the substrate and the
coating will be denoted by the indices ‘s’ and ‘f’, respectively.

The following relations hold: h, = h? —2(1 — )h,, h, + 2h, = B + ok, ,
where o= Rpg — 1, and Ry is the Pilling—Bedworth ratio [56, 57].

Let z be the transverse coordinate measured from the midsurface of
the plate. Then, H,={z: |z| < h,/2} is the region occupied by the sub-
strate, H,={z: h,/2 <|z|<h,/2+ h;} is the coating zone, H=H ,+ H,=
={2:0<|2| < h,/2 + h;} is the full cross-section.

2.2. Determination of Residual Stresses

We represent the total in-plane strain of the plate, which is nonhomo-
geneous through the thickness, as a superposition of the elastic strain

(1 —v)o/E and the generally incompatible strain & induced by fields of

Fig. 1. Sketch of the cross-section of an oxidized plate.
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. 1-v 0
nonmechanical nature: ¢ = Tc +¢g".

For the stresses, we then obtain the expression

E(2)

i G (1)

o(2) =
E,zeH,
E,zeH

s s

. ' v.,,2e€ H,, .
is the Young's modulus and v(z) = { f s
v,,z2e H,

E(2) = {

the Poisson’s ratio of the material.

We require that the stresses have the status of residual stresses
(o =0,.), that is, they must be self-equilibrated.

Then, taking into account formula (1) and the plane-sections’ hy-
pothesis, we obtain:

E(2) E(z) o _
£ JI v dz — !’I . (2)dz=0, 2)

and the residual stresses are expressed in terms of the incompatible
strain:

I E(2) e’ (2)dz
o (2) = E@) | 51-v(2)
e 1-v(2) J‘ E(2) dz
1-v(2)

-&°(2) | 3)

H

In the case of oxidation of both surfaces, we have an even function

N H
() =0 %<0 4
(2) 0,ze H.. )

By evaluating the integrals in formula (2), we find expressions for
the residual stresses in terms of the incompatible strain of the oxidized
surface layers:

Eh, 2E.h,
1-v E 1-v, E
= — S 5 = S . 5
Csres,f Eshs N 2thf 1 _ Vf Sf Gres,s Eshs N 2thf 1 _ VS 8f ( )
1-v, 1-v, 1-v, 1-v,

Of course, these stresses are self-equilibrated:

c.. .h +2c

res,s s res,

h, =0. (6)

In addition, the residual stresses in the plate may also be expressed
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in terms of the residual strain. Specifically, using relations (2)—(4) and
(6), we find:

ES hS ES

cYres,f == 8l"es’ cSres,s = 8l"es ¢ (7)
1-v, 2, 1-v,

These formulas serve to determine the residual stresses from the ex-
perimentally measured g,.

2.3. Stress State under Thermomechanical Loading

Let an oxidized plate undergo biaxial tension by uniformly distributed
line forces N = const, be heated to a constant temperature, AT = const,
and be in the field of residual stresses (5) (the same as Eq. (7)).

We determine the stress distribution in this piecewise-homogeneous
plate. Integrating expression (1) and recalling the plane-sections’ hy-

E(Z) dz — J‘LZ) go(z)dz . Hence,
1-v(2)

pothesis, we obtain: N = sj 1)
—v(z

H H

& so(z)dz

+ j :
€= H J_EV(Z) , and finally,
j (2 Ydz
2 1-v(2)
) N+ | 1E(2()2) £ (2)dz
z gl—Vv 0
o(z) = &) 7G) . -g(2)]. 8)
J{ 1-vz)

g + o, AT, z € H,,
o AT,z H,,

are the coefficients of linear thermal expansion of the metal and its ox-
ide. After evaluating all the integrals in formula (8), we find the
stresses in the coatings and in the substrate:

We take into account that now &°(z) = { where o, o

E /-
o, = f/( Vf) N+%(as —(X.f)AT +Gresf’
Eh, /(v +2Eh, /[A-v) | 1-v, o
G, = ES /(1_VS) N—%(as_af)AT + Ores,s*
Eh, /(1-v,)+2Eh /A-v) " 1-v, |

This result demonstrates the influence of the mechanical load, heat-
ing, and residual stresses on the stress state of an oxidized plate of
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symmetric structure.

2.4. Effect of Residual Stresses on Strength

We begin with an analysis for the uncoated plate (h, =0, h, = hs0 ). In
this case,

o.=N/h, (10)

while thermal and residual stresses are absent.
From the strength condition

o, <[ocl.,
we find the allowable load for the unoxidized plate:
N < N? =[c).K. (11)

This is the baseline result, with which all subsequent results will be
compared.

We write the strength conditions for the inhomogeneous plate in
terms of the allowable stresses for its components:

[c];, z € H,,

[cl,,ze H.. (12)

o(2) < [cl(2) = {

Integrating inequality (12) through the thickness, we obtain the in-
tegral (global) limit equilibrium criterion:

N < N#™ = [6].h_+2[c],h, , (13)

which is independent of the self-equilibrated thermal components and
residual phenomena.

We now consider the local situation.

The strength condition (12) requires the simultaneous fulfilment of
the inequalities:

{Gf <[ol;, (14)

o, <[oc]..

Since the stresses o,, o; depend linearly on N, AT and on the residual
stresses, set (14) is nothing other than a set of linear inequalities for
the allowable loads and temperatures at a given level of residual stress-
es. Indeed, on the basis of result (9), conditions (14) can be rewritten in
nondimensional form as follow:
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E /Q-v;)
Eh /A-v)+2Eh, /(1-vV,)

[G]f - csres,f

(N +Eh(o, —o;)AT /(1 -vV,))

E /(A-v,)
Eh, /(1-v)+2Eh /(1-v,)

[G]s - Gres., s

(N -2E.h; (0o, —a,)AT /(1 -v,))
<1.

For prescribed residual stresses, set (15) defines a region of safe
thermomechanical loading on the plane (N, AT). In the general case,
the simplex method must be employed to construct the solution of
these inequalities. In analytical form, this is a cumbersome procedure.
Therefore, we shall proceed differently. Taking into account that
Gres, s = —20ys, thi/ B (see Eq. (6)), we shall assume that N = N(AT, 6, ).
Then, from inequalities (15), we obtain the allowable load according to
the local criterion in the form

Eh, | 2Eh,
—-Eh (o, -0 )AT 1-v, 1-v
(o, —0)AT | L (o], — 0.0, 1)»

N < N°* =min

l_vs &
1-v
! (16)
E.h, +2thf
2E.h, 1-v, 1-v, 2h,
—— (o, -~ ) AT+ ——— 2| [o]. +—0C .
1—Vf( s f) ES [ ]s hs res,
1-v

S

3. RESULTS AND DISCUSSION
3.1. Computational Examples

Detailed calculations using formulas (11), (13), and (16) were performed

TABLE 1. Physical and mechanical properties of the materials.

Aluminium Aluminium Titanium Titanium

(6061-T6) oxide Al,O4 (Grade 2) oxide TiO,
hg, by, mm 6 0.3 6 0.03
RPB - 1.28 - 1.73
E, E;, GPa 68.9 370 103 230
Vg Vi 0.33 0.22 0.34 0.27
o, o, 107, deg™ 23.6 8.1 8.6 8.8

[5],, [c];, MPa 276 350 275 140
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Fig. 2. Dependence of the allowable load on temperature at fixed levels of re-
sidual stress in the oxidized aluminium plate.
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Fig. 3. Dependence of the allowable load on residual stress at fixed values of
temperature in the oxidized aluminium plate.

for two materials, whose characteristics are listed in Table 1[7, 58].
In Figs. 2, 3 and in Figs. 4, 5, the results of the computations of al-
lowable loads for the oxidized aluminium-alloy plate and those for the
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Fig. 4. Dependence of the allowable load on temperature at fixed levels of re-
sidual stress in the oxidized titanium plate.
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Fig. 5. Dependence of the allowable load on residual stress at fixed values of
temperature in the oxidized titanium plate.

oxidized titanium plate are shown, respectively. All plots are com-
pared with the horizontal line N, = N? representing the allowable load
for the uncoated plates.
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3.2. Analysis of the Results

As is evident from the results presented, in the absence of thermal ef-
fects and residual stresses, the load-bearing capacity of the oxidized
plates in tension is approximately three times lower than that of the
uncoated plates: N°* ~ N? /3. This occurs because of the high stress
concentration in the thin, stiff coatings, which, owing to their limited
strength, fail first.

In the presence of an additional temperature field and residual phe-
nomena, the oxidized aluminium and titanium plates behave under
loading in different ways.

Because the thermal expansion of the aluminium alloy is signifi-
cantly greater than that of corundum, when the oxidized plate is heat-
ed, the coating cracks even in the absence of mechanical loading. In
this case, an increase in the magnitude of the compressive residual
stresses raises the allowable load at AT >-50°C (Fig. 2). In the cryogen-
ic temperature range, excessive compressive residual stresses in the
coating are undesirable (Figs. 2 and 3), since, together with the me-
chanical load, they may cause additional tension and failure of the sub-
strate.

The maximum allowable load is N ~ N¥** observed at a sub-zero
temperature linked to the residual stress by the relation:

AT —_ 1 [[G]S + 2hf6res,f / hs _ [G]f - Gres,f ].

o — Oy E /A-v,) E, /(1-vy)

In this case, the oxidized aluminium plate operates as an equal-
strength structure.

By contrast, in the Ti—TiO, composition, the thermal strains of the
coating and the substrate are practically compatible; therefore, the
system responds well to high-temperature heating and, in the presence
of substantial compressive residual stresses, can sustain external ten-
sile loads not significantly lower than those tolerated by the unox-
idized titanium plate (Figs. 4 and 5). The highest load-bearing capacity
according to the local criterion is achieved at an optimal level of resid-
ual stress that depends on temperature:

17\@ [c], - 1-v,
E, E,

res,t 1-v, 2h, +1—vf
Es Eshs Ef

[c]; + (o, —o,)AT

Finally, it should be noted that the proposed analysis does not aim to
describe the mechanisms of delamination of composite structures
along the interface.
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4. CONCLUSION

Thus, a methodology has been developed for investigating the stress—
strain state of metal plates strengthened by plasma electrolytic oxida-
tion of the surface layer. The methodology makes it possible to con-
struct analytical estimates of the load-bearing capacity of oxidized
plates under tensile loading, accounting for the influence of the tem-
perature field and self-equilibrated residual stresses. The capabilities
of the methodology have been illustrated by computational examples
for aluminium- and titanium-based compositions. Levels of residual
stresses and temperatures have been identified, at which an oxidized
plate operates as an equal-strength structure, providing the highest
load-bearing capacity.
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